Required for: MATH40005 Probability and Statistics

Based on the lectures of Almut Veraart and Dean Bodenham, Imperial College London

1 The Sample Space

1.0.1 Definition

The sample space €2 is the set of all possible outcomes of an experiment. w € () is a sample point.

1.0.2 Definition

A subset of € is an event.

1.0.3 Definition

Suppose A and B are events.

The union A U B denotes the event that at least one of A or B occur.
The intersection A N B denotes the event that both A and B occur.
A =Q\ A is the complement of A in €.

2 Interpretations of Probability

2.0.1 Definition: Naive Definition of Probability

Suppose (2 is finite (or of finite area, for instance). The naive probability of the event A is

_ A

PNaive(A) - |Q| .

This definition assumes each sample point has the same weight.

2.0.2 Definition: Limiting Frequency Definition of Probability

Let an experiment be replicated N times and let the event A occur n of those times. Another definition of the
probability of the event A is

Primiting(4) = lim —.

2.0.3 Definition: Subjective Definition of Probability

For an event A, P(A) may be assigned based on personal belief, or according to past information, potentially dif-
fering between individuals. While difficult to quantify or apply, subjectivity is a widely accepted interpretation
of probability.

3 Counting

3.1 The Multiplication Principle
3.1.1 Theorem

For two experiments, A which has a possible outcomes and B which has b possible outcomes, performing A
and B once each in any order has ab possible outcomes.



3.2 Power Sets
3.2.1 Definition
The power set of a set S, P(S5) is the set of all subsets of S.

3.2.2 Theorem
For a finite sample space Q, |[P(Q)| = 2/,

3.3 Sampling With and Without Replacement
3.3.1 Theorem: Sampling Without Replacement - Ordered

For an ordered sample of k items without replacement from n items, where  is the set of possible samples,

Q| = (n%'k), (sometimes written " Py).

3.3.2 Theorem: Sampling Without Replacement - Unordered

For an unordered sample of k items without replacement from n items, where €2 is the set of possible samples,
1] = ﬁlk)' (sometimes written "Cy, or as the binomial (})).

3.3.3 Theorem: Sampling With Replacement - Ordered

For an ordered sample of k items with replacement from n items, where €2 is the set of possible samples,
Q| = n*.

3.3.4 Theorem: Sampling With Replacement - Unordered

For an unordered sample of k items with replacement from n items, where € is the set of possible samples,

_ (n+k—1\ _ (ntk—=1)!
Q= (") = T

3.3.5 Table of 3.3.1-4

The cardinality of the sample space for each type of sampling above is given in the following table:

Ordered | Unordered

Without replacement (n%'k), ()
: k k-1
With replacement n (" N )

4 Axiomatic Definition of Probability

4.1 The Event Space (F)
4.1.1 Definition
A set of subsets of Q (events), F, is an algebra if
i 0erF.
ii F is closed under complement: A € F — A e F.
ilia F is closed under pairwise union: A, Ay € F = AU Ay € F.
and is a o-algebra if additionally

iiib  F is closed under countable union: A;, Ay, As,... € F = o, Ai € F.

4.1.2 Corollaries

1. All algebras contain €.
2. All algebras are closed under both finite union and finite intersection.

3. All o-algebras are also closed under countable intersection.



4.1.3 Definition
The trivial o-algebra is {§), 2} and the total o-algebra is P(Q).

4.2 Probability Measure and Probability Space
4.2.1 Definition: The Axiomatic Definition of Probability

A probability measure on (£, F) is a map P : F — R which satisfies three conditions:
i P(A)>0VAeF.
i P(Q)=1.
iii For any disjoint set (i # j = A;NA; =0) of events Ay, Ay, As, ... € F,
P (U Ai) = P(A).
i=1 i=1

4.2.2 Definition
The triplet (2, F, P) is a probability space.

4.2.3 Theorem

In a probability space (0, F,P),VA,B € F,
1. P(A°)=1-P(A).
2. ACB = P(A) < P(B).
3. P(AUB)=P(A)+ P(B)— P(ANB).

5 Conditional Probability

5.0.1 Definition
In a probability space (2, F, P), for events A, B € F (P(B) > 0), the conditional probability of A given B is

P(ANB)

PAIB) = =55

5.0.2 Theorem

In a probability space (2, F, P), let A, B € F,let P(B) > 0 and let Q(A) = P(A|B). (2, F, Q) is a probability
space.

5.0.3 Lemma

P(ANnB) = P(A|B)P(B).

5.0.4 Theorem
For any events Ay, ..., A, where P(A2N...NA,) > 0,

P(A1 N .. Ay) =P(A1|As (.. An)P(As] A5 0.0 Ay)...
P(An_a|An_1 N Ap)P(An_1|An)P(Ay).

5.1 Bayes’ Rule and the Law of Total Probability
5.1.1 Theorem: Bayes’ Rule
Let A,B € F and let P(A), P(B) > 0.

p(ap) = LA (BIL?;I; 4)



5.1.2 Definition
A partition of Q is a set of disjoint events {A; | i € I} (i # j € T = A;NA; =0, where Z is a countable
index set) such that |J;c, 4; = Q.
5.1.3 Theorem: Law of Total Probability
Let {B; | i € Z} be a partition of Q where P(B;) > 0 Vi € .
P(A) =) P(ANB;) =) P(A|B,)P(B).

i€ i€T
5.1.4 Theorem
Let {B; | i € I} be a partition of Q where P(B;) >0VieZ. VAe F, P(A) >0,

P(A|Bi)P(B;) _ P(A|B;)P(By)
P(A) - 2 P(A[B;)P(B;)’

P(B;|A) =

6 Independence
6.0.1 Definition

A and B are independent <=

P(ANB) = P(A)P(B) ( < P(A|B) = P(A) and P(B|A) = P(B) )
6.0.2 Theorem

A and B are independent =—> A and B¢ are independent
A A€ and B are independent
A A€ and B€ are independent.

6.0.3 Definition
A finite set of events A1, ..., A, is independent <=

P(A;, NA;,NA;,,N...NA;) = P(A;,)P(Ai,)P(A;,)...P(Ai,)
V subsets {4;,, ..., 4;, } where k =1, ....n.

A countable or uncountable set of events is independent <= every finite subset is independent.

6.1 Continuity of the Probability Measure and The Product Rule

6.1.1 Lemma

Let A1, Ao, As, ... € F, let D; = A;\ (UiZ14;) (and Dy = A;). {D;} are all disjoint and U2, 4; = U2, D; (any
countable union can be written as a countable union of disjoint events).

6.1.2 Definition

A sequence of events (A;);>1 increases [Resp. decreases| to A (A; 1 A [Resp. 4; L A]) <= A; C Ay C A3 C ...
and U2, A; = A [Resp. A1 D A3 D A3 D ... and N2, A; = AJ.

6.1.3 Theorem

Let Al,A27A3, .. e F. AL T AV Ai \l, A = lim; o0 P(AZ) = P(A)



6.1.4 Theorem: Product Rule

Let {A1, Az, As, ...} be a countable and independent set of events.
P (ﬂ Ai> = [ P(4s).
i=1 i=1

7 Discrete Random Variables

7.0.1 Definition

A discrete random variable on (€2, F, P) is a map X :  — R such that
i {X(w)|weQ}:=ImX is a countable subset of R.
i weQ|Xw)=z}(:=X'=)) e FVzeR.

Note: the second condition, which states that each set of w which are mapped to a given z (the preimage of z)
is an event (and they are all disjoint sets), is so that probabilities can be assigned to them. The first condition
makes X discrete.

7.0.2 Definition

The probability mass function of X is

px : R —[0,1]
z— P{we Q| X(w) =2z}).

px(x) = P{w € Q| X(w) = z}) is often written P(X = z).

7.0.3 Corollary

pr(:c) =1.

z€R

7.0.4 Theorem

Let S = {s; € R | i € Z} be countable and distinct and {m; € R | i € Z, m; > 0 Vi} be such that )
3 a probability space (2, F, P) and a discrete random variable X with probability mass function

(S)_ m, 1€
pxtsi) = 0, SL¢S

ez ™i = 1.

7.1 Some Discrete Distributions
7.1.1 Definition: Bernoulli Distribution

A discrete random variable X has Bernoulli distribution with parameter p € (0,1) <= Im X = {0,1} and

px(1)=p, px(0)=1-p (andz¢ImX = px(x)=0)

<= :| X ~ Bern(p) |

7.1.2 Definition
Let A € F. The indicator variable of A is

1, wed

Note: 14 ~ Bern(P(A)).



7.1.3 Definition: Binomial Distribution

A discrete random variable X has binomial distribution with parameters n € N and p € (0,1) < ImX =
{0,1,...,n} and

px(z) = (Z)pw(l —p)"" (and x ¢ ImX = px(x) =0)
< :| X ~ Bin(n,p) |

(X represents the number of successes in a sequence of n identical Bernoulli trials with success parameter
p, or the number of successes observed in n draws with replacement from a population where a proportion p
are to be successful).

7.1.4 Definition: Hypergeometric Distribution

A discrete random variable X has hypergeometric distribution with parameters N € N, K € {0,1,..., N} and
ne€{0,1,..,N} < ImX ={0,1,...,min{n, K}} and

() (o)

()

px(x) = (and z ¢ In X = px(z) =0)

= ’X ~ HGeom(N, K,n) ‘

(X represents the number of successes observed in n draws without replacement from a population of size
N where K are to be successful).
7.1.5 Definition: Discrete Uniform Distribution

Let C # () be a finite set of numbers.
A discrete random variable X follows the discrete uniform distribution on ¢ <= Im X = C and

1
px(x):m (and 2 ¢ In X = px(z) =0)

<~ :| X ~DU(C)|

7.1.6 Definition: Poisson Distribution

A discrete random variable X has Poisson distribution with parameter A > 0 <= Im X = N and

e\
px(x) = o (and 2 ¢ Im X = px(x) =0)

(X represents the number of successes (random occurrences) in a unit of time where A is the rate or the
expected successes per unit of time).

7.1.7 Definition: Geometric Distribution

A discrete random variable X has geometric distribution with parameter p € (0,1) <= Im X =N\ {0} and

px(@)=(1—-p)*'p (and z¢ImX = px(z)=0)

(X represents the number of successive identical Bernoulli trials to obtain the first success. Note that if
X is to represent the number of failures before the first success, then px(x) = (1 — p)®p and the image is N,
including 0).




7.1.8 Definition: Negative Binomial Distribution

A discrete random variable X has negative binomial distribution with parameters r € N and p € (0,1) <=

Im X =N and )
+7r— r z
px(z) = (xril )p (I-p)* (andz¢ImX = px(z)=0)

= ’X ~ NBin(r, p) ‘

(X represents the number of failures observed in a sequence of identical Bernoulli trials with success parameter
p before r successes have occurred).

8 Continuous Random Variables

8.0.1 Definition: Random Variable (General)

A random variable on (2, F, P) is a map X :  — R such that
{we| X(w)<z}eFVzeR.

Note that this condition is similar to the second condition in 7.0.1 and that the definition of a discrete random
variable also satisfies this definition, since F is closed under countable union

= U {w|Xw)=2}eF <= {weQ| X(w) <z"}eF.

zelm X, z<zx*

8.0.2 Definition

The cumulative distribution function of X is

Fx :R— [0,1]
r— P{we | X(w) <z}).

Fx(z) = P({w € Q | X(w) < x}) is often written P(X < x).
8.0.3 Theorem
1. Fx is monotonically non-decreasing.

2. Fx is right-continuous.

3. Vrandom variables X, lim,_,_~ Fx(z) =0 and lim, ,~, Fx(z) = 1.

8.0.4 Theorem
Pla< X <b) = Fx(b) — Fx(a).

8.0.5 Definition

A random variable X is continuous if, for a function fx : R — R (probability density function) for which
fx(z)>0VzeRand [7 fx(z)de=1,

FX(x):/j fx(u) du VzeR.

8.0.6 Theorem
For a continuous random variable X with p.d.f fx,

1. P(X=2)=0VzeR.

b
2. P(agxgb)z/fx(u)dx.



8.0.7 Summary Table: Properties of Discrete and Continuous Random Variables

Let px : R — [0, 1] be the p.m.f of a discrete X and fx : R — R be the p.d.f of a continuous X.

Discrete random variable ‘ Continuous random variable
Both satisfy the general definition in 8.0.1
px(x) >0Vz eR fx(x)>0VzeR
ZmEImXpX(x) =1 ffooo fx(w) dr =1
Fx(2) = Yuemx, usa Px (W) | Fx(z) = [T fx(u) du

8.1 Some Continuous Distributions
8.1.1 Definition: Uniform Distribution

A continuous random variable X has uniform distribution on the interval (a,b) <=

fX(m)z{b_“’ a<x<b

0, otherwise
0, z<a

and Fy(z)=4q 352, a<z<b
1, >0

—:|X ~U(a,b) |

8.1.2 Definition: Exponential Distribution

A continuous random variable X has exponential distribution with parameter A > 0 <=

Frlz) = {)\em, x>0

0, otherwise

0, <0
o o= 222

—:| X ~ Exp(\) |

8.1.3 Definition: Gamma Function

Note: for V> 1, I'(t) = (t — 1)I'(t — 1) and Vt € N, T'(¢) = (¢t — 1)

8.1.4 Definition: Gamma Distribution

A continuous random variable X has gamma distribution with parameters o > 0 (shape) and S > 0 (rate)

B
o o1
Ix(z) = T2t € x>0
0, otherwise

< :| X ~ Gamma(a, §) ‘

In the special case a =n € N\ {0}, the Erlang distribution is given by

fe(a) = | momE e @ >0
0, otherwise.

There is no closed form c.d.f for the gamma distribution.



8.1.5 Definition: y-Squared Distribution

A continuous random variable X has x-squared distribution with v € N degrees of freedom <=

)ile s, 2>0

8

o

1
fx(z) = {ZF(;) (

, otherwise
< | X ~x%(v)| (also written X ~ x2).

Note that X ~ x*(v) <= X ~ Gamma(}, 1).

There is no closed form c.d.f for the y-squared distribution.

8.1.6 Definition: F-Distribution

A continuous random variable X has F-distribution with dq,ds > 0 degrees of freedom <=

0, otherwise

— | X NF(dl,dQ) .

Note that X,, ~ x2 A X, ~ X2, < ;{";:Ln ~ F(n,m).

There is no closed form c.d.f for the F-distribution.

8.1.7 Definition: Beta Function

['(a)L(B)

= /1 M1 -2 de (o, 8> 0).
0

8.1.8 Definition: Beta Distribution

A continuous random variable X has beta distribution with parameters o, 5 > 0 <

1 o B
fe(e) = | B (12 0z s
0, otherwise

—: ’X ~ Beta(a, ) ‘

There is no closed form c.d.f for the beta distribution.

8.1.9 Definition: Normal Distribution
A continuous random variable X has normal distribution with parameters y € R and ¢ > 0 <=

1 (z—p)2
Ifx(z) = T forzx e R

V2mo?

< | X ~N(y,0?)|

In the special case u = 0, ¢ = 1, the probability density function for the standard normal distribution is
given by

1 22
() = ez forzeR

and the cumulative distribution function by

1 r 2
O(x) = \/—27_/ e” 7 dt forzeR.

There is no simpler closed form of the c.d.f for the standard normal distribution beyond this integral.



8.1.10 Corollary
1. ¢(x) = ¢(—x) V.
2. P(z)=1—-P(z) V.

8.1.11 Definition: Standard Cauchy Distribution

A continuous random variable X has standard Cauchy distribution <=

forzx e R

1
Ix(z) = m

1 1
(and Fx(x) = — arctanx + B for z € R) .
77

= ’X ~ Cauchy(1,0) ‘

Note that X ~N(0,1) AY ~ N(0,1) <= 3= ~ Cauchy(1,0).

8.1.12 Definition: Student’s ¢-Distribution
A continuous random variable X has (student’s) t-distribution with v > 0 degrees of freedom <=

v+1

fx(x)z\/%<1+i2> " forzeR

= [Fxu)

There is no closed form c.d.f for the student’s t-distribution.

9 Transformations of Random Variables

9.1 Discrete Case

9.1.1 Theorem

Let X be a discrete random variable and Y be such that Y (w) = g(X(w)), then
{weQ|Yw)=yte FVyeR and

priy)= > px(@) VyeImY.
z€lm X, g(z)=y
9.1.2 Theorem

Let X be a discrete random variable and Y be such that Y(w) = ¢g(X(w)) as above. If additionally g is a
bijection, then 3 a unique x for which y = g(z), and so py (y) = px (¢~ '(y)) Vy € Im Y.

9.2 Continuous Case

9.2.1 Theorem
Let X be a continuous random variable and Y be such that ¥ (w) = g(X(w)), then

Fr) = [ Fx(x) de.
z€Im X, g(z)<y

The integral in this result is analogous to the sum in 9.1.1 and is a necessary definition for cases where g may
not be strictly increasing or decreasing (analgous to the fact that g in 9.1.1 is not necessarily bijective), but
it is not particularly useful on its own. Two special bijective cases are given on the next page in which, by
differentiating the cumulative distribution function, a probability denisty function can be obtained.

10



9.2.2 Theorem

Let X be a continuous random variable and Y be such that Y (w) = g(X (w)) as above, but where additionally
g is strictly increasing, differentiable and has inverse g=!. Let x = g~ !(y), then

Fy(y) = Fx(9~'(y)) = Fx(2)

d%[g*l(yn —fx@)Y VyeR

In the case of strictly increasing g therefore, this second equation can be written fy (y)dy = fx(z)dz.

andso  fy(y) = fx(g~'(v)) o

9.2.3 Theorem

If instead ¢ is strictly decreasing (and differentiable), then

Fy(y)=1-Fx(9~'(y)) =1— Fx(x)

%[g*(y)] — (@)

since the derivative of the inverse of g will be negative; so note that by the absolute value, this theorem in fact

holds when g is either strictly increasing or decreasing. “;—i’ is called the Jacobian of the transformation g—'.

andso  fy(y) = —fx(97 " (v))

dzx
—| V R
dy‘ ves

10 Expectation of Random Variables

10.0.1 Definition

The expectation (or mean) of a discrete random variable X with p.m.f px is

E(X) = Z xpx(x)

z€lm X

(provided 1. x ||px (x) is convergent).

10.0.2 Definition

The expectation (or mean) of a continuous random variable X with p.d.f fx is

B(X) = /Oo 2fx () dz

— 00

(provided [*_|z|fx(z) dx is convergent).

10.1 Law of the Unconscious Statistician
10.1.1 Theorem

Let X be a discrete random variable with p.m.f px and let g : R — R.

E(g(X))= > g(=)px(z)

zelm X

(provided Y 1., x l9(z)|px (2) is convergent).

10.1.2 Theorem

Let X be a continuous random variable with p.d.f fx and let g : R — R.

B(g(X)) = / o(@)fx (@) do

— 00

(provided [ _|g(x)|fx (2) dx is convergent).

10.1.3 Definition
Let k € N and g(z) = z*. E(g9(X)) is the k' moment of the random variable X.

11



10.1.4 Theorem
1. If X(w)>0Vw, E(X)>0.
2. E(@X+b)=aE(X)+bVa,beR.

Note that this result is not sufficient for linearity - see theorem 11.6.3.

10.2 Variance
10.2.1 Definition

Let X be a discrete or continuous random variable. The variance of X is
Var(X) = E ((X - E(X))?).

10.2.2 Theorem
Var(X) = E(X?) — (E(X))?.

10.2.3 Theorem
Var(aX +b) = a® Var(X) Va,b € R.

11 Multivariate Random Variables

11.1 Multivariate Distributions and Independence
11.1.1 Definition

For two arbitrary random variables X and Y on the same probability space, the joint distribution function of
the random vector (X,Y) is

Fxy :R* —[0,1]
(z,y)) — Plw e Q| X(w) <z A Y(w) <y}).

Fxy(z,y) =P{we Q| X(w) <z AY(w) <y}) is often written P(X < z,Y <y).
11.1.2 Theorem
1. Fx,y is monotonically non-decreasing:
1 <3 AN y1 <y = Fxy(zi,11) < Fxy(x2,92)
2. V random variables X,Y,

lim Fxy(xz,y)=0 and lim Fxy(z,y)=1

T——00,y——00 T—00,y—>00
Note that the limits above determine the marginal distributions uniquely:

Fx(x) = ylgr;o Fxy(z,y) and Fy(y) = mll}rrgo Fxy(z,y).
11.1.3 Definition

The random variables X and Y are independent <=

the events {w | X(w) <z} and {w | Y(w) < y} are independent Vz,y € R
— P(X<z,Y<y)=PX<z)P(Y <y) Vz,yeR
< Fxy(z,y) = Fx(z)Fy(y) Vz,yeR.

12



11.2 Extension to n Dimensions
11.2.1 Definition

For arbitrary random variables Xy, ..., X, on the same probability space, the joint distribution function of the
random vector X := (X1, ..., X,,) is

Fx :R" — [0,1]
(x)— PHw e Q| Xj(w) <x1 A . A Xp(w) <a,})
= P(X1 S 1, 7Xn S ZCn)

(where (x) = (21, ...,2y)) and Xi, ..., X,, are (group) independent <=
P(Xl <zp,..,X, < xn> = P(Xl < xl)---P(Xn < xn) Vx e R"
<:>Fx(x) :FXl(wl)-nFXn(xn) Vx e R™

11.2.2 Definition

The random variables X, ..., X,, are pairwise independent <=
P(Xz < in,Xj < Z‘j) = P(Xz < Il)P(X] < J?j) VZ‘,‘,Z‘]‘ eR Vi 75]
=== FXl-,Xj (.’L‘i,l‘j) = FXi(-Ti)FXj (S(}J) VLL'Z‘,LUJ‘ cR Ve 75 _j
11.2.3 Definition

An infinite family of random variables {X; | i € Z} is independent <= all finite subsets are group independent
—

P AXj<a;| =[] PX; <a;) Va; €R, V finite J CT.
JET jeg
11.3 Multivariate Discrete Distributions and Independence
11.3.1 Definition

For two discrete random variables X and Y on the same probability space, the joint probability mass function
of the random vector (X,Y) is

PX,y : R2 — [0, ].]
(z,y) — Plw e Q| X(w) =z A Y(w) =y}).

pxy(z,y) =P{we Q| X(w)=2 A Y(w)=y}) is often written P(X =z,Y =y).

11.3.2 Corollary

SN pxy(zy) =1

xR yeR

Note that the marginal probability mass functions are then given by

px(z) = pxy(z,y) and py(y) =Y pxvy(@,y).
yeR z€R

Generally, P((X,Y) € ACR?) =) 2 (ey)ea DX,y (T, Y).-
11.3.3 Definition
The discrete random variables X and Y are independent <=

the events {w | X(w) =2} and {w | Y (w) = y} are independent Vz,y € R
<= PX=2Y=y)=PX=2)PY=y) Vz,yeR
— pxy(z,y) =px(x)py(y) Yo,y eR.
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11.4 Multivariate Continuous Distributions and Independence
11.4.1 Definition

The random vector (X,Y) is jointly continuous if, for a function fxy : R? — R (joint probability density
function) for which fx y(x,y) > 0Vz,y € R and f_ 75 fxy (@yy) dody =1,

z Yy
Fyy(z,y) = / / fx,y(u,v) dvdu Vz,y€R.

Note that the marginal distributions are then given, as in 11.1.2, by

/__oo/ _Oony(u ,v) dv du and  Fy(y /__OO/ _OofXYuv) do du

and, differentiating, the marginal probability density functions by

oo

= /00 fxy(z,v)dv and fy(y) :/ fxy(u,y) du.

o0

Generally, P((X,Y) € ACR?) = ff(:r,y)eA fxy(z,y) dx dy.

11.4.2 Note

As with the univariate case, the joint density can be obtained from the joint distribution.

o . . .
aiay Fx y(z,y), where the derivative exists

fX,Y(xay) = {

0, otherwise.

11.4.3 Definition

By differentiating in 11.1.3, the jointly continuous random variables X and Y are independent <=
fxy(@y) = fx(@)fy(y).

11.5 Transformations of Random Variables - Bivariate Case
Given the jointly continuous random vector (X,Y) with j.d.f fxy, let u,v : R* — R and let the random
variable U = u(X,Y) and V = v(X,Y) while
T:R? — R?
(@,y) — (u(z,y),v(z,y))
is assumed to be a bijection from D = {(z,y) | fx,v(z,y) > 0} C R*> — S C R?. Let the inverse of T be
denoted by T~' : § — D where T~ (u,v) = (x(u,v),y(u,v)). While the Jacobian of g~' in 9.2.3 was |4

the Jacobian of 7! in this case is

dy |’

)| = |2@9)| |5 oo _ 0wy 0w dy
) o A(u,v) N % %  OJudv  Ovdu

and the j.d.f of (U,V) is given by
fov(u,v) = fxy (T (u,0) [ (u,0)| = fxy(@(u,v),y(u,)|[J(u,v)] V(uv)eSs
(and (u,v) ¢ S = fuv(u,v) =0).
11.6 Law of the Unconscious Statistician - 2 dimensions

11.6.1 Theorem

Let X,Y be discrete random variables with j.p.m.f px y and let g : R — R. ¢g(X,Y) is also a discrete random

variable and
E(g Z Z (z,y)px,y (z,y).
z€lm X yeImY
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11.6.2 Theorem
Let X,Y be jointly continuous random variables with j.p.d.f fxy and let g : R* — R.

By(x.v) = [ N / " gy fxy (@) da dy.

11.6.3 Theorem: Linearity of the Expectation
Using these new results, it can be proved that
E(aX +0Y)=aE(X)+bE(Y) Va,beR

and, more generally, that

i=1 i=1

11.7 Covariance
11.7.1 Definition
The covariance of two random variables X and Y is

Cov(X,Y) =E ((X —EX))(Y - E(Y))).
Note that Cov(X, X) = E ((X - E(X))2) = Var(X).

11.7.2 Theorem
Cov(X,Y)=E(XY) —-E(X)E(®Y).

11.7.3 Theorem
For two discrete or jointly continuous random variables X and Y,

X and Y are independent = E(XY)=E(X)E(Y) < Cov(X,Y)=0
and, more generally,

X1,..., X, are independent — E (H Xi> = HE(XZ)

i=1 i=1

11.7.4 Theorem
The equation in 11.7.3 is not sufficient to imply independence. In fact,

X and Y are independent <= E(g(X)h(Y)) = E(¢(X))E(h(Y)) Vg,h: R — R.

11.7.5 Theorem: Variance of the Sum

Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y).

12 Generating Functions

12.0.1 Definition

Let X be a non-negative integer valued discrete random variable. Let

Sx = {s ER | Z |s|*px (x) is ﬁnite} .

z=0

The probability generating function of X is Gx : Sx — R such that

Gx(s) =E(s*) =) s"px(x).

o
S
z=0

Note that Gx(0) = px(0) and Gx(1) = 1.

15



12.0.2 Theorem

The probability generating function of a discrete random variable uniquely determines its probability mass
function.

12.0.3 Theorem
Let X and Y be non-negative integer valued discrete random variables.

Gx(s) =Gy (s) Vs e Sx NSy < px(z) =py(z) Ve € Im X.

12.0.4 Theorem
Let X and Y be non-negative integer valued discrete random variables. Let X and Y be independent.

Gx1v(s) = Gx(s)Gy(s) VseSxNSy.

12.0.5 Corollary

Let X1, ..., X,, be non-negative integer valued discrete random variables. Let X1, ..., X,, be independent.

n

GZ?:I X1(S) = HGXI(S) Vs e ﬂ SXi~

i=1 i=1
12.0.6 Theorem

Let X be a non-negative integer valued discrete random variable.

¢V =k (X(X 1) (X —k+ 1)).

12.1 Moments
12.1.1 Definition
The moment generating function of a random variable X is

Mx (t) = B(e'X).

12.1.2 Theorem
The k" moment of X can be found by E(X*) = M)((k)(O).

12.1.3 Theorem
MaX+b(t) = ethX(at) V(L, beR.

12.1.4 Theorem

Let X1, ..., X,, be independent random variables.
MZ?:1 Xi (t) = H MXi (t)

12.1.5 Theorem: Characterisation Theorem
Mx (t) = My (t) in a neighbourhood of 0 = Fx(u) = Fy(u) VYu

(the moment generating function characterises the distribution of a random variable uniquely).

12.1.6 Note: Characteristic Functions and the Laplace Transform

While the moment generating function does not exist for all distributions, the characteristic function
ox(t) = E(e"Y)

does (see 21.0.2). Another useful function is the Laplace transform:

Lx(t) = Mx(—t) = E(e™Y).
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13 Conditional Distribution and Conditional Expectation

13.0.1 Definition

Let X be a discrete random variable on (Q, F, P) and let B € F. The conditional distribution of X given B is
given by
P{X =2}NnB)

P(X = z|B) = )

and the conditional expectation of X given B is

E(X|B)= Y «P(X =z|B)

rz€lm X

(provided Y 1., x |z|P(X = z|B) is convergent).

13.1 Conditioning on a Discrete Random Variable
13.1.1 Definition

Consider the definitions above in the case where B = {Y = y}. For two discrete random variables X and Y,
the conditional probability mass function of X given Y =y (for which py (y) > 0) is given by

px,y (T, y)

pX|Y(x‘y) - py(y)

px|y(z,y) is often written P(X = z|Y = y).
The conditional expectation of X given Y =y is

pXY z,y
BXY =y) = 3 apxplely) = 3 o220
2€lm X welmx  PY (¥)

(provided » . « [#|px|y (z|y) is convergent).

13.1.2 Theorem: Conditional Law of the Unconscious Statistician

Let g : R — R.
px.y(z,y)
E(g(X)Y =y) = Z g(x)pxy (zly) = Z g(x)ﬁ.
z€lm X z€lm X pyiy
13.1.3 Theorem: Law of Total Expectation (Discrete Random Variables)
Let {B; | i € I} be a partition of Q where P(B;) > 0 Vi € Z. Let X be a discrete random variable.
X)= ZE(X|Bi)P(Bz‘)
i€l

(provided ), ; | E(X|B;)|P(B;) is convergent). Note that the set of events {Y = y} ranging over all y € ImY’
is an example of a partition of {2, so a form of the theorem is E(X) =3_ .0 E(X[Y = y)py (y).

13.2 Conditioning on a Continuous Random Variable
13.2.1 Definition

For two jointly continuous random variables X and Y, the conditional probability density function of X given
Y =y (for which fy(y) > 0) is given by

fraly) = P2

and the conditional distribution function of X given Y = y by

fX,Y(u7 y) du

Rl Ny

Fx\y(z]y) is often written P(X < z|Y =y).
The conditional expectation of X given Y = y is

E(XY =y) = /jo zfxy(zly) de = /jo fo]f;((Z’)y) dx

(provided [ _|z|fx|y(x|y) dz is convergent).
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13.2.2 Theorem: Conditional Law of the Unconscious Statistician

Let g: R — R.

o} oo

9(x) fx v (z]y) d:c:/ g(x)w

— fy(y) -

B(g(X)|Y = y) = /

— 00

13.2.3 Theorem: Law of Total Expectation (Jointly Continuous Random Vector)

For two jointly continuous random variables X and Y,
B = [ BOXY =y)fe(y) do
y, fy(y)>0

(provided [*_|E(X|Y =y)|fy(y) dz is convergent). This theorem is analogous to 13.1.3 since again, the set
of events {Y = y} ranging over all y € ImY is effectively a partition of .

13.3 General Theorems of Conditional Expectation

In these results, X and Y may be continuous or discrete.

13.3.1 Theorem
E (E(X|Y)) — E(X).

13.3.2 Theorem
E (90RO ) = h()E (9(X)1Y ).

14 Central Tendency and Dispersion

14.1 Mean, Variance and Higher Order Moments
14.1.1 Theorem
E ((X - a)2> >E ((X - E(X))2> VaeR.

14.1.2 Theorem
E ((X - g(Y))Q) >E ((X - E(X\Y))2> Vg:R — R.

14.1.3 Theorem
E (E(X|Y)) — E(X).

14.1.4 Definition

Wy, = E(XPF) is the k" (raw) moment of the random variable X (Definition 10.1.3).
i =E ((X - u)k) is the k" central moment of the random variable X (where p = p} = E(X)).

14.1.5 Corollary

Let the mean and variance of X be u and o2 respectively. uh = u? + o2.

14.2 Sample Mean and Variance
14.2.1 Definition

The sample mean of the random variables X1, ..., X, is their arithmetic mean:

Their sample variance is




14.2.2 Theorem

Let X1, ..., X,, be sampled independently from a distribution with mean and variance ;. and o2 respectively.
1. EX)=upu.
2. Var(X) = %2
3. E(S?) =o2.

( 4. If sampling from a normal distribution, Var(S?) = 20% _ gee 14.6.4. )

n—1

14.3 The Markov and Chebyshev Inequalities
14.3.1 Theorem: Markov’s Inequality

Let X be a random variable taking only non-negative values.

E(X
P(Xza)gL Va>0.
a
14.3.2 Theorem: Chebyshev’s Inequality
Let the mean and variance of X be p and o2 respectively.
o2
P(|X —pl>c)<— Ve>0
c

14.3.3 Lemma

Let X take non-zero values only in the closed interval [a, b]. Var(X) < %.

14.3.4 Theorem (Application)

Suppose a sample of size n is taken from a distribution X ~ Bern(p) for an unknown probability p, and the
sample proportion recorded as p. We can say that p differs from p by at most € with a confidence of at least
1 — 15 (see section 14.5).

14.4 Other Measures

14.4.1 Definition

The mode of a random variable X with probability density function fx is

mode(X) = arg max fx () <or arg maxpx (ac))

14.4.2 Definition
A median of a random variable X is m such that

P(X <m)> and P(X >m)> 3.

1
2

m may be written median(X). The median is not unique in this definition - in cases where any value in the

interval [a, b] satisfies the definition, the median of X may be taken as “t2.

14.4.3 Theorem
E (|X - a\) >E (|X - median(X)\) VaeR.

14.4.4 Definition

The sample median m of an ordered sample of observations 1, ..., z, is

m— T((n+1)/2)» n is odd
%(-T(n/Q) + x((n/2)+1)), n is even.

Note: when n is even, any value in the open interval (EC(E), a)‘(£+1)) is a median.
2 2
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14.4.5 Definition
Given a random variable X with cumulative distribution Fx, Fy L. [0,1] — R, provided it exists, is called
the quantile function.
14.4.6 Definition

The existence of a quantile function for the random variable X implies the uniqueness of the following statistics.
The median of X is m = Fy'(0.5).

The lower quartile of X is qo.25 = Fix'(0.25).

The upper quartile of X is qg.75 = F§1(0.75).

The interquartile range of X is IQR = qo.75 — qo.25-

14.5 Parameter Estimation

A parameter is a characteristic that determines the distribution of a random variable or joint distribution of
random variables. A statistic is a function of a sample of observed random variables. The frequentist inference
of statistics draws conclusions about a parameter unknown to the statistician from observations of a statistic:

14.5.1 Definition

A point estimator is a function @(Xl, ...y X;,) on a sample of random variables X7, ..., X,,.

14.5.2 Note

Since a point estimator is a function of random variables, it is also a random variable. Any statistic is a point
estimator, for example note that the sample mean has its own expectation and variance. As in section 11.2,
provided there is no ambiguity, I will refer to a vector of random variables by X and a vector of observations
by x. A realisation of the point estimator © will be denoted by 0, representing an estimate of the parameter 6.
14.5.3 Definition

An interval estimate (of a parameter 6) is a pair of functions L, U on a sample which satisfy L(x) < U(x) Vx.
The random interval [L(X), U(X)] is an interval estimator.

14.5.4 Definition

The coverage probability of [L(X),U(X)] is the probability that 6 lies in the random interval [L(X),U(X)].
Coverage probability only exists given an unknown value of 6, so is written P(6 € [L(X), U(X)]|6), or commonly
By(0 € [L(X), UX)))-

14.5.5 Definition
Assuming L, U are chosen satisfying 14.5.3, suppose
Py(L(X) <6 < U(X)) > 1 a
for a € (0,1). [L(X),U(X)] is then called a 1 — « confidence interval (or a [100(1 — «)]% confidence interval).

14.5.6 Definition

The estimation error of the point estimator O to the parameter 6 is 0 —0.

14.5.7 Definition

The mean error or bias of © to @ is the expectation of the estimation error:

~

by(©) = E(© — 0) = E(©) — 6.

14.5.8 Definition
O is unbiased <= E(0) =6 (V) < by(0) =0 (V6).
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14.5.9 Definition

The mean squared error of O to 0 is the expectation of the square of the estimation error:
E ((c?) - 9)2).
14.5.10 Theorem
~ ~\2 ~
E((6-0)?2) = (2(0)) + Var(®).

14.6 Special Case: Normal Random Variables

This short section states some theorems about sample mean and sample variance (see 14.2) in the special case
where X7, ..., X, are normally distributed. Some of the proofs require ideas from other year one courses.
14.6.1 Theorem

Let X1, ..., X;, be independent random variables X; ~ N(u;,02) for i € {1,...,n}. Let Y =Y | X;.

Y ~N (im,ia?) .
i=1 =1

14.6.2 Corollary: Distribution of the Sample Mean

Let Xi,..., X, be independent and identically distributed random variables X; ~ N(u,0?) Vi. The sample
mean is then distributed X ~ N(u, %2) (with parameters exactly as seen in 14.2.2).

14.6.3 Theorem

Let Z1, ..., Z, ~ N(0,1) be independent and let Z be the column vector (Z, ..., Z,)T. Let A be an orthogonal
n x n matrix and let Y = (Y1, ..., Y,,)T = AZ. The Y; are also independent and each distributed ~ N(0,1), and

Z?:l Yz‘2 = Z?:l Zi2'

14.6.4 Corollary: Distribution of the Sample Variance
Let X1,...,X,, be independent and identically distributed random variables X; ~ N(u,0?) Vi. The sample

(n—1)8? 20%
o2 n—1"

variance S? satisfies ~ x2_;. A useful further corollary is that Var(S?) =

15 Statistical Models

15.1 Probability Models
Recall definitions 1.0.1 (sample space) and 4.2.1 (probability measure).

15.1.1 Definition: Probability Model

A probability model consists of
i A sample space Q # 0;
ii A set of subsets of Q (events);

iii A probability measure P which assigns a probability to each event.

15.2 Inference Using a Probability Model

Suppose we know the probability model for a random variable X, and we would like to make an inference about
a future observation z. We could find a plausible value (e.g. E(x)), but we may instead prefer to find a subset
of Im X which has a high probability of containing x (by integration with unknown limits, for example).
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15.3 Statistical Models

In reality, knowing the probability model and predicting outcomes is rare; we are normally drawing conclusions
about the probability model based on observations. This requires statistical modelling. Suppose instead that we
have made observations x, and we don’t know about the probability model of X. We might consider a statistical
model for the data x as a set of probability measures { Py | § € ©}, one of which is the true probability measure
(along with the true value of the parameter 6) that gave rise to X = x.

15.3.1 Definition

O (above) is the space of all possible values of 6, called the parameter space. Note: In both statistical modelling
and parameter estimation (14.5), 6 refers to a parameter of interest, but be aware of the difference between

é, 5, denoting an estimator and an observed estimation, and ©, which is simply a set containing the true value
of 6.

15.3.2 Definition: Statistical Model
A statistical model consists of
i Identifying random variables of interest (which are hypothetically observable);
ii  Specifying a family of possible distributions for the random variables;
iii Specifying unknown parameters of the distributions which may be hypothetically observable;
iv  Potentially specifying distributions for the unknown parameters.

If the parameters are thought of as random (as in item iv), then the distributions of the random variables
corresponding to # are conditional distributions given 6.

16 Likelihood

16.1 The Likelihood Function
16.1.1 Definition

Suppose {Py | 6 € O} outlines a statistical model for X, and let each Py correspond to a probability density
function fy. Having made an observation x, the likelihood function is defined

L(:|x):® —R
0 +— f@(X).

16.1.2 Definition
For a 6 € ©, L(#|x) is called the likelihood of # given the observation x.

16.1.3 Note

Since fy(x) can be thought of as f(x|6), the joint probability density (or mass) function of the random variables

X given 6, we then have that
L(0]x) = f(x[0).

16.1.4 Theorem: Discrete Case

If the Py in the statistical model are discrete, then f(x|6) is simply the probability of observing x given that
the parameter’s true value is 8, and by the relationship above, L(0|x) is equal to this probability. It is not the
probability that the true value is 6 given x is observed: suppose L(f;|x) > L(f2]x), we say that 6, is more
plausible (or likely), not probable, since despite 6 being unknown, it is fixed.
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16.1.5 Theorem: Continuous Case

If X is continuous, Py(X = x) = 0 Vx, so instead, we can consider a likelihood ratio, which for discrete random
variables is simply
LO:%) _ Po(X =)
L(02]x) P, (X=x)’
For continuous random variables, consider the fact that Py(z —0 < X < 2+ 9) = 25 f(z|0) and that 25 f(z|0) =
25L(0|x), giving

01,05 € ©.

L(filz)  Pp(z—0<X <x+9)
L(by]x) ~ Pp(x -0 <X <x+06)

so we can find an approximation of the ratio of probabilities of observing x for two values of 6.

01702 € @7

16.1.6 Definition

Any likelihood function L'(6]x) = cL(6|x) where ¢ > 0 is an equivalent likelihood function to L(#|x), motivated
by the fact that likelihood ratios are unchanged. Note that likelihood equivalence is an equivalence relation.

16.2 The Likelihood Principle
16.2.1 Principle

All evidence provided by a sample relevant to the parameters in a statistical model arises from the likelihood
function. In other words, suppose different samples x; and xs give equivalent likelihood functions for 6, i.e.

L(H‘Xl) = C(Xl,Xg)L(9|X2) VG,

the sets of conclusions to be made about 6 from x; and x5 should be the equivalent.

16.2.2 Note

The section above is stated as a principle because some believe it to be inconsistent with various statistical
methods, and that additional information such as sampling procedure has an effect on the inferences made.

16.3 Maximum Likelihood Estimation
16.3.1 Definition

~

The maximum likelihood estimate of 8 with likelihood function L(6|x) is 8(x), the value at which L(0|x) is at

its maximum (6(x) = arg max L(0|x) over #). Note that 6(x) is not a realisation of any point estimator ©, but
the notation is used because it too represents an estimate for 6.

16.3.2 Definition

If the maximum likelihood estimate of 8 with likelihood function L(6]x) is #(x), 6(X) is the maximum likelihood
estimator of # based on the random vector X.
16.3.3 Definition

The log-likelihood, log L(#|x), is an example of a monotonic transformation that may instead be maximised if
it is difficult to find the maximum of L(f|x); finding the argument of its maximum finds the argument of the
maximum of L(6]x).
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17 Correlation

17.0.1 Lemma
Z >0 = E(Z) >0 (asin 10.1.4). The function f(t) := E[((X —ux)t+ (Y —py))?] (ux = E(X), py = E(Y)),
along with this lemma, is useful for some of the following proofs.
17.0.2 Theorem

1. Cov (Z?Zl aiXi D0l ijj) =D i1 2y aibj Cov(X;, Y;) (bilinearity of the covariance).

We can then effectively combine theorems 10.2.3 and 11.7.5: for any constants a,b € R,
Var(aX + bY) = a* Var(X) + b* Var(Y) + 2ab Cov(X,Y).
2. For two random variables X and Y, with variances 0% and 0%,
|Cov(X,Y)| <oxoy.

17.0.3 Definition

Having seen the definitions of sample mean and variance, we now also define the sample covariance of the
random variables X7, ..., X, and Y7,...,Y},, as

n—1

17.1 Correlation
17.1.1 Definition

The correlation (specifically the product-moment correlation coefficient or Pearson correlation) of the two
random variables X and Y is

0X0y

where ox and oy are the the square roots of the variances ag( and 0%/ (known as standard deviation).

17.1.2 Corollary
—1 < pxy <1V random variables X, Y (this is a corollary to 17.0.2).

17.1.3 Lemma

Let Z be a random variable taking only non-negative values. E(Z) =0 <= pz(0) = 1.

17.1.4 Corollary

loxy| =1 <= 3Fa,b € R such that P(Y =aX +b) = 1.
(a>0 < pxy=landa <0 <= pxy = —1).

17.1.5 Definition

The sample correlation for a set of pairs of observations (x1,y1), ..., (€n,yn) is the same as the Pearson corre-
lation, but with observed sample covariance and square roots of observed sample variances (Sgy, Szq, Syy are
defined as these quantities without the coefficient —-):
el SS90
\/Smsyy \/2?21@3% - 5)2\/2?:1(% —-7)?

17.1.6 Theorem

Suppose we have observed (z1,%1), ..., (Tn, Yn) and define u; = az; + b and v; = cy; +d (a,b,¢,d € R, a,c >0
or a,c < 0), then
TXYy =TUV

and if @ and ¢ have different signs, then rxy = —ryy, (i.e. rpy = (i> <i> XY ).

g
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18 Simple Linear Regression

While correlation gives a numerical interpretation of the strength of the relationship between random variables
X and Y, simple linear regression attempts to establish whether that relationship can be written in the form
Y = By + 1 X, which would facilitate the prediction of a realisation y,+1 from a new realisation x, 1.

18.0.1 Definition

Suppose the relationship between X and Y can be specified by Y = f(X). X is the predictor and Y is the
response.

18.1 Finding the Parameters for Simple Linear Regression

Suppose now that we have n pairs of observations (x;,y;) (which are not necessarily perfectly correlated). We
can obviously find n numbers e; such that

yi = Bo+ Prxi +e; Vi

where the r; are the errors associated With the e approximation of each y; by Bo+p1z;. Since Sy, f1 are undecided,
the values of e; are unknown, so suppose 60, ,81 are decided upon, then é¢; 0 € 1= Y — Bo — B1x; and the best choices
for ﬂo,ﬁl are therefore those that minimise > (€)% = > i (i — BO — le,) . Defining the residual sum of

squares
n

RSS(Bo, 1) := Z(yi = Bo — Bixi)?,

i=1

the problem is now to find BB,E such that RSS(BE, B:) < RSS(Bo,B1) ¥V Po, b1 € R.

Bo: RSS(Bo, B1) = 0, (i — Bo — Buai)® = 0, ((yi — Bas) — Bo)? s0 let 2 = y; — By, and we know that
S (2 — Bo)? is minimised by By =z =7 — SiT.

Bz Now, RSS(Bo. 81) = iy (i — (7 — Bi®) — Braa)* = Ui (i —9) — Bl —7)2 = 0y (0 —9)* -
281 (yi — ) (x; — ) + B2 (x; — 5)2) = Syy — 28184y + B7Sss. Completing the square for 81 we obtain

S.

and so the value of £; which minimises RSS(BE, B1) is ,6’; = 2* . and we have altogether:

18.1.1 Theorem
The values of BO and 61 are found to be the same if they are obtained instead by assuming &; ~ N(0,02)
in the linear model y; = By + Biz; + &; and then maximising L(Bo, B1,02|(x,y)) = [li1 f0.81.02(€ ) =

(\/2;?) e 37 Zim1Wi—Po=Pr12)” g1 fived o2 (finding the maximum likelihood estimate for Sy, 51).

18.1.2 Theorem

Using the same assumptions as in 18.1.1, once BB and E are found, the maximum likelihood estimate &2 is

% Z?:l(yi - BE - El‘l)2

18.1.3 Theorem

Now let Y; = By + B1x; + €, where Y;, g; are treated as independent, unobservable random variables. They are
observable for the fixed values 3y, 31 of 8o, f1 and, letting 0 be Var(e;) as before,

1. COV(BE, E) = — (Si) o2.

2. Cov(Y,Bo) = (£ - &52%) 02,

3. COV(Y;,BI) = (%) 2.
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19 Hypothesis Testing

19.0.1 Definition
The null hypothesis for an experiment (often written Hy) is the hypothesis that there is no significant difference
between characteristics of a population - that any observed difference is due to chance or error.
19.0.2 Definition
The significance threshold (often «) is the probability of rejecting Hy, given Hy is assumed to be true,

o = P(Hy is rejected | Hy is true).
The p-value for an observation (p) is the probability of an observation being at least as extreme as this obser-
vation given Hy were true; Hy is rejected when the observation is statistically significant: p < « (so the choice
of alpha and the decision to reject Hy under this condition is in fact what defines it as above).

19.0.3 Definition

A one-tailed test is a test in which the significance threshold « is taken to represent a critical region at only
one end of the distribution, decided upon beforehand by the nature of the alternative hypothesis.
A two-tailed test splits the critical region into two regions of size 5, at either end of the distribution.

19.1 Prerequisite: Using the ¢t-Distribution
19.1.1 Lemma
Suppose U ~ N(0,1) and V ~ 2,

U
N7
(not examinable in this module, but required for this section).
19.1.2 Theorem
(Corollary of 14.6.2): let X be the sample mean of n independently distributed random variables X; ~ N(u, 0?).
X—up
a/v/n

~N(0,1).

19.1.3 Theorem

Let X1, ..., X, be as above, now distributed with unknown variance o2 but sample variance S2.
Xy,
Sfym

(The proof follows from 19.1.1: X/t can be written in the form LV, with U as in 19.1.2 and V as in 14.6.4).

S/vn [

19.2 Confidence Intervals
19.2.1 Definition

A confidence interval is a range of plausible values for an unknown parameter, constructed such that the
probability of the parameter falling inside the interval is equal to a given confidence level. They can be found
by two-tailed tests using the assumed distribution of the unknown parameter (see below).

19.2.2 Theorem

If the sample mean (X) and sample variance (S2) of a vector of observations are evaluated, the equation

T = ;f/?/% can be rearranged for p, and thus a confidence interval for p is (X — %T(l,%),y + %T(l,%)),

where P(T' < T(1_g)) =1— § and 1 — « is the required confidence level.

19.2.3 Theorem

If instead the actual variance o? is known, a confidence interval for p is the same as above, but with Ti-g)
found using the standard normal distribution.
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20 Bayesian Inference

20.1 Prior and Posterior Distributions
20.1.1 Definition

Recall the definitions of joint distribution, marginal distribution and likelihood and note that, supposing X
and € have a joint distribution f(x, ) (and that the support of 6 is the set ©), the marginal joint density of X
is denoted by m(x), and derived as

m(x) = /@f(x,@) de.

20.1.2 Definition

Suppose we treat the unknown parameter 6 as a random variable, the distribution that 6 is thought to follow
(before any observations) is called the prior distribution and its density is denoted by 7(6).

20.1.3 Definition

Suppose that the random variables X are observed as x. The conditional distribution of 8 given X = x is called
the posterior distribution and its conditional density is denoted by 7 (0|x).

20.1.4 Theorem

Suppose that the random variables X have joint density function f(x|f) and that X and 6 have joint density
f(x,0) with X having marginal joint density m(x), but also that the value of 6 is unknown and has prior
distribution 7(6).

(o)) = LXOTO)

m(x)

20.1.5 Note
Recall that the density funtion f(x|0) is equal to the likelihood function L(#|x) and may be referred to as such.

20.1.6 Definition

Suppose ¥ is the family of distributions from which the prior distribution is chosen. If these prior distributions
have their own parameters, they are known as hyperparameters; for example suppose that the density f(z|0)
is normally distributed with known variance and unknown mean 6, which is in turn normally distributed with
mean g and variance o2, p and o2 are hyperparameters.

20.2 Conjugate Prior Distributions
20.2.1 Definition

Let X be conditionally distributed given 6 and let F be the family of conditional distributions f(x|). Let ¥
be the family of distributions from which the prior distribution 7 () is chosen. Suppose, for any 7(6) € ¥ and
any observation x C  (the sample space of X) that m(0|x) € ¥ also, then V¥ is a conjugate family to samples
that follow distributions in F.

20.2.2 Theorem

The beta distribution is conjugate to the Bernoulli distribution and the binomial distribution.

20.2.3 Corollary

If the prior distribution is uniform on the interval [0,1] and the likelihood is Bernoulli or binomial, then the
posterior distribution is a beta distribution (the U(0, 1) distribution is equivalent to the Beta(1,1) distribution).

20.2.4 Theorem

The normal distribution is conjugate to itself.

20.2.5 Theorem

The gamma distribution is conjugate to the exponential distribution.
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21 The Central Limit Theorem

21.0.1 Definition

Let the sequence of random variables X7, X5, X3... have cumulative distribution functions Fi, Fy, F3, ... respec-
tively. The sequence (X,,) converges in distribution to X <= F,(z) — F(z) Yz at which F, the cumulative

distribution function of X, is continuous, written X, D x.

21.0.2 Definition

The characteristic function of the random variable X is

o0
ox(t) = E(e'¥) = / e F(dx)
—0oo
where F is the cumulative distribution function of X. Note that the integration here is with respect to F(dzx).
When the probability density function fx is known, the characteristic function is of course [ _OOOO e fx(x) dx.

21.0.3 Note

Since [e®X| =1, ¢x (t) = E(e!X) always exists.

21.0.4 Theorem

For any random variable X,
1. ¢x is continuous.
2. ¢x(0)=1
3. lox(t) <1Vt
4. Gaxip(t) = e px(at) Va,b € R.

21.0.5 Theorem
Let X1, ..., X,, be independent random variables.

n

dsn x,(t) =[] ox.(®).

i=1

21.0.6 Theorem
Random variables X and Y follow the same distribution <= ¢x(t) = ¢y (t) V.

21.0.7 Definition

Let the cumulative distribution function of X be F. Recall the definition of the n!* raw moment: y, := E(X™)
(14.1.4). In this section it will be denoted by m,,, and we also define the n!* absolute moment M,,.

m, = E(X") = /00 " F(dx), M, =E(X]|") = /00 |z|" F(dz).

— 00 — 00

21.0.8 Lemma

M,, (of X) is convergent == the n'" derivative of ¢x exists and is equal to

o0

0 =i [ et paa),

— 00

21.0.9 Corollary

ma (of X) is convergent —
¢x(0) =im; and ¢%(0) = —ma.

28



21.1 The Continuity Theorem
21.1.1 Theorem: Lévy’s Continuity Theorem

The sequence of distributions (F;,) converges pointwise to a distribution ' <= the corresponding sequence
of characteristic functions (¢, ) converges pointwise to a characteristic function ¢, which is continuous at 0.
Note that a characteristic function is defined entirely by a distribution, so the random variable subscript is not
included in this theorem. Additionally, ¢ is the characteristic function of F’ and hence is continuous everywhere,
and the convergence ¢, — ¢ is uniform.

21.1.2 Corollary

If it exists, the pointwise limit of a sequence of characteristic functions is also a characteristic function.

21.2 The Central Limit Theorem
21.2.1 Definition

The n'” normalised sum of the sequence of random variables X1, Xo, X3, ... is

X +..+ X, 1 &
R L Y
vn Vi

Note that this is not equal to the sample mean.

21.2.2 Lemma

If the mean and variance of a distribution are finite, so is the second raw moment.

21.2.3 Lemma

2
The characteristic function of the standard normal distribution is e~ .

21.2.4 Theorem: The Central Limit Theorem

Let X7, Xs, X3, ... be a sequence of identically and independently distributed random variables, for which we
have (or can assume that) E(X;) = 0 and Var(X;) = 1 Vi. Let S,, be the n'* normalised sum of the sequence.

S, 25 Z ~N(0,1).

21.2.5 Corollary

The central limit theorem can be generalised to the case where the sequence of identically and independently
distributed random variables X7, X5, X3, ... have common mean and variance p and o2 respectively. Instead,
let S,, be the n* normalised sum of the sequence Z, Zy, Zs, ... where Z; = %

S, 2 Z ~N(0,1).
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