Required for: MATH40004 Calculus and Applications

Based on the lectures of Demetrios Papageorgiou and Vahid Shahrezaei, Imperial College London

1 Limits of Functions

1.0.1 Definition: as = — zg, f(z) — 1
For a function f, defined over an interval containing xy but not necessarily at zg, { € R is the limit of f(z)
as x approaches zg if Ve > 0, 3 > 0 such that |z — 29| < § = |f(zx) = | <e.

Written lim,_,,, f(z) = 1.

1.0.2 Definition: as = — oo, f(z) =
For a function f, defined over an interval (a,c0), I € R is the limit of f(z) as = approaches oo if Ve > 0,
JA>asuchthat z > A = |f(z) - <e.

Written lim, o f(z) =1 [Similarly for lim,_, o f(z) =1].

1.0.3 Definition: as = — zg, f(z) — c©
For a function f, defined over an interval containing xy but not necessarily at zg, the limit of f(z) as x
approaches xg is 0o if VB € Rsg, 39 > 0 such that |z —z¢| < = f(z) > B.

Written limg_,,, f(x) = oo [Similarly for lim,_,,, f(z) = —oc].

1.0.4 Definition: one-sided limits

For a function f, defined over an interval to the right [Resp. left] of xg, | € R is the limit of f(z) as x
approaches xg from the right [Resp. left] if Ve > 0, 3 > 0 such that zp <z < z+J = |f(x) —I| < € [Resp.
r—d<zx <z = |f(z)—1 <¢gl.

Written limy_4o+ f(2) =1 [Resp. limy_,4— f(z) =1].

1.1 Properties of Limits
1.1.1 Theorem
lim f(z)+g(zx) = rhﬁng} f(z) + lim g(z).

o T—To
Jim F(elg(a) = lim, f(a) Jim ofa).

o f(@)  limgg, f(2)
a:li{go g(s(,‘) o limmaxo g(l‘) .

If h(z) is continuous at lim,_,,, f(x), then

lim h(f(z)) = h ( lim f@)) .

T—To T—xTo

1.1.2 Theorem: Comparison Test

If limy ., f(z) = 0 and |g(x)| < |f(z)| Yz approaching x¢, then lim, .,  g(x) = 0 (applies to lim, o).
Similarly, if lim,_,,, g(x) = oo, then lim,_,,, f(z) = co.



2 Differentiation
2.0.1 Definition
For a function f, the derivative of f at x is

a _ d
de  dx . h—0 h

If the limit exists, f is differentiable.

2.0.2 Theorem

L+ @) = F@)+ (@)

2.0.3 Note

For two functions x and y of a parameter ¢, the derivative % = (%

2.1 Polynomials
2.1.1 Theorem

Let n be an integer, n > 1, and let f(x) =a™. f'(x) = % =nz" L

2.1.2 Theorem

Let a be any real number and let f(x) = 2. For x >0, f'(z) = & = ax

2.2 Maxima, Minima and Continuity
2.2.1 Definition

For a function f defined at m, m is a maximum of f if f(m) > f(x) Vz and a minimum if f(m) < f(z) V.

2.2.2 Theorem

For a function f defined and differentiable over an interval (a,b),
¢ is a maximum or a minimum = f’(c¢) =0

2.2.3 Definition

In the context of calculus, f(z) is continuous over the interval [a, b] if limy_,o f(z 4+ h) = f(z) Va <z < b.

2.2.4 Theorem

For a function f defined and continuous over an interval [a,b], 3 Tmaz, Tmin such that f(Tmae) > f(z) and
f(@min) < f(z) Vz € [a,b].

2.2.5 Theorem: Rolle’s Theorem

For a function f defined and continuous over an interval [a,b] and differentiable over (a,b), f(a) = f(b) =
Jc € (a,b) such that f/(c) = 0.



2.2.6 Theorem: Mean Value Theorem

For a function f defined and continuous over an interval [a,b] and differentiable over (a,b), 3¢ € (a,b) such

that )
i = HO =10

(there is a point in the interval at which the slope of the curve is equal to the slope between the two points).

2.2.7 Theorem: Cauchy Mean Value Theorem

For two functions f, g defined and continuous over an interval [a, b] and differentiable over (a,b), where g(a) #
g(b), Ic € (a,b) such that

gc)  g(b) —gla)
2.2.8 Definition

For a function f defined over an interval, V1, x5 in the interval, f is
increasing if 1 < xa = f(x1) < f(x2),

decreasing if ©1 < zo = f(z1) > f(z2),

strictly increasing if x1 < xa = f(z1) < f(z2),

strictly decreasing if 71 < z9 = f(z1) > f(z2).

2.2.9 Theorem

For a function f defined and continuous over an interval [a,b] and differentiable over (a,b),
f'(x)=0 Vaz€ (a,b) = f is constant over (a,b),

f'(x) >0 Vaz € (a,b) = f is strictly increasing over (a,b),

f'(x) <0 Vz € (a,b) = [ is strictly decreasing over (a,b).

2.2.10 Theorem: Intermediate Value Theorem

For a function f defined and continuous over an interval [a,b], Vyx € [f(a), f(b)] Jz*x € [a,b] such that
yk = f(ax).
3 Inverse Functions

3.0.1 Definition

For a function f defined on an interval, We require a unique zq in the domain for each yg in the codomain such
that yo = f(xo) in order to define g(y) = x. This inverse function is often notated z = f~*(y).

3.0.2 Theorem

If a function is continuous and is strictly increasing or decreasing, the inverse exists.

3.0.3 Theorem
Specifically, for a function f continuous over an interval [a, b] and strictly increasing or decreasing, the inverse

is defined over the interval [f(a), f(D)].

3.1 Derivatives of Inverse Functions

3.1.1 Theorem

For a function f differentiable and strictly increasing or decreasing over an interval, f *1/(96)

3.2 Logarithms
3.2.1 Definition

log x is the area under the curve % between 1 and x for z > 1 or negative the area between 1 and z for 0 < = < 1.
log1:=0.



3.2.2 Theorem

The derivative of log x exists and is equal to %

3.2.3 Theorem
For a,b > 0, log(ab) = loga + logd.

3.2.4 Corollary

For a > 0,n € Z, log(a™) =log(a-a-a-...-a) =nloga.
——————

n

3.2.5 Corollary
For a,b > 0, log($) = log(ab™') = loga + log b~! =loga — logb.

3.2.6 Theorem

log z (defined for > 0) is strictly increasing and its range is (—oo, 00).

3.3 The Exponential Function
3.3.1 Definition

Define exp(x) as the inverse of log z, which exists. Define e = exp(1). Now exp(x) = e (provable by induction).
I will write e” from now on.

3.3.2 Theorem

The derivative of e” exists and is equal to e®.

3.3.3 Theorem

d

J-a® = a”(loga).

4 Finding Limits
4.0.1 Theorem

— 0Q.

For a € R+, lim,, %

4.0.2 Corollary

n
limy, ;00 & — 00.

4.0.3 Theorem

f(z) = % is strictly increasing for z > 1 and lim,_,~ f(z) = cc.

4.0.4 Corollary

lim,_, o x — logx = oco.

4.0.5 Corollary
limg o0 @ =
4.0.6 Corollary

. 1
lim, oo xz = 1.

4.0.7 Theorem

flz) = ;—; (m € Rso) is strictly increasing for « > m and lim,_,~ f(x) = co.



4.0.8 Theorem: L’Ho6pital’s Rule

When ch 82; is of an indeterminant form (8 or %),
!
o f@) )

T30 g m) z—x0 g’(x)'

The rule holds for limits where xq is co or —oo.

5 Integration

5.0.1 Definition

The indefinite integral of a function f, defined over some interval, is F' such that F'(z) = f(z), defined over
the same interval. The integral is written

which is not unique, since if G(z) := F(z) + ¢, £ [F - G] =0 = G'(z) = F'(z) = f().

5.0.2 Definition

The definite integral from a to b of a function f, defined over [a, b], is the area under the curve between = = a

and x = b, written
b
/ fdx

(which is unique, since the constants from F'(a) and F(b) are equal and cancel - see 5.1.4 fundamental theorem
of calculus). Note any area beneath the z-axis is negative in the definite integral.

5.0.3 Theorem

Define a function for the area under the curve between a and some x,

Fo(z) = / ") at

F,(x) is differentiable with derivative f(x) (for any a). (f(z), which is the height of the curve at z, can be
thought of as the rate of change of the area under the curve at x, which does not depend on the lower limit a).

5.1 The Riemann Sum

5.1.1 Definition

For a function f defined over [a,b], take a partition x; = a + ¢h, i = 0,...,n (where h = b_T“) For each

subinterval, let zF € [z;_1,#;]. The Riemann Sum is defined

Three useful cases are
- x = z;, the right-hand Riemann Sum.
- xf = x;_1, the left-hand Riemann Sum.

-} = 3(z; + x;—1), the midpoint Riemann Sum.

5.1.2 Theorem

n b
lim (Zf(xi‘)h> [t
=1 a



5.1.3 Theorem

/abcfd:rc/abfdx.
/abf+gdx:/abfdm+/abgdx.

/abfdas:— bafdx.

For ¢ € (a,b),

If f(z) < g(z) YV € [a,b],

b b
/fdxg/gdm.
a a

5.1.4 Theorem: The Fundamental Theorem of Calculus

For a function F' differentiable on [a, b] and with F” integrable on [a, b],
b
/ F' dz = F(b) — F(a).
a
5.1.5 Theorem

g(x)
-’ [ / 0 dt} — f(g@)) - g (@).

5.2 Improper Integrals
5.2.1 Definition

f; f dx is an improper integral if a = —oco or b = 00 or f(x) — %00 in (a,b). Improper integrals can be found
by taking limits of proper integrals. If the limits are finite, the integral is convergent, otherwise it is divergent.

5.2.2 Theorem: Comparison Test
If |g(z)| < f(z) V& = a, then
1. [ f dzis convergent = [ g du is convergent.

2. [ gduis divergent = [ f dx is divergent.

5.2.3 Theorem

/oo 1 d converges if p > 1
— dx
;1 xP diverges if p < 1

5.2.4 Theorem

1
/ logx dz is convergent
0

5.2.5 Theorem: Integral Mean Value Theorem

For functions f and ¢ continuous on [a,b] with g(z) > 0 for x € [a,b], x¢ € (a,b) such that

/abfg dx:f(xo)/abg dz.



6 Applications of Integration

6.0.1 Theorem

The length of a curve between z = a and z = b is

pe [ [ () wm [ () ()

where z(t) and y(t) are a parametrisation of the curve given by f.

6.0.2 Theorem

Let P, be a family of planes with common axis x, where a solid V' lies between planes P, and P,. If a function
for the area of V' cut by P, is A(x) then the volume is

b
VZ/ A dzx.

The solid produced by revolving the area under a curve f(x) between x = a and x = b about the x-axis is

b
V:w/ f? du.

The solid produced by revolving the area under a curve f(x) between x = a and x = b about the y-axis is

6.0.3 Theorem

b
V:27r/ xf dx.

6.0.4 Theorem

The surface area produce by revolving the curve f(z) between x = a and x = b about the z-axis is
/ d,
—27T/fd8—27T/f 1+ f

In polar coordinates, where r is a function of 6, the region bounded by a curve and the half-lines § = a and

0=pis
1 [P
sz/ r? de.
2 «

6.0.5 Theorem

6.0.6 Theorem

The length of a curve between § = o and 0 =
dr
/ 2
/ d9 —|—r de.

6.1.1 One-Dimensional Discrete Centre of Mass

6.1 Centre of Mass

For a set of discrete masses with coordinates x; and masses m;, the centre of mass & must be such that there
is a zero total moment, so it satisfies

Zml(i — .Z'l) =0 = T = 721 it
p DM



6.1.2 Two-Dimensional Discrete Centre of Mass

For a set of discrete masses with coordinates (z;,y;) and masses m;, the centre of mass (Z, ) must be such
that there is a zero total moment in both dimensions, so it satisfies

Zmi(f —xz;)=0 and Zmi(g—yi) =0

) = (R ),

Sami Y my
6.1.3 Two-Dimensional Continuous Centre of Mass

For a continuous region bounded by a curve f and x = a and = = b, take a partition x; = a +ih, i =0,...,n
(where h = =%). For a rectangle R;, centre of mass (2}, y;) = ((z;+2;-1), 2 f(2;)), the moments of R; about
the z and y-axes are

Mo(R) = - decsis = pf ()00 - ()

and My (R;) = m; - dy-axis = pf(x])Ax -z}

Q-

Therefore, in the limiting partition, the moments of the union of the rectangles about the x and y-axes are

n b
and M, = lim prff(zf)Ax:p/ xf dx.
n—oo
i=1 @

Note that the total mass of the region is pf: f dx, and so

 flafda L de
T= j==5
[, fdx [, fdx

(so we can assume p = 1 without loss of generality).

6.1.4 Theorem: Theorem of Pappus

Let R be a region entirely to one side of a line [. Let A be the area of R, V' the volume of revolution of R about
l and d the circumference of the circle of revolution of the centre of mass of R about .

V = Ad.

7 Series, Power Series and Taylor’s Theorem

7.0.1 Definition

For a sequence of real numbers (a,),>1, the sequence of N*" partial sums (series) is (Sy)n>1, where

N
SN: E Qp, .
n=1

7.0.2 Definition

If Sy — S as n — oo, the series (Sy) converges to

N 00
S = lim E ap = E Q-
N—o00
n=1 n=1

If Sy — oo as n — oo, the series diverges.



7.0.3 Definition

A geometric series is a sequence of partial sums of a sequence of the form a,, = agr™!.

7.0.4 Theorem

For a geometric series,

ao(l —r
g — 0(1=1)
1—r
7.0.5 Corollary
For a geometric series with |r| < 1,
oo = 0
< 1—r

and so the series converges. If |r| > 1, the series diverges.

7.1 Series of Positive or Negative Terms
7.1.1 Theorem

If a sequence of partial sums (Sy) has only positive terms and is bounded above, the series converges. If the
sequence of partial sums is not bounded above, the series diverges (analogous theorem for negative terms).

7.1.2 Theorem
1
Sl
n=1n
7.1.3 Lemma

oo oo oo
Z an and Z b, converge — Z(aan + Bb,) converges.

n=1 n=1 n=1
7.1.4 Theorem
o0
E a, converges —> a, — 0 as n — oo.
n=1

7.1.5 Corollary

(o) o0
Z an converges —> Z a, — 0as N — oo.
n=1 n=N

7.2 Series and Cauchy Sequences

7.2.1 Definition

A sequence (ay,) is Cauchy if
Ve, ANeN, m,n> N = |a, —a,| <e.

The convergent property of Cauchy sequences is necessary for the next few theorems (see Required for: Analysis
I).

7.2.2 Theorem: Alternating Series Test

For a decreasing sequence of positive numbers (a,, ), where a,, — 0 as n — oo,

oo
(—=1)""'a, converges.

n=1



7.2.3 Theorem: Comparison Test

If |b,| < an Vn, then
o0 o0
1. .., a, converges = > ", b, converges.

n=1

2. Y0 by diverges = Y07 | a, diverges.

7.3 Absolute and Conditional Convergence
7.3.1 Definition

>0 | an is absolutely convergent if Y7 | |a,| is convergent. A series which is convergent but not absolutely

convergent is conditionally convergent.

7.3.2 Theorem

Every absolutely convergent series is convergent.

7.4 The Integral Test
7.4.1 Theorem

For a function f, defined V2 > 1 and both positive and decreasing,
o0 o0
Z f(n) converges <= / f dx converges.
n=1 1

7.4.2 Theorem

i 1 converges if p > 1
= P diverges if p < 1

7.5 The Ratio Test
7.5.1 Theorem
=1L

For a sequence (ay,), let lim,, ;o

An41
an
1. L<1 = >, a,isabsolutely convergent.

2. L>1 = Y a, is divergent.

3. L =1 is an inconclusive test.

7.6 The Root Test

7.6.1 Theorem

For a sequence (ay,), let limp, o0 [an|* = L.
1. L<1 = Y2 a, is absolutely convergent.
2. L>1= > a,is divergent.

3. L =1 is an inconclusive test.

10



7.7 Power Series
7.7.1 Definition

For a sequence of real numbers (ay,)n>0, the power series for (a,)n>0 is the function

o0
fl@)= Z anx"
n=0
and we denote the N** partial sum
N
fn(z) = Z anz"”
n=0
which is a degree-N polynomial.

7.7.2 Definition

The radius of convergence of a power series is R such that the series converges for || < R. (Note that the power
series could be centered about a point xg, in which case R is such that we have convergence for |x — x| < R).

7.7.3 Theorem

For a power series f(z) = Y .°  a,z" with radius of convergence R, if |z| < R (the series converges), then
1. f(z) exists and is equal to Y o, na,z" "'

2. [ f dx exists and is equal to Y7 ) ~A5ana™t! (+ a constant).

7.7.4 Theorem: Algebraic Operations
Suppose f(z) = > o> a,z" and g(z) = >, byz™ have radii of convergence Ry and R, respectively.
1. Similarly to Lemma 7.1.3, Y77 (aa, + Bb,)z™ has radius of convergence R = min{Ry, R,}.

2. fla)g(z) = (ZZO:O anx”) ( > meo bnx") =2 o (Z:szo A bn—m ) "

7.8 Taylor Series
7.8.1 Note: Obtaining the Maclaurin Series

Consider a power series f(z). Over values of x for which the series is convergent, we can differentiate the series
term by term, and obtain that:

f(0) =ao
F0)=a
1(0) = 2as

F®0) = Klay.

So we can write

M0
k=0
7.8.2 Theorem: Taylor’s Theorem
Let f be a function defined on [zg, 2] and continuously differentiable (n + 1) times on the interval, then

1 (n)
! ;!xo) (z —20)* + ... + @) n(!xo)

f(@) = f(xo) + f'(x0)(x — 20) +

(¢ —z0)" + Ry,

(where R,, = f;o (93717?)” fFD () dt is the remainder term) for which n — oo gives a convergent sum provided

lim,, o R, = 0. Note that I have assumed o < x, but the proof is easily adapted if this is not the case.

11



7.8.3 Note

By the integral mean value theorem (5.2.5), 3¢ € [xg, z] such that

- _n T _f\n (n+1)
L R L

]

so we have a form for R,, which is similar to the other terms of the Taylor series.

7.8.4 Theorem: L’Hopital’s Rule

L’Hopital’s Rule can now be proved with Taylor’s theorem. Note: Many limits involving fractions are easier to
evaluate with Taylor Expansions.

8 Trigonometric Series and Fourier Series

8.1 Prerequisites
8.1.1 Definition: Orthogonal Function Spaces

Let S = {¢0, ¢1,...,n} (a set of functions) where all ¢; are Riemann integrable on [a,b]. Define the inner
product

b
(- 6n) = / () on () da

and define ¢,, and ¢,, to be orthogonal with respect to [a, b] if (¢, ¢y ) = 0. Define the norm || || = (¢m-dm)?
(provided fab Om(2)pm(x) dr > 0) and define ¢; to be normal if ||¢;|| = 1. If (¢ - &n) = 0 Vm,n and

[|#:]] =1 Vi, S is orthonormal with respect to [a, b].

8.1.2 Definition: The Trigonometric Orthonormal Set

{¢ | o = \/%7 P2n—1 = Cos\f:x, Pon = Si\“/;w} is an orthonormal set with respect to [—m, 7] since

/7' sin px sinqxd _/7r COSPT cOSqT . 0, ifp#gq
e T T I Y 1, ifp=q#0

T sinpx cosqx
d . dr=0 Vp,q.
wd [ S a0 o

8.1.3 Definition
A real function f is periodic with period P # 0 < f(z) = f(z + P) Vz € R.

8.1.4 Definition

A periodic extension of a real function f defined over a chosen interval of length P is such that
f(x£nP):= f(x) Vn € Z Vz € the chosen interval.
At any given point of discontinuity = = &, define
7(6) = 5 (F&) + 7e)
(where {— =limg¢— f(z) and &+ = lim, ¢4 f(2)).

8.1.5 Lemma
Let f be a function with period P.

b bt P
/ fdx = / f dx.
a atP

12



8.2 Trigonometric Polynomials

Define the trigonometric polynomial
1 N
SN(a:) = §a0 + Z a, coswnx + b, sinwnz

n=1

so that a sum of trigonometric functions with periods %’T can now be represented by a list of 2N + 1 coefficients
ag, @y, and b,. In complex form (with w = 1),

1 N

§a0 + Z a,, cosnx + b, sinnx

n=1

1 e’LTLLE Jr e*’LTLZL’ el’ﬂil) _ e*’LTLLE
ERAPIL () ()
=

nx efinx
(

1 N e
= 5&0 + nz::l D) Ay — an) +

N
. n
= E Yn€
n=—N

where v := %ao, Vg = %(an +iby,) and v, = y_, " = %(an —iby,). Note that the sum is still real, necessarily
by the fact that v, =v_,* < Sn(z) = Sny(x)*.

(an +1iby)

8.3 Fourier Series
8.3.1 Note: Obtaining the Trigonometric Coefficients

For a function f, assume 3 ag, an, b, such that f(x) = Sy(z). By integrating on [—m, 7|, we obtain by
trigonometric orthogonality that

apg = — i f(t) dt

™

—Tr

and, multiplying by cosnz or sinnax, that

/F cos(nz) f(z) de = /Tr an cos’(nz) do <= a, = 1 /7r cos(nt) f(t) dt

—T —T —T

/7T sin(nx) f(z) de = ! b, sin?(nx) de <= b, = 1 /7T sin(nt) f(t) dt

—T —Tr —T

8.3.2 Lemma

1 sin(n + 1)
— 4+ cosx +cos2x + ...+ cosnr = —=—

2 2sing

= cp(x)

=n-+
=2k

N[

provided ¢, ()

8.3.3 Lemma: Riemann-Lebesgue Lemma

For a function f, integrable and differentiable on [a, b],

b
lim / f(z)sin Az dz = 0.

A— 00

8.3.4 Lemma

8.3.5 Theorem: Convergence of Fourier Series

For a function f which is piecewise continuous, has piecewise continuous first and second derivatives and has
period 27, the Fourier series %ao+zzo:1(an cos nx+by, sinnz), with ag, a,, and b,, defined as in 8.3.1, converges
to f(z) and to f(£) at points of discontinuity.

13



8.3.6 Theorem: Parseval’s Theorem
Let f be a function with Fourier series %ao + >0 (an cosnx + by, sinnz).

%/ﬂ (f(a:))2 dz = %a% +§:1(a3 +02).

8.3.7 Note: Fourier Series in the Complex Form
By theorem 8.3.5, f(z) is also the limit of > 2 ~,e"*, and the ~, are equal to

_1 1 —i " 7 Qi _i " int
Ve = 2(an—i—zbn) = 7r/ f(t)(cosnt—i—zsmnt) dt = 5 /_Trf(t)e dt

—Tr

1 i 1 [7 ,
Yo =Vop = 5(% —iby,) = %/ f(t)(cos nt — isinnt) dt = o /77r ft)e " at

—T

so in the complex form, only one formula is required for ~,, and we have, by the theorem,

0o
inT
E Tn€

1 (7 ;
where ,, = o F(t)e ™ dt.
7r

—T

8.4 Fourier Transforms

The orthonormal set in 8.1.2 can be adapted for 2 L-periodic functions:

{¢ | po = 2L, GPon—1 = ﬁ cos("FE), ¢op = sm("zz)} is an orthonormal set with respect to [—L, L] and,
setting w = T, f(x) is equal to the Fourier series

fa0—|—z (ancos< ) + b, sin (?))

1 [r nmt 1 (™ . (nnt
where a, = z/_L cos (L) f(t)ydt and b, = Z/ sin <L> ft) dt

or, in complex form, the Fourier series

o0
jnze
D e

n=—oo

1 L
where , = E/Lf(t)

“dt.

84.1 L — o0

As L — oo, h:=F — 0, so for

e .
Z ,yneznhz — < / f —7.nht dt) 1nhm
2

n=—oo n=—oo

an appropriate limit is w,, := nh which is the frequency. h can be thought of as wy,+1—wy, = dw, s0 > G(wp)h
will behave as the Riemann integral ffooo G(wr) dw. So in the limit,

(27‘(‘/ f@)e™ dt) = ;/Z (/Z flt)e ™! dt) e duw.

n=—oo

14



8.4.2 Theorem: The Fourier Transform Pair

On infinite domains, a representation of the function f is thus given by

= % /_O; f(w)ei‘” dw
w) = /_OO f(x)e ™ dx

which is analogous to the Fourier series in 8.3.7. Note that in the above two equations, f can be obtained from
f and f can be obtained from f, so we say that ‘the Fourier transform of f” is equal to the function f , ertten
F{f()} = F(w), and ‘the inverse Fourier transform of f is equal to the function f, written F~1 { Flw )} =f=

In the second hne x has replaced t so as to resemble a transform of f(x), rather than just f.

8.4.3 Definition
The Fourier cosine transform of f(z) is Fo{f(z)} := (w) = fooo f(t) coswt dt.

8.4.4 Lemma
If f is even about 0, f(w) = 2]?6((.0).

8.4.5 Definition
The Fourier sine transform of f(z) is Fo{ f(z)} := Folw) = Jo° f(t)sinwt dt.

8.4.6 Lemma
If f is odd about 0, f(w) = —2if,(w).

8.4.7 Theorem

Using the above results, the Fourier cosine transform of even f and Fourier sine transform of odd f are given
similarly to 8.4.2, with their inversion formulae, by

- /00 f(t) coswt dt ﬁ(w) = /00 f(t)sinwt dt
0 0

2 [~ 2 [~
=— A d =— s i di
- /0 fe(w) coswzx dw f(z) - /0 fs(w) sinwz dw
8.4.8 Theorem: Linearity of the Fourier Transform
1. Flaf(z) +bg(z)} = af(w) + bg(w) Ya,b € R.
f_l{af(w) +bg(w)} = af(x) +bg(z) Va,b e R.
8.4.9 Theorem
F{faz)} = Lf(2) Va>o0.
8.4.10 Theorem
F{f(-)} = f(-w)

8.4.11 Theorem
1. ]-'{f(m — xo)} = e w0 f(w) (shift in domain space).

2. Ffeorf(z)} = f(w — wp) (shift in transform space).

8.4.12 Theorem: Symmetry Formula
]-'{f(x)} =2nf(—w).
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8.4.13 Theorem
dxz™

F {dn—f} = (iw)”f(w) (assuming that all derivatives of f — 0 as x — +00).

8.4.14 Theorem
Flaf(x)} =if'(w).

8.4.15 Theorem

Assuming that all derivatives of f — 0 as z — +o0,
L F{ (@)} == £0) + wfs(w).
2. F{f(@)} = —wfe(w).
3. F{ (@)} = —F(0) + w?fe(w).
4. F{f' @)} = wf(0) — w?fo(w).
8.4.16 Theorem

Let f*(z) be the conjugate of the complex value f(z). F{f*(z)} = Fr(~w).
8.4.17 Definition
The convolution of two functions f and g is

f(z) x g(z) = /_OO flz —u)g(u) du.

8.4.18 Theorem: Convolution Theorem
F{I @)+ g(@)} = f@)g(w).
8.4.19 Theorem: Energy Theorem
For a real valued function f,
21 J o

8.5 The Dirac Delta Function

8.5.1 Definition
. . . . . Bz <
For the purpose of defining thr Dirac delta function, consider the function fi(x) = ¢ 2 and note that

0, |z|>

= ==

8.5.2 Definition
The Dirac delta function is

d(x) = lim fr(x).

k—o0

8.5.3 Theorem: Sifting Property

For any continuous function g, defined over R,

/wgm—awwwm=gm»

— 00

8.5.4 Theorem
F{6(x)} =1 and so §(z) can be written §(z) = 5= [*° F™ duw.
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9 Ordinary Differential Equations
9.0.1 Definition

A function f is differentiable to order k <

(4) _ £
L SO = O @)
h—0 h

= @) Vi<k-1

9.0.2 Definition

‘Ordinary’ refers to the presence of unknown functions in only one independent variable (here z); an ordinary
differential equation is of the form
f d’“f) Y

d
G <I’,f7 @, ceey w

The order of the ODE is the order of the highest derivative of f present.
The degree of the ODE is the exponent to which this highest derivative is raised.
An ODE is linear if G is a linear function of f and all its derivatives, i.e.
df d* f
dx

k
G (‘T,f, Ty ey @

) = go(x)f—i—gl(x)% + ... —&—gk(:c)zllx—{ +g(z)=0

where g, ..., gr and g are arbitrary and not necessarily linear functions, and f is the unknown function of z.
9.0.3 Definition

df  d°f
dz

s s d:vk> =0 is the implicit form of an ODE (as above).

G (m, 1

dr f df dF1f . ..
Tk = F (ac, 1, Ry is the explicit form of an ODE.

9.0.4 Definition

To solve an ODE is to find f such that the ODE is satisfied over its domain. fp; is a particular integral or

particular solution of an ODE if G (J;, frr, d{l’;l s d:;i},jf = 0.

fas is a general solution of an ODE of order k if fos(x;c1y...5ck), ¢1,...,cx € R is a family of solutions

k
for which G (x, fos, d];?cs sy ddf%) = 0. The constants of integration {¢;} are fixed by conditions, giving

particular solutions.

9.1 First and Second Order ODEs: Specific Cases
First Order ODEs
Implicit form: G (x, Y, g—g) =0, Explicit form: g—z =F(x,y).

9.1.1 Separable First Order ODEs

% = F1(y)F2(l‘) <~ /Fjléyy) = /FQ(!E) dr +c;.
9.1.2 Linear First Order ODEs
Fl(x)% + Fa(x)y — Fs(x) =0
— I(g;)% + I(z) ?igi;y — I(z) ?‘I’Ez; — % [J(g;)y] — I() f;jgg

@y:ﬁ (/I(x)?‘jgg dx-i—cl).

Letting p = %, The result above requires that

d[Iy] dy dI
=I-=+41 — =1
dx d:r+ Py = dx p

(separable)
S

I(z) = AeJ P @
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9.1.3 Homogeneous First Order ODEs

(%)

du dz
= utzrz—=F(u) = = —+4c=hlz|+a
dz x

(where u = £ — Zg =u+29%). Once ugs is found, ygs can be found by y(z) = zu(z).

9.1.4 Bernoulli ODEs

% + Fi(z)y = Fa(x)y”

c)y_"j——l—F( W = Fy(r) <= Z—Z—l—(l—n)Fl(x)u:(l—n)Fg(a?)

(where u = y! ™ = 9 = (1 - n)y‘"%). If the first derivative has an arbitrary coefficient function, it can

be manipulated as in 9.1.2. ugg can be found from this linear first order ODE and ygg can then be found by

1
y(a) = (u(z)) .
Second Order ODEs
Implicit form: G (a: Y, Zi, ng) =0, Explicit form: % =F (a:,y, %) .
9.1.5 F Depending Only on z

dzy
el

@% /F(x) dr+c¢ = yz/(/F(a:) dx—|—c1> dx + c3.

9.1.6 F Depending Only on x and %
ODEs of the form
Ly
de? "dx
often require substitution, for example:

9.1.7 Definition

GO

The radius of curvature of a curve y(x) is

9.1.8 Theorem

The family of curves with constant radius of curvature R is a set of circles with radius R.

9.1.9 F Depending Only on y

29 _F
de (y)
du du (separable) 1 9 1 dy 2 /
- _F — y—=F = —ut == = [ F(y)d
= =) Yy () 5% =5\ 7, (y) dy + c1
separable d
( 3:;)1 )/ y :/da:+02
:l:\/Q ([ F(y) dy+c1)
2
(where u = % = jxé’ = % = Z—Z% :u%).
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9.1.10 F Depending Only on y and %

d?y dy d |1,
dz? (y, dx) dy {216 } (v, )

—dy Ly _du _ dudy _ g du _ d [1,2 - - -
(where u = 9 = 4 = ¢ = dy dr = Way = dy [2u ]) If ugs is a solution to this first order ODE then

yas can be found from the first order ODE % =ugs(y,c1).
9.2 Linear ODEs of Order k (and Specific Cases)

As in 9.0.2, the general form of a linear ODE with unknown function f is

k

/ +g(x) =0.

wo@)f + 0@ T+ 4 o) TS

dx

9.2.1 Definition

In the above form, a linear ODE is homogeneous <= g¢(z) = 0 and it is inhomogeneous otherwise.

9.2.2 Definition

An operator acts on a function. A linear operator is an operator (e.g. D[f] = -L[f]) such that D[\ fi + A2 fo] =
MD[fi] + A Dl fs].

9.2.3 Note

Linear ODEs can be associated to the linear operator L[f] = Zf:o gi(2)D*[f], such that the ODE is then
represented by L[f] = g(x), and the homogeneous case is L[f] = 0. We then have also that L[\ f1 + Aafo] =
ML[f1] + AL fa].

9.2.4 Definition

A set of functions {f;}*_; is linearly independent <=

arfi+..+apfy =0 = a1 =...=a, =0.

9.2.5 Note

We can think of functions as vectors and of the set of solutions to a homogeneous linear ODE of order k as a
k-dimensional vector space. By the property in 9.2.3, also notice that a linear combination of two solutions to
L[f] = 0 is also a solution. The general solution of the homogeneous linear ODE can thus be written

fls(@ier, yen) = e1fi + oo+ cifr

where {f;}¥_, is a set of linearly independent solutions which form a basis of the solution space.

9.2.6 Theorem

{fi}k_, is linearly independent if the Wronskian W ({f;}¥_,) (the determinant of the Wronskian matrix W)
# 0:

fi far o Sk
W ({f:¥ey) = det (W) = det ([ Vi) = | S
"l di s d
dzk—1 dzk—1 dxk—1
9.2.7 Theorem
For an inhomogeneous linear ODE L[f] = g(z), let the general solution to the corresponding homogeneous

linear ODE L[f] = 0 be fHs(z;c1,...icr) = Zle ¢; fi, known as the complementary function fop, and let fp;
be any particular integral such that £[fp;] = g(x).

L[fer] =0
quI] = 9(1“

so let the general solution be fgs = for + fpr, satisfying L[fas] = g(x) as above.

) } = L[fcr + fril = LIfcr] + L[frr] = 0+ g(x)
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9.2.8 Corollary

An inhomogeneous linear ODE of the form L[f] = hi(x) 4+ ho(z) + hs(z) + ... has a general solution fgs =
fer + > fpri where fpy; are particular integrals satisfying L[fpr;] = hi(x).

9.2.9 Note

An ansatz is an educated guess about a desired solution. It may be made based on the predicted effect of
the operator £ on a certain function. For example, suppose £ is known to give only constant coefficients. If
g(x) = e*®, then the particular integral may be of the form fp; = Ae®*. fp; can be substituted and the values
of the undetermined coefficients found. If fp; is part of the complementary function, it will give L[fps] = 0, so
we might instead try A(z)e®® for example, where an undertermined function of z is to be found. This is called
the method of variation of parameters.

9.2.10 First Order Linear ODEs With Constant Coefficients

The solution may follow from the method in 9.1.2.

9.2.11 Second Order Linear ODEs With Constant Coefficients

Consider an ODE of the form y "
d d
ay—5 ta15— tapf =g(x).
2 2 Vs of =g(x)
By 9.2.5, the complementary function will be a linear combination of two functions. To find it, we can use
the ansatz f = e**, which gives apA? + a1\ + o = 0, the characteristic equation, giving in turn Ao =

—a1Ey/a?—dasa . . . .
1*”. We now have a pair of candidate functions (e*®,e*2?) for a basis of the complementary

solution space, and must consider the following cases:

1 If Ay # Ao, W({eM®, er2?)) = e(>‘1+>‘2)"”()\2 — A1) #0, and 50 fop = c1eMT + o2,

2. If Ay = Xo, then f; = eM?® is one solution, and we propose fo = A(z)e*®. Substituting gives dzT’é =
0 = A(x)fi1 = (Biz + Bs)f1. Bafi will be absorbed into ¢} f1, and W ({eM® ze1®}) = 2} £ 0, and
S0 for = c1eMT + coweMT.

2
. . 4 .
3. If Ao € C\R, write \j 2 = —2%2 + jw, where w? = O‘IT‘EWO Using case 1, the complementary
function is
_ —;71% !/ _iwx /! —iwxT\ __ —;%I / / YN / .
for = e 227 (c e + che ) = e 2227 ((¢] + ) coswx + i(c] — ) sinw)

= e¥"(¢) coswz + ¢y sinwz)

where 1 and w are the original real and imaginary coefficients pf A\ 2, and it is easy to check that the
Wronskian of sin and cos is # 0. While this form is useful, notice that since ¢, ¢ must be real, ¢| = ¢,
and so their sum and ¢ times their difference can be written A cos ¢ and Asin ¢, giving further the form
for = ¥ Acos(wx — ¢).

Once fpy is also found (which may require variation of parameters), it may contain terms similar to terms of
fcr, but the coefficients can be combined as usual.

9.2.12 Note

It is important to refer to new, combined constants differently. For example, in case 2 above I let the original
coefficient of f1 be ¢} so I could then let By + ¢} := ¢1, and in case 3 I wrote the linear combination with ¢, ¢4
so their combinations could be c¢q, cs.

9.2.13 k' Order Linear ODEs With Constant Coefficients

For ODEs of the form L[f] = Zf:o a;Di[f] = g(z), to find for we can again use the ansatz fH = e’

which gives the characteristic equation Zf:o a; A" = 0. If the \; can be obtained, a candidate basis for the
complementary solution space is thus found to be {e**, ..., e},

1. The Wronskian is e [Ti<icj<k(Xj = Ai) (Vandermonde), which is clearly # 0 <= all the \; are
distinct ( = the candidate basis is linearly independent).
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2. If the \; are not all distinct, we have seen at a low level that multiplying a repeated function by successive
powers of z gives linearly independent functions, and this in fact works generally: suppose A, is a root
that appears d times, replacing the subset {e*® ..., e*®} — {er® ... x9=1er?} for each repeated root
in the candidate basis gives a linearly independent basis.

Finally, the particular integral must be found, and if g(z) is of the form €**, fp; is known immediately to be
Azdeb® where b appears d times in the set {\;} (so b # \; Vi = fp; = Az%eb® = Aeb™).

9.2.14 Euler-Cauchy ODEs

Euler-Cauchy equations are a specific example of linear ODEs with non-constant coefficients:

d* D d,
dej:_’_akilmk 1 f+...+a1x—f+aof:9($)

dak—1 dx

[63°%4

(i.e. gi(zr) = aya*). The change of variable = e* transforms an Euler-Cauchy equation into a linear ODE
with constant coefficients.

9.3 Systems of Ordinary Differential Equations
9.3.1 Definition
A system of ODEs is of the form

x,..., dx,..., d$k,..., dak

Gl (x7f17-.'7fnjcifl dfi dkfl dkfn) :0

dfv  dfn d*f dRf\
Gn (xvfla"'afnv dxv"'v dxv'“v dxkv“'a dﬂfk _0

The system is still ordinary because the unknown functions fi, ..., f, are in only one independent variable x.
In single ODEs, the unknown function was f : R — R. To solve the system will be to find

1

f=1:
f’ﬂ
(f : R — R™) such that f satisfies the system.
9.3.2 Theorem

Any system of ODEs can be written as a system of first order ODEs, and the number of equations in the new
system will be equal to the sum of the original number of equations and the total number of derivatives of
f1,---, fn beyond their first that appear in the original system.

9.3.3 Corollary
Any single ODE of order k > 1 can be solved as a system of k first order ODEs.

9.3.4 Systems of First Order Linear ODEs With Constant Coefficients

By 9.3.2 we can, without loss of generality, discuss only systems of first order ODEs, and we will assume that
each equation can be written in explicit form. A linear system with constant coefficients is then of the form

% = (Z?:1 alifi) + g1 (.’L‘)

% =" anifi) + gnl(z)

which can be written as the matrix equation

% Q11 Qip fi g1() df

= : .. : : : = — =A Gg(xz).
. : oo o B 1 = AT g@)
T;:l Qnl e Qpn fn gn('r)

(=4) (=g(z))
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So if we define the linear operator L[f] := Z—f — Af, then the entire system can be written

L[f]=g(z).
The solutions to L] f ] = 0 will form an n-dimensional vector space (since each of the n unknown functions in the
vector is given by first order ODEs), and a set of linearly independent solutions { f;}?_; will form a basis. The
complementary function is thus for = > i, ¢ fi, and fgs = for + fpr (where fpr satisfies £[fp/] = G(x)).
To actually solve the homogeneous problem (find for), we'll first consider the case where A is diagonalisable,

so 3V (with columns equal to linearly independent eigenvectors of A: ;) such that V"1AV = A, where A is
diagonal with entries \; (the eigenvalues of A). Then

Llfor) =0 = YHcr = Afop = vV lder —ylayylfop
— LV fop] = [VTIAVIIV T for]

— ¥ _pz7
X

(where V1 fc F :=Z). Since A is diagonal, we now have a simple system of ODEs of the form ‘fiif = \;z; which

all solve to give z; = ¢;e™®, and fop =VZ =
s ANz = AnT =
for = 170 + ..+ cpe™ U,

and so a basis for the complementary solution space is {f;} = {e%;}.

9.3.5 Note

Do not confuse notation here. In section 9.2, {f;}%_ | was the basis of the complementary solution space for a
single k*" order linear ODE. In 9.3.4, { fi}, is the basis of the system’s complementary solution space, while

{fi}? is simply the set of unknown functions in the system (notice the difference in the cardinality of the sets,
n and k).

9.3.6 (9.3.4 Cont.)

If A is not diagonalisable, we can instead find W such that W 1AW := J is Jordan - a matrix whose only
non-zero off-diagonal entries lie on the superdiagonal above and adjacent to identical diagonal entries, and are
equal to 1. In the context of eigenvalues, J will have 1s ‘connecting’ repeated eigenvalues of A, although for
each additional dimension of an eigenspace, one fewer 1 will appear with that eigenvalue in J, so note that
diagonalisation (A) is a special case of the Jordan canonical form (J). In solving the homogeneous problem,
we again have

Llfer) =0 = or = Afep = Wlder - WoAWW fop
— LW fop] = [WLAW| W for]
- dz — JZ

(where W1 fcp := 7). While J is not diagonal, the last ODE of this new system contains only one unknown
function and can be solved and substituted upwards into successive inhomogeneous linear first order ODEs
which, due to the structure of a Jordan matrix, contain only two unknown functions each.

9.4 Qualitative Analysis of ODEs
9.4.1 Definition

— —

f* is a fixed point or equilibrium point of a system of first order ODEs if f(to) = f* = f(t) = f* Vt > t,,
ie.
df
dt | . .
= >

=0

9.4.2 Definition
In the phase plane, a fixed point f * is Lyapunov stable <=
Ve >0, 36 > 0 such that |[f(0) — f*|| <6 = [|f(t) — f*]| <& (V> 0)

and asymptotically stable if additionally, 36 > 0 such that ||f(0) — f*|| < § = limy_o0||f(t) — F*|| = 0.
Stability is essentially the idea that if the initial conditions (¢ = 0) are close to a stable fixed point, they will
stay close to it, or in the asymptotic case converge to it, as time progresses.
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9.4.3 Definition
For linear systems which can be written in matrix form Z—{ =A f, supposing ¥ is an eigenvector of A, we have

that ‘fi—f = Av = AU for some A. So initial conditions on the line in the phase plane defined by v will stay on it.
The line is invariant.

9.4.4 Definition

A phase portrait of a system is a geometrical representation of all distinct solutions with qualitatively different
trajectories represented across the phase plane, for example, eigenvector lines of the system matrix will appear
in the phase portrait with arrows pointing in or out depending on the sign of their eigenvalue.

9.4.5 Theorem: Catalogue of Phase Portraits for the Two-Dimensional Linear System With
Constant Coeflicients

Consider the general two-dimensional system

df _|a b g z(t

@ = AL A= L d} (7= 20D

The eignvalues of A are given by (a—\)(d—\)—bc =0 <= ad—bc— (a+d)A\+\?, so letting 7 = Tr(A4) = a+d
and A = det(A) = ad — be, we have A\ 3 = LESVARESTN VT;*‘LA. The 7A-plane can be split into case regions which give
rise to distinct behaviours in the zy-phase plane. Each case is drawn and discussed in lectures, but in terms of
stability, they can be grouped as follows: in the upper left quadrant, including the positive A-axis and negative

T-axis, the fixed points of the system are Lyapunov stable and also asymptotically stable aside from on the
positive A-axis, and they are unstable elsewhere.

9.4.6 Note

Notice that in the above phase portraits, stability occurred when 7 < 0, A > 0, which ensured that Re{{A1}, {\2}} <
0. In an n-dimensional system, i.e. where A € R"*" and f € R", we similarly require that Re{\;} <0 Vi €
{1,...,n} for stability of the system.

9.5 Bifurcations
9.5.1 Definition

A bifurcation in a dynamical system is a qualitative change in behaviour brought about by change in parameters.
This may cause a previously stable system to become unstable, for example as in 9.4.5-6, by making some
eigenvalues of A have non-negative real parts, or in the one-dimensional system

dy

dt
where a negative k gives rise to a stable system and a positive k to an unstable system, both clearly with a
fixed point at y = 0.

9.5.2 Definition

A Dbifurcation diagram plots the changing values of the fixed points of a system against the system’s varying
parameter. Convention is to use e for a stable fixed point and o for an unstable fixed point in graphical
representations.

9.5.3 Definition

The following list gives some example ODE forms for the common types of bifurcations named beside them.
Some of their names arise from their bifurcation diagrams, which are not shown here.

dy =7 +y° Saddle-node bifurcation'.

dy =ry —y? Transcritical bifurcation.
d” =ry—y° Supercritical pitchfork bifurcation.
dy =ry+19° Subcritical pitchfork bifurcation.

T A saddle-node bifurcation is in fact any collision and disapperance of two equilibria.
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9.5.4 Definition

Another type of special point is a singularity, at which the equation is undefined. Singularities may also be

stable or unstable, as in the example % = %, for k< 0ork>0.

10 Introduction to Multivariate Calculus
So far, we have considered functions of single independent variables, of the form

f:R—R
f1
(or, in systems, f: - | :R— R", where fi,...,fn :R— R).
fn

All the functions f and fi, ..., f,, above are called ordinary functions, and differential equations involving them
are ordinary differential equations. In this section, we look at multivariate functions, which are of the form

f:R*" —R.

10.0.1 Definition

Let f: R™ — R be a function in n independent variables x1, ..., z,,. The partial derivative of f with respect
to x; € {x1,...,xp} is

of @,z hy s xn) — f(rr, e Ty e )
im - )

10.0.2 Note

In actually finding partial derivative formulae, the formula of the function in all its variables can be differentiated
with respect to one as if all others were constant. This is reflected in the fact that, taking for example
the function with output f(x,y), we often write the partial derivative with respect to one variable as being

‘evaluated’ at the other variable: %‘ or (%) .
y Yy

Considering the same example function in two variables, let g,(z,y) = g—i and g, (z,y) = %J;' These partial

derivatives can be partially differentiated again, still with respect to either variable:

99s _ O°f 99: _ 0 |9f
oxr ~— 90x2> Oy ~ Oy |0z |
99y _ 9°f 99y _ 9 |0f
oy — Oy2’ Or ~ Oz |0y |-

10.0.3 Corollary: Symmetry of Mixed Derivatives

Let f : R®™ — R have continuous first and second partial derivatives with respect to two of its independent

2 2
variables z,y, then 8% [%} — a% [g—ﬂ and this derivative is written 8(15; = 881;8);'

10.0.4 Theorem: The Total Derivative
For the function f: R" — R, let Af = f(z1+ Az, ..., xn + Axy) — f(21, ..., 2,) and let df = lima,, 0 vi Af.

af =y o dx;
=1

where dx; is the infinitesimal Az; — dx;. The total derivative df evaluates the infinitesimal change of f(¥) as
all independent variables x; change infinitesimally.

10.0.5 Corollary: Chain Rule for Multivariate Functions

Suppose f : R — R is a function of ¢ indirectly through the intermediate variables x1,...,x,, i.e. f maps

t— f(@1(8), - 2n(t)) g _ <8f) <d%> ot (3f) <d%)
dt \Owi) \odt ) \Oxn) \ dt ]
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10.0.6 Note

As detailed in 10.0.2, when dealing with chain rule examples in multiple interdependent variables, it is important
to state explicitly which variables are being kept constant in a partial derivative (as is apparent in the following
two examples).

10.0.7 Corollary: Dependence on Another Set of Coordinates

Let f be a function in x,y and suppose x,y are in turn functions in u,v. By substituting the total derivatives
dx and dy into the total derivative df and comparing with the total derivative formula for df in terms of u, v,
the two partial derivatives below can be found.

(@)= (G2), @)~ (@). @), = ()= (o), (5). (2), @),

10.0.8 Corollary: Differentiation Using the Implicit Form

Given any function f in the variables Z, letting y = f(Z) (which is the explicit form) we can obviously find an
implicit form: F(Z,y) := y — f(Z) = 0. Taking the total derivative dF and rearranging dF' = 0 (below left)

gives the relationship on the right:
OF oF
(5) (5:)

(%) (%)

and so comparing with the total derivative dy = %dwl + ...+ %dmn we obtain the individual relationship

9y _ (35)

)

10.1 Multivariate Taylor Expansion

OF " OF
dFiid 7di:0, d - - dn
oy er;@a:i T; Y €T

Vi<i<n.

As before, let f: R™ — R be a function of variables ¥ = (21, ..., z,)T. Letting Ar = (Axy,...,Az,)T, we can
find the Taylor expansion for f(& + Az) about & by first expanding about z;:

(& + Az) = f(z1 + Axy, 20 + Axs, ..)
_ of 1 (f 2
B f(xh vt Ax27 ) * (8'1:1)m1,r2+A12,... A‘Tl " 5 (62“)11,12+Am27... (A‘rl) e

and upon expanding each term about x2, and in turn expanding each term in those expansions about z3 etc.,
we eventually obtain an entire expansion which can be written, up to the second order, in the form

Az (%); <‘9181%)5 Az
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and so defining the Hessian matrix associated with f at Z and the gradient of f at & as

H(¥) = {(af;];j )QJ e and  Vfz=

respectively, we have a Taylor expansion up to the second order in the form
- - 1
f(@+ Az) = f(Z) + (Vfz) AT+ §A:E’TH(3?)A5§+

for the multivariate function f:R"™ — R.
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