Math40002: Analysis |

We will pick up where MATH40002 left off in the Autumn term, rigorously devel-
oping the basic tools of calculus: continuity, differentiation, and integration.

We will continue to have infinite fun.

Syllabus

Continuity: Review of continuity. Sequential continuity. Uniform continuity. In-
termediate and extreme value theorems. Inverse function theorem for mono-
tonic functions.

Differentiation: Definitions, examples, and properties. Mean value theorem. Higher
derivatives and convexity. Differentiation of series.

Integration: Definition, examples, and properties of Riemann—Darboux integral.
Fundamental theorem of calculus. Techniques: integration by parts, substitu-
tion. Indefinite integration.

Books

Martin Liebeck, A Concise Introduction to Pure Mathematics.

Mary Hart, Guide to Analysis.

KG Binmore, Mathematical Analysis, A Straightforward Approach.
David Brannan, A first course in mathematical analysis.
Steven Lay, Analysis: with an introduction to proof.

Stephen Abbott, Understanding analysis.

I will post gappy notes on Blackboard, and a complete version at the end of term.
We will continue to use Piazza for online discussion of the lecture material.

Assessment

20% Autumn term assessments, including the January test

4% Mini Blackboard quizzes every few weeks (due 26 Jan, 9 Feb, 2 Mar, 16 Mar)
5% Midterm test (40 minutes) — 15 February, 11lam

1% Formal write-up of a midterm problem, due 8 March

70% May exam
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1 Continuity

We begin by recalling what it means for a function to be continuous.

Definition. Given a function f : R — R, we say that f is continuous at a € R
if and only if

Ve >0 30 > 0 such that |z —a| < d = |f(z) — f(a)] <e

We say that f is continuous on R (or just “continuous”) if it is continuous at

all a € R.

We also saw the equivalent notion of sequential continuity, which is sometimes more
convenient.

Theorem 1.1

f R — R is continuous at a € R <= f(z,) — f(a) V sequences =, — a.
Let’s warm up by proving some basic properties of continuity.

Proposition 1.2. Let f,g : R — R be functions which are both continuous at
a € R. Then the functions f + g, f — g, and f - g are all continuous at a, and if
g(a) # 0 then 5 is also continuous at a.

Proof. We’ll make use of sequential continuity here. For any sequence x,, — a, we
have f(z,) — f(a) and g(z,) — g(a) by hypothesis. The algebra of limits tells us
that

lim (f(xn> + g(xn>) = lim f(ajn) + lim g<xn) = f(a) + g(a).

n—oo n—oo n—oo
Since this works for every sequence x,, — a, we conclude that f + ¢ is continuous.
The same argument works for f — g and f - g, and also for g if g(a) # 0. O
Now we can start to assemble a big collection of continuous functions almost for free

—no need for epsilons and deltas! We know that linear functions f(z) = ma + ¢ are
continuous, so we get

e any function f(z) = 2" is continuous, where n > 0 is an integer;

e any polynomial p(z) = a,z" +a, 12" ' 4 -4 ay2+ag is continuous, where
the a; are real numbers;

e any rational function %, where p and ¢ are polynomials, is continuous at
all a € R where ¢g(a) # 0.
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The first two can be proved by induction on n (try it!), and the third follows from
the second.

n

Similarly, we saw last term that £ : C — C defined by E(z) = Y, % is contin-
uous on C. Since x +— sin(z) and x — cos(z) can be defined in terms of E (how?),

this tells us where the trigonometric functions are continuous:

e sin(x) and cos(x) are continuous on R;

o tan(z) = Zg;((i)) is continuous wherever cos(z) # 0, meaning at all x except

e likewise, sec(x), csc(x), cot(z) are continuous at any x where cos(z) # 0,
sin(z) # 0, and sin(x) # 0 respectively.

Proposition 1.3. If f : R — R is continuous at a, and g : R — R is continuous
at f(a), then the composition g o f defined by x — g(f(x)) is continuous at a.

Proof. Let x, be any sequence such that x,, — a. Since f is continuous at a, we
have f(z,) — f(a). Now we can plug the convergent sequence vy, = f(z,), with
limit y = f(a), into g: since g is continuous at y, we have g(y,)) — ¢g(y). But this
is just another way of saying that g(f(z,)) — ¢(f(a)). Again, this works for any
sequence =, — a, so g(f(z)) must be continuous at a. ]

Example 1.4. We know that £ : C — C defined by E(z) = S 00 2 is

n=0 n!
continuous on C, and we saw that this implies that sin(z) is continuous on R.

So now )
. 2 +1
f(z)—sm(z_2>

2241
z—2

is continuous at all a € R where is continuous, meaning at all a # 2.

Example 1.5. Consider the function f : R — R defined by

fz) =

xsin(l/z), = #0
0, xz = 0.

Since % is a rational function, it is continuous at all x # 0. Thus

1

=) is continuous at all # # 0, since x + sin(z) is continuous;

° Sin(



1 Continuity Math40002: Analysis I

1
T

1

e wsin(;) is continuous at all z # 0, since both 2 and sin() are;

and finally we saw last term that f is continuous at x = 0 as well, so f is
continuous on all of R.

Question 1. Let f, g : R — R be functions, and let h(x) = g(f(x)). Which of
the following is always true?

1. If f and g are not continuous, then A is not continuous.
If f is continuous and ¢ is not, then A is not.
If f is not continuous but g is, then A is.

More than one of choices 1, 2, 3.

SAN

None of choices 1, 2, 3. v

The easiest thing to try would be functions that are constant, or maybe piecewise
constant, to see what happens. For item 1, we might try something like

f(x){o, e<0 g(x){o, 9< <2

1, >0 1, |z|>2
so that g(f(x)) = 0 is constant. For 2, we take f = 0 and any discontinuous g, and

then h = f(0) is constant. For 3, we take g(x) = z and any discontinuous f, and
then h = f is discontinuous.

1.1 The intermediate value theorem

We now come to the first major application of continuity.

Theorem 1.6: Intermediate value theorem

Let f : [a,b] = R be a continuous function, and pick a value ¢ between f(a)
and f(b). Then there is some z € [a, b] such that f(z) = c.

Here’s a picture of what this might look like:
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f(a)

Note that there might be several possible values of x; in this picture there are three.

This theorem certainly sounds obvious — a continuous function can’t jump, so it
can’t skip any values — but that doesn’t mean it’s easy to provel We wouldn’t
even know where to begin if we hadn’t already built up the notions of limits and
continuity from scratch.

Proof. We can assume without loss of generality that f(a) < ¢ < f(b). Indeed:
o if f(a)

o if f(a)
a)

e if f(a) > f(b) then we can take g(x) = —f(z), so that g(a) < g(b), and ask
for x with g(z) = —c instead.

= ¢ we take © = a, and if f(b) = ¢ then we take z = b;

f(b) then ¢ = f(a) and we are already done; and

So now we consider the set

Se=A{y € la,b] | f(y) <c}.

This set is nonempty, because a € S., and it is bounded above by b. Thus if we let
x = sup S, then we have a < x <b.

Claim 1: f(z) > c.

Let’s suppose this claim is false, so f(z) < ¢, and take e = ¢ — f(x) > 0. Note that
if f(x) < ¢ then x # b, so we must have x < b here. Since f is continuous at x, we
have

30 > 0 such that |f(y) — f(z)| <eVy € (x — 6,2+ 0) N |a,b].

In particular, this means that
fly) < flx)+e=cVy e (xz—¥5z+9)N]a,b].

So all of these y belong to S, and if we choose y € (x,x + ) N [a, b], say

1
y:x+§min(5,b—x),
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then we have y > x, so z isn’t actually an upper bound for S., contradiction.
Claim 2: f(z) <e.

Supposing again that this claim is false, so that f(x) > ¢ (and hence z # a), we
take € = f(x) — ¢ > 0 and use the continuity of f at z to find 6 > 0 such that

lfly) — f(z)| <eVy € (z—0,x+9)N]|a,bl.

For any such y we have f(y) > f(x) — € = ¢, so none of these y are in S.. But then

m ma X 6@
= X — —
27

is strictly less than z, and it is also an upper bound for S., since z is an upper
bound and no y € (m, z) belongs to S.. This contradicts the fact that « is the least
upper bound of S..

We have now shown that f(z) > ¢ and f(z) < ¢, so together these tell us that
f(z) = ¢ and we are done. O
Question 2. Let f: R — R. Which of the following is true?
1. If f is continuous, then Ve € R 3z such that f(z) = c.
2. If f is not continuous, then 3¢ € R such that Va f(x) # c.

3. If f is continuous and f(—1) = —1, f(0) = 2, and f(3) = —5, then there
is more than one z € R such that f(z) = 0.

4. If f is continuous and lim f(z) = 0, then 3z € R such that f(z) = 0.

T—00

Here are pictures of some counterexamples to choices 1, 2, and 4:

//
/]
|

f(z) = exp(x) fl@)=1/(2*+1)

As an application, the fundamental theorem of algebra says that every non-
constant polynomial

p() = agr® + ag 12"+ faw +ap,  d>1, ag#0
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has a root: there is some « such that p(x) = 0. We won’t prove this here (it’s one
of the highlights of complex analysis!), but we can prove a special case.

Proposition 1.7. If p(z) is a polynomial of odd degree, then p(x) has a root.

Proof. We can divide both sides of p(x) = 0 by ag4, so we might as well assume that
aqg = 1 and then try to solve

pz) =2+ ag_ 127+ +ayx+ag=0.

Polynomials are continuous, so we just need to find some a,b € R such that p(a) < 0
and p(b) > 0, and then we can apply the intermediate value theorem to the interval
[a, b], taking ¢ = 0, to find x such that p(z) = ¢ =0.

We'll look for b first. The key idea is that for  very large, the z% term above is
much bigger than the others, so that p(z) behaves like z% in some sense. We can
factor

d aqd—1 ai ao)
)=z (1+—+---+ +—1,
p(z) ( x xd=1 " gd

and if we call the part in parentheses ¢(z), then lim ¢(x) = 1. This means that
T—00

there’s some N > 0 such that g(z) > § for all z > N, and then

d
plz) = 2%q(z) > % >0 Vx> N.
So we can just take b = N, and then p(b) > 0.
We use the same idea to look for a. We also have lim ¢(z) = 1, so there’s some
T—r—00
M < 0 such that g(x) > % for all z < M, and then since 2¢ < 0 for x < M we have
xd
plz) = 2%(z) < 5 < 0 Vz <M.
So if we take a = M then we have p(a) < 0, and we’re done. O

Here’s another application of the intermediate value theorem.

Proposition 1.8. If f : [0,1] — [0

, 1] is continuous, then it has a fized point:
there is an x € [0, 1] such that f(z) = x.
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Proof. Rearranging the conclusion we want a little bit, we get x — f(z) = 0. So
we'll define g : [0,1] — R by g(x) = x — f(z), which is also continuous, and try to
prove that there’s some x € [0, 1] for which g(z) = 0.

11 g(x)
/
1
—1 +

If we have f(0) =0 or f(1) = 1 then there’s nothing left to prove, so we can assume
from now on that f(0) > 0 and f(1) < 1. In this case we have

g(0)=0—f(0) <0 and g(l)=1— f(1) > 0.

Since 0 lies between ¢(0) and g(1), the intermediate value theorem tells us that
there’s some x € [0, 1] for which g(x) = 0, and this means that f(z) = x. O

1.2 The extreme value theorem

We wish to study the maxima and minima of continuous functions, so we’ll begin
with some terminology.

Definition. Let S be a subset of R, and let f : S — R be a function. We say
that f is bounded above if

dM € R such that f(z) < M Vx € S.
Similarly, f is bounded below if

Im € R such that f(z) > m Vx € S.
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If f is both bounded above and bounded below, we say that f is bounded.

A function can be continuous but not bounded, and vice versa; we have to pay close
attention to the domain where f is defined. Here are some examples:

Example 1.9. The function f : {x > 0} — R given by f(z) = 2 is bounded
below by 0, but not bounded above.

N W

Supposing f were bounded above by some M € R, we could take

1
x:
M|+ 1

flz) = [M[+1> M,

a contradiction.

Example 1.10. The function f : R\ {0} — R given by f(z) = % is neither
bounded above nor bounded below. If it were bounded below by some m € R,

we could take © = —1/(|m| + 1) and get the same contradiction as before.
0, € )
Example 1.11. Define f : R — R by f(z) = ) g §Zg Then f isn’t
, T :

continuous anywhere, but it’'s bounded below by m = 0 and above by M = 1.

The above examples all seem to involve discontinuities, if not on their domains then
right at the boundary. But even continuous functions on all of R can be unbounded:

Example 1.12. The function f : R — R defined by f(z) = 2? is neither
bounded above nor bounded below. If it were bounded above by M, then we

could take z = vVM + 1 and we’d get f(x) > M, and the bounded below case is

10
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similar.

On the other hand, things look a little better for continuous functions on closed
intervals of finite length.

Theorem 1.13

If f:]a,b] - R is continuous, then it is bounded.

Proof. Let’s prove that f is bounded above. If not, then we can define a sequence
r1,T2,T3,...

by taking z,, € [a,b] which satisfies f(z,) > n for all n. The sequence (xn) is
bounded below by a and bounded above by b, so the Bolzano—Weierstrass theorem
says that it has a convergent subsequence

TniyTngs Lngy - - -

for some integers 1 < nj < ng < n3 < ... which go to infinity. We have a < x,,, <b
for all 7, so if we call the limit of this subsequence x, then a < x < b as well. (Why?)

Now we use the (sequential) continuity of f and the fact that x € [a, b] to say that

But by construction we have f(xy,,) > n;, and n; — 0o, so f(x,,) — oo and this is
a contradiction.

The proof that f is bounded below is essentially the same. Or we could reduce it
to the case we've already done: the function g(x) = —f(z) is continuous on [a, b],
hence bounded above by some M, and since g(x) < M for all z € [a,b] we must

have f(xz) > —M for all x € [a, b]. O

11
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Theorem 1.14: Extreme value theorem

Let f :[a,b] = R be a continuous function. Then f is bounded, and it attains
its lower and upper bounds: there are ¢, d € [a, b] such that

fle) < f(@) < fld)  Vzelab]

Equivalently, we have f(c) = i?fb] f(z) and f(d) = sup f(x).
zE|a, z€la,b

Proof 1. We just proved that f is bounded, so let S = sup f(x). Since S is the
z€[a,b)

least upper bound of {f(z) | z € [a,b]}, we know that S — L is not an upper bound
for any n > 1, so for each n we know that

1
Jdx, € [a,b] such that S — — < f(z,) <S.
n

Again by Bolzano—-Weierstrass, the z,, have a convergent subsequence x,,,, with some
limit d € [a, b]. Since f is continuous we have

f(@n) = f(d),

and the sequence f(zy,) is squeezed between S — n% — S and S, so its limit f(d)

must be S.

Likewise, if we let I = ir[lf ] f(z), then for all n we can find elements z,, € [a, b
z€la,b

such that I < f(z,) < I+ % We take c to be the limit of a convergent subsequence,

and it follows just as before that f(c) = I. O

Proof 2. Once again f is bounded above, so we let S = sup f(x). If we assume
z€la,b]
that f(z) < S for all x € [a, ], then we have a well-defined function
@R, glr)=g—
g - |a, ; 9\T) = o~
S—flx)

which takes only positive values since S — f(x) > 0 for all xz. We know that g is
continuous, so ¢ is bounded as well.

Let M > 0 be an upper bound for g. Then we do some rearranging to get

1 1
g(x):S——f(x)SM — i

12
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So S — 47 is also an upper bound for {f(z) | @ < = < b}, contradicting the
assumption that S was the least upper bound. It must have been true that f(x) = S
for some z € [a,b] after all, and we take d to be that value of x. (And again, the
proof that f attains its infimum is basically the same.) O

We can combine the intermediate and extreme value theorems to understand the
images of continuous functions.

Proposition 1.15. Let [ : [a,b] — R be a continuous function. Then there are
¢, d € [a,b] such that the image f([a,b]) is the closed interval [f(c), f(d)].

Proof. By the extreme value theorem, there are ¢, d € [a, b] such that

fle) = inf f(z), f(d) = sup f(x).

€[a,b] €[a,b]
So the image f([a, b]) is at least a subset of the interval [f(c), f(d)]. In fact, for any
y € [f(c), f(d)], the intermediate value theorem says that we can find e € [¢,d] (or
e € |d,cl, in case d < ¢) such that f(e) = y. Such an e must belong to the interval

[a, b], since it lies between ¢ and d, so then y = f(e) € f([a,b]) and we conclude that
the image is the whole interval. O

We have shown that the image of a closed, bounded interval under a continuous
map is closed and bounded. This map need not be one-to-one, and in fact we can
tell exactly when this happens.

Proposition 1.16. If f : [a,0] = R or f : R — R is continuous, then f is injective
if and only if it is strictly monotonic.

Proof. The direction <« is easy: if f is strictly monotonic, then for any distinct
points x < y in the domain we have f(x) < f(y) if f is monotone increasing, or
f(z) > f(y) if f is monotone decreasing. In any case, f(z) # f(y).

In order to prove =, let’s first consider the case where f is defined on [a,b]. If
f is injective then f(a) # f(b), so we can assume without loss of generality that

fla) < f(b).
Claim 1: f(a) = infb]f(x) and f(b) = sup f(z).

z€la, z€la,b]

The extreme value theorem says that there are some ¢, d € [a, b] such that

fle)= if f(z) and  f(d)= sup f(z).

z€la,b] z€la,b]

13
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If f(¢) < f(a) then we have f(c) < f(a) < f(b), so
by the intermediate value theorem we can find some |
x € [c,b] such that f(z) = f(a). We have a ¢ [c,b], /
so this says that a # z, contradicting the assumption < 1
that f is injective. Therefore f(a) = f(c). Likewise,

i /(5) < £(d) then we can find y € [a,d] with f(5) = N+
f(b), and again this is impossible, so f(b) = f(d).

Claim 2: f is strictly monotone increasing on [a, b].

Supposing otherwise, there are ¢,d € [a, b] such that
¢ < dbut f(c) > f(d); since f is injective we can

sharpen this to f(c) > f(d). Since /
fla)= inf f(x) < f(d) < f(e), ERVANE .

z€[a,b)

we can use the intermediate value theorem to find
x € [a,c] such that f(x) = f(d). But then x < ¢ < d,
so this contradicts the fact that f is injective.

These claims prove that an injective, continuous function f : [a,b] — R must be
strictly monotone. If instead we have an injective, continuous function f : R — R
which is not strictly monotonic, then there are

e a,b € R such that a < b and f(a) > f(b), since f is not strictly increasing;
e ¢,d € R such that ¢ < d and f(c) < f(d), since f is not strictly decreasing.

We pick some constant N > max(|al, ||, ||, |d|) and consider the restriction
9= fli-nn : [=N,N] = R.

On the one hand, g is injective since f is. On the other hand, its domain contains the
intervals [a, b] and [c, d], and it is neither strictly monotone increasing on the first nor
strictly monotone decreasing on the second, so g cannot be strictly monotonic. But
this contradicts the case of the proposition that we already proved, so we conclude
that f must have been strictly monotonic as well. O]

Thus for a continuous function f : [a,b] — R, we have

f injective <= f strictly monotonic

<= | f is a bijection [a,b] — [f(a), f(b)].

This means that we have an inverse function f~!: [f(a), f(b)] — R, where f~!(x)

is defined to be the unique value of y such that f(y) = .

14
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Similarly, any continuous injective function f : R — R also has an inverse. Here we
have to be a little more careful about the domain of f~!, because there are several
possibilities for the image of f.

Question 3. Let f : R — R be continuous and injective. Which of the
following can not be the image of f?

1. R

2. (a,00) for some a € R

3. (—o00,0b] for some b € R v
4. (a,b) for some a,b € R

In fact, f(IR) has to be an open interval. If it contained an endpoint, say if f(R) =
(=00, b], then we’'d have f(x) = b for some z € R. But f is strictly monotonic, so
either

fe—1)> @) =b o fla+1)>fz)=b
and this contradicts the assertion that b is an upper bound for f(R).

Theorem 1.17

If f:R — R is continuous and injective, then f~1: f(R) — R is continuous.
Proof. Fix a point y € f(R), say with y = f(z). We need to show that g = f~! is
continuous at y, meaning that

Ve >0 30 > 0 such that [z —y| <d = |g(2) — g(y)| <e.

By definition we have z = g(y).

Since f is continuous and injective, it is strictly monotonic; let’s say without loss
of generality that it’s increasing. Then g is also strictly monotonically increasing.
Indeed, for any y; < y2 in f(R), we have

fla(n)) =y <y2 = f(9(y2)),

and since f is strictly increasing this must mean that g(y1) < g(y2).

15
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Fix e >0 and let a = f(xr —€) and b = f(z +¢€). Then a < y < b, since y = f(z)
and f is strictly increasing. We also have g(a) = x — € and g(b) = = + ¢, and since
g is strictly increasing we have

r—e<g(z)<z+e Vze(ab).
Since ¢g(y) = x, we can subtract it from each side and rewrite this as
—e<g(z)—gly) <e Vzel(ab).

We take 6 = min(b—y,y—a). Then y+6 < y+(b—y) = b, and y—9 > y—(y—a) = a,
SO
lz—yl<d = a<z<b = |g(z)—gly)|<e

So this value of § suffices to prove that g is continuous at y. O

oo n

Example 1.18. We saw last term that the function E(z) = Z x_' is continuous
n!

n=0
and strictly increasing, so it must be injective. We also recall that it satisfies

E(z) #0and E(—z) = ﬁx) for all x € R.

For z > 0 every term in the series is nonnegative, so we throw them out for
n > 2 and get F(z) > 1+ z for all x > 0. Thus E(x) is not bounded above.

On the other hand, E(z) is bounded below by 0: we already know that E(0) =
1 is positive, so supposing there were some a such that E(a) < 0, then the
intermediate value theorem would say that E(c) = 0 for some ¢ between a and
0. But 0 must be the infimum of E(RR), because for every € > 0 we have

1 1 1 €
El— )= 7 < T = < €.
€ E() 7141 e+l

€

So the intermediate value theorem says that every positive real number is in the

16
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image of £, hence E(R) = (0,00). In other words, E gives a continuous bijection
E:R = (0,00).

The inverse function E~1, which we write as
log : (0,00) = R,

is therefore also a continuous bijection.

1.3 Open, closed, and compact sets

We’d like to state some upcoming theorems about continuity in fairly general terms.
In order to do this, we’ll first need to take a detour and introduce some language
for subsets of R. You'll get to see much more general versions of this if you take a
topology module, which of course you should.

Definition. A set S C R is open if and only if

Vo € S 36 > 0 such that (z — d§,xz +0) C S.

In other words, if x is a point of an open set S, then S has to contain every other
point within a small neighborhood of x.

Example 1.19. An “open interval” (a,b) is open.

Proof: for any x € (a,b), we take § = min(b — z,x — a). Then
r<y<z+d=a<y<z+(b—zx)=b=ye€ (a,b),
and similarly if x — 0 < y < x then

a=z—(r—a)<zx—656<y<b.

Essentially the same proof works for unbounded open intervals like (a, 00), (—o0, b),
or R itself.

Proposition 1.20. Given a collection {S,} of open subsets of R, which may or

may not be finite, the union S = U Sa 1S open.

(%

17
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Proof. For any x € S we must have x € S, for some «, and since S, is open,

30 > 0 such that (z — d,2 + 0) C Sa,.

But then this entire neighborhood of x belongs to S =, Sa as well. n
Proposition 1.21. Given finitely many open sets S1, ..., S, C R, the intersection
n
S = m S; is open.
i=1

Proof. For any x € S we must have x € S; for all 7, and since .S; is open,
Vi e {1,...,n} 36; > 0 such that (z — d;,x + 0;) C S;.
Let § = min(dy,...,d,). Then
Vie{l,...,n} (x — 0,2+ 9) C (v —d;,x+ ;) C S,
so (x — 0,z + ) is also a subset of () S; = S. O

Example 1.22. To see that finiteness is necessary in this proposition, we define
open sets S, C R for n € N by
11
- (1Y),
n'n

0. 9]
To compute the intersection S = ﬂ Sy, we check that

n=1

e we have 0 € S, for all n, so 0 € S;

o if x # 0, then x € S, for n large enough, so x & S.

For example, we could take n = “%” + 1, so that n > \%], and then

1 11
|x|>ﬁz>x§ZS :<—— —).

)
nn

It follows that S = {0}, which is not open because it does not contain any
neighborhood (—4d,0) of 0 where 6 > 0.

18
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Definition. A set S C R is closed if and only if
Vsequence (xn) CS, zp,—wrveER=—uzecb

In other words, the limit of any convergent subsequence of S must also be in

S.

A set S C R is compact if and only if it is closed and bounded.

Example 1.23. A “closed interval” [a, b] is compact.
Proof: It is bounded, so we just need to see that it is closed.

Given a convergent sequence x, — x, with a < z,, < b for all n, we must have

a <infxr, <xr <supx, <b,
n

n

so x € [a,b] as well.

Warning. “Open” and “closed” are opposites in English, but not in maths! A
subset of R which is not open is not necessarily closed either. Convince yourself

of the following:
e that the half-open interval (0, 1] is neither open nor closed;
e that R is both open and closed;

e that the empty set () is both open and closed.

Question 4. Which of the following sets are closed?
{2 |neN}

. Byo0) V'

. {40002} V'

4 Q
5 RV

Proposition 1.24. A set S C R is open if and only if its complement T' =R\ S is
closed.

—_

[\

w

Proof. =: Suppose that S is open and let (a:n) C T converge to some x € R. This

means that
Ve >0 dN € N such that n > N = |z — 2| < e.

19
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This means that any open neighborhood (x — €, + €) contains some (in fact,
infinitely many) of the x,, which belong to 7. But then no such neighborhood of
x lies entirely in S, and since S is open we must have x € S, i.e., x € T. So T is
closed.

<=: Suppose that T is closed and fix x € S. If S does not contain any J-
neighborhood of x, then

Vo > 0 Jy ¢ S such that |z — y| < 0.

So for each n > 1 we can find x,, € T such that |z — z,| < % Then z,, — z, and
since T is closed we must have x € T, contradiction. So S must be open. O

Proposition 1.25. A union of finitely many closed sets is closed. An intersection
of arbitrarily many closed sets is also closed.

Proof. Let S1,..., Sy, be finitely many closed sets. Their complements T; = R\ S;
are open, and we have

n n

R\Qsi:ﬂ(R\Si):ﬂTi

i=1 i=1
n
which as an intersection of finitely many open sets is also open. The union U Si
i=1
must therefore be closed, since its complement is open.

Exercise: prove the second part of this proposition. O

We can also describe compactness in terms of sequences. This is often useful, just
as sequential continuity was a very useful reframing of continuity.

Proposition 1.26. A subset S C R is compact if and only if every sequence
(mn) cS

has a convergent subsequence x,, — x, with x € S.

Proof. Suppose first that S is compact, and that (xn) C S. Since S is bounded,

there is a convergent subsequence (xn) by Bolzano—Weierstrass, and then lim x,, €
n—oo

S since S is closed. So we have found a convergent subsequence with limit in S.

Conversely, suppose instead that every sequence (xn) C S has a convergent subse-
quence whose limit lies in S. If such a sequence already converges, say z,, — L, then
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we proved last term that any subsequence z,, converges to the same L. But some
subsequence converges to a limit x € S, so L = x must lie in S. Thus S is closed.
In addition, if S were not bounded, then it would contain a sequence (xn) € S with
|x,,| = 00, and no subsequence of this would be convergent because it wouldn’t even
be bounded, giving a contradiction. So S is bounded and hence compact. [

We can revisit some of our earlier theorems with these definitions in mind. The
extreme value theorem actually holds for any continuous f : S — R whose domain
S is compact, because the proof only used the claims that the domain (originally
[a, b]) was closed and bounded. Why isn’t this true of the intermediate value theorem
as well?

1.4 Uniform continuity and convergence
Suppose we have a sequence of functions defined on a set S C R,
f17f27"':S_>R'

In what sense can we say these converge? If lim f,(x) exists for all z € S, then
n—oo

we could define f: S — R so that f(z) is this limit. But it’s possible that f is not
continuous, even if all of the f, are.

Example 1.27. Define f,, : [0,1] — R by fp(z) = 2" for all n > 1. Let

O—>

Then f(z) =0for 0 <z <1, but f(1) =1, so f is not continuous at 1.

We would like to have a stronger notion of continuity which does guarantee conver-
gence to a continuous function.

Recall that given a function f : S — R, where S C R, we say that f is continuous
if and only if

Va € S Ve >0 30 > 0 such that [z —a| < d = |f(z) — f(a)] <e.
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Reading this carefully, the value of § is allowed to depend on our choice of a. But
sometimes this isn’t necessary:

Definition. A function f : S — R is said to be uniformly continuous if and
only if

Ve >0 35 > 0 such that Vz,y € S, |[xr —y| <0 = |f(x) — f(y)] <e.

Note that this definition has its quantifiers in a different order. Before, for each
a € S individually we examined whether f was continuous at a by checking over all
x € S. Now, for uniform continuity, we don’t fix a; instead, we fix € and choose 9,
and then check the same condition for all pairs of points x,y simultaneously. This
is certainly a stronger condition! In particular, it doesn’t make sense to talk about
being uniformly continuous at a point; rather, it’s a property of the whole domain.

Proposition 1.28. If f : S — R is uniformly continuous, then it is continuous.

Proof. We need to check that f is continuous at each point a € S. By uniform
continuity,

Ve >0 30 > 0 such that Vo,y € S, [z —y| <d = |f(x) — f(y)] <e

If we specialize to y = a, then we have

Ve > 0 39 > 0 such that Vo € S, |x—a|<5:|f(m)—f(a)|<e.‘

But this is exactly what it means to be continuous at a. O]
Example 1.29. Let f(x) = axz + b. Then for any z,y € R we have

[f(z) = f()] = la] - [z = y| < (Ja] + D]z —yl,

so if |z — y| < 0 then |f(x) — f(y)| < (Ja] + 1)d. Thus if we are given any ¢ > 0
<, then it follows that

and we set § =
|al

-yl<o = |f<x>—f<y>|<<|a|+1>(,af+1)=e.

This didn’t depend on x and y, so f is uniformly continuous.
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Example 1.30. Define f: R — R by f(x) = 22, and fix € > 0. For any § > 0,
if we set y =x + g then we have

0
2

)
2x+—‘.

5 2
2
1 f(y) f($)<$+§> -z 5

We can then choose z = §, and we have |y — x| = % < but |[f(y) — f(z)] >
g - 2z = €. This works for any d, so f cannot be uniformly continuous.

Example 1.31. Define f : (0,1] — R by f(z) = % If f were uniformly
continuous, then we could set € = 1 and know that

30 > 0 such that |z —y| < d = |f(z) — f(y)] < 1.

We should expect this to be false, because f(z) grows much too quickly as x | 0.

In order to disprove it, let’s take x = % and y = n+r1 for some really large n > 1.
We’ve chosen these because they satisfy

[f(@) = f)l =In—(n+1=1,

while still being as close together as we could ask for (for large enough n). In
particular, we have

|z —y| =

n2’

I N D N
n n+1l| n2+n

so no matter what value of § > 0 we were given, we could let n = \/ig and we’d

have |z — y| < d. In other words, we have

(a,y) = (ﬂiJ = o=yl =~

Vo + +5\/5<5, but |f(z) — f(y)| = 1.

So f is not uniformly continuous.
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/

Uniformly continuous Not uniformly continuous

In some sense, the reason for the lack of uniform continuity in this last example is
that f(x) approaches infinity in finite time, say if we walk backwards from x = 1 to
x = 0. This can’t happen if f satisfies the extreme value theorem, because then it’s
bounded. So this suggests that in this situation we should get uniform continuity
for free.

Proposition 1.32. If S is compact and f : S — R is continuous, then [ is uni-
formly continuous.

Proof. Suppose that f is not uniformly continuous. Then there must be an € > 0
such that

Vo > 0 Jz,y € S such that |x —y| < § and |f(z) — f(y)| > €.

We'll take a sequence of such points x;,y; with |z; — y;| < % for all . By the
compactness of S, there is a convergent subsequence (xi]), with limit x € S. Then
for all 7 we have

|z —yi;| <o — | + |2i; — yi
by the triangle inequality, and both terms on the right go to 0 as j — oo, so y;; — @
as well.

Since f is sequentially continuous at z, we know that
lim f(x;;) = f(x) = lim f(y;,).
Jj—00 J—00

So on the one hand we have |f(x;;) — f(yi,)| > € for all j, but on the other hand we

have
lim (f(xi,) = f(yi;)) =0
j—00
by the algebra of limits, and this is a contradiction. O

We saw that the function f : R — R given by f(z) = 22 is not uniformly continuous,
and neither is f : (0,1] — R given by f(z) = % But this last proposition says that
when restricted to [1,2], for example, both of these become uniformly continuous.
In other words, unlike continuity at a point, uniform continuity can depend very
much on the domain of the function.
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Question 5. Which of the following is uniformly continuous?

1. f:(—00,0) = R given by f(z) = €”

[\

. f:(0,1) = R given by f(x) =e€"

w

. fi[1,00) = R given by f(x) = e"
1 and 2 v

. 2and 3

. 1,2, and 3

N o ot

. None of these

For any real numbers y < x <1 with x — y < 9, we have
ef —e¥ =eV(e" Y —1) <el(ed —1).

So given € > 0 and any z,y < 1 with |z — y| < J, we have | — eY| < € as long as
e(ed — 1) < ¢, so we set

5=10g(1+£).
e

Then |z — y| < ¢ implies |e* — e¥| < € for any z,y < 1, and this proves uniform
continuity on both (—o0,0) and (0, 1).

On the other hand, f can’t be uniformly continuous on [1,00). Suppose that for a
given € > 0 we have 6 > 0 such that |z —y| < § implies |e* —e¥| < € for all z,y > 1.
Assuming y < x, we have

ef —eV =€V -1)>eV(1+(x—y)—1) =€e(x —y).

So we take y = max(log(2¢/6),1) and z =y + %, and we have

0 2
p-yl=5 <8 but f—ezelaoy) 2=

a contradiction.

We now discuss what it means for a sequence of functions to converge, generalizing
the earlier notions of convergence we had for sequences of real numbers.

Definition. Let fi, fo,--- : S — R be a sequence of functions defined on
S c R. We say that f,, converges pointwise to f: S — R if

Ve € S Ve>03dN € Nsuch that n > N = |f,(z) — f(2)] <e.
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We say that f, converges uniformly to f if

Ve >0 3N € N such that Vx € S, n > N = |fu(x) — f(2)| <e.

Note that uniform convergence of functions is almost the same as pointwise conver-
gence, but we've rearranged the quantifiers to make it a stronger condition: for each
e > 0, there has to be an N such that for all n > N, the supremum of the function
x| fn(z) — f(x)] is at most e.

:

Example 1.33. Recall the sequence of functions f,(z) = 2" on [0, 1]:

These converge pointwise to the discontinuous function

0, 0<z<l
xT) =
o= {3 01

but not uniformly. The problem is that for all n € N, we have
li — =1 "—0l=1
;gUM@ f(@)] ;gm 0]

and so the supremum of |f,(z) — f(x)| is at least 1 for all n.
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Theorem 1.34

If a sequence of continuous functions f,, : S — R converges uniformly to f : S —
R, then f is continuous. Moreover, if in fact the f, are uniformly continuous,
then so is f.

Proof. Fixing e > 0 and y € S, we want to find 6 > 0 such that

[z -yl <o = [f(2) - f(y)| <e

We achieve this by trying to make sense of the following picture, which is an attempt
to estimate | f(z) — f(y)| by breaking it into several steps.

| ;

Since f,, converges uniformly, we can find N € N such that

Vz € S, nZN:>|fn(x)—f(x)]<§.

For a fixed n > N, the continuity of f,, at y says that we can also find § > 0 such
that

7=yl < 8= |fule) = fuly)] < 5.

We apply the triangle inequality to see that if |x — y| < 0, then

[f(2) = F)l < |f (@) = fa(@)] + [falx) = Fu(w)] + [faly) = [(2)]
and each of the terms on the right is less than §, so [ f(z) — f(y)| <e.

The above argument shows that f is continuous at any y € S, but the choice of §
may have depended on y. If the specific f,, we used had been uniformly continuous,
then we could have chosen ¢ independently of y. Thus if all of the f,, are uniformly
continuous then this actually proves that f is uniformly continuous as well. O
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This theorem gives another proof that the sequence f, : [0,1] — R given by
fn(z) = 2™ does not converge uniformly, since if it did then its limit would have
been continuous. More importantly, it gives us a criterion for when we can exchange
the order of two limits. (Note that this isn’t automatic from the definition of limits,
and it isn’t even true in general!)

Corollary 1.35. Let f, : S — R be a uniformly convergent sequence of continuous
functions. If S contains an open interval (a — 0,a + 0) for some 6 > 0, then
lim lim f,(z) = lim lim f,(z).
T—a n—0o0

n—oo r—a

Proof. The pointwise limit f(x) = lim f,(x) is continuous because f, converges
n—oo

uniformly, and then by two applications of sequential continuity we have
lim (hm fn(a)> = lim fu(a) = f(a)
n—oo Tr—a n—oo

and also

f(a) = lim f(x) = lim ( lim fn(x)) : O

T—a T—a n—o0

Finally, we might also be interested in whether a series of functions converges. Just
as with real numbers, we say that a series

o
1)
i=1
converges if and only if the sequence of partial sums
n
Sule) = fila)
i=1

converges, and it converges uniformly if and only if the sequence S, (x) converges
uniformly. The following is a useful criterion.

Theorem 1.36: Weierstrass M-test

Let f1, f2, -+ : S — R be a sequence of continuous functions, and suppose there
are constants My, Mo, ... such that

ViV € S, |fi(z)| < M.

o0 o

If Z M; converges, then the series Z fi(x) converges uniformly to a contin-
i=1 i=1

uous function g : S — R.
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Proof. For each n € N we define the nth partial sum of this series by
n
Su(@) = filx).
i=1

The S), are all continuous. For any x € S, the comparison test for series tells us
that

[0.9]
0<|filx)| < M; = Z fi(x) converges absolutely,
=1

n—oo

so we can define g : S — R by g(x) = Zfz(x) = lim Sy (z).
i=1

The sequence (Z?Zl MZ) of partial sums is Cauchy because it converges, so given
any € > 0:

€

n
N € N such that N <m < n — Z M;| < 3

i=m-+1

For the same € and N, we use the triangle inequality to show that Vax € S,
n n n )
xr) — )| = (x| < ()| < M; < —,
[Sn(x) = Sim(2)] i:%;lfz( )| < :%; filo)] < :; i <5
and this bound is independent of x € S. Taking limits as n — oo gives
Vm > N Vz €8, |g(z) — Sm(z)| < % <e
Since we can find such an N € N for any ¢ > 0, the sequence Sy (z) converges

o0
uniformly, and this means that the series Z fi(x) does as well. O
i=1

o0

Example 1.37. Suppose for some r» > 0 that the series Zairi converges

7=
absolutely, where the a; are a sequence of real numbers. For all + > 0, we take
filz) = a;a’, M; = |agr® =V € [-r,7], |fi(z)] < M;.

Since ; M; converges, the Weierstrass M-test then tells us that the power series
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converges uniformly to a continuous function on the interval [—r, r].

This last example tells us the following important fact about power series.

Theorem 1.38

[e.9]

Let f(z) = Z a;z’ be a power series with radius of convergence R > 0. Then
i=0

f is continuous on the open interval (—R, R).

We have to be a little careful in proving this: we’d like to just claim that f(x) is
absolutely convergent at * = R and apply the Weierstrass M-test, but f may not
converge there at alll We thus use a trick to prove that f is continuous at a fixed
x € (=R, R): we find a smaller, compact subinterval of (—R, R) containing = where
we know that f does converge, and we prove that it’s continuous there.

Proof of Theorem 1.38. Fix x € (—R, R); we wish to show that f is continuous at
z. Let t = L(R+ |z|):

] ] ] & ]
T - T

—‘R ;t 0 r t 1%

so that we have a chain of inclusions

x € (—t,t) C [-t,t] C (—R, R).

o0

Then Zaiti converges absolutely, so f is continuous on [—¢,t]. And since x €

=0
(—t,t), it follows that f is continuous at z. ]

>\ cos(13irz)
Example 1.39. The series f(z) = Z — 5

1=0
R, since if we take M; = % for all ¢z then

converges uniformly on all of

cos(13'7x)

o
5 < M; and Z M; converges.

=0

This last example is one of a family of functions constructed by Weierstrass which
are famously continuous on all of R but not differentiable anywhere.
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2 Differentiation

Definition. A function f : R — R is differentiable at a € R, with derivative

f'(a) € R, iff
i 1) F(@)

r—a r —a

exists and is equal to f’(a). This is equivalent to

f([L’) _f(a) —f’(a) < e

Ve >0 35 >0suchthat 0 < |z —a| <d =
r—a

The quotient W is the slope of the line segment through (x, f(x)) and (a, f(a)),

so being differentiable at a means that these slopes get arbitrarily close to f'(a) as

x gets close to a.

Question 6. Which of the following is equivalent to the definition of f/(a)?
Lol Lt = fla) s
h—0 h
) o fat )~ fla—h)
h—0 2h
s 1)~ @

rla r—a

4. More than one of these.

x)— fla
The second option is not equivalent because this limit may exist when lim M

ﬂ@{a E70

does not. Consider the function

1, z=0
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at a = 0; then lim M = 0, but lim M = lim — = . For
h—0 2h z—0 T z—0 T
the third option, we note that the definition of derivative requires the limit to exist

as * — a from either side, and so

fx) = {O’ vz

1, <0

at a = 0 satisfies limM

= 0 even though the same limit as * — 0 does
z/0 r—a

not exist.

In both cases, we constructed a counterexample out of a function that wasn’t con-
tinuous or differentiable at x = a. We'll see soon that if f was differentiable, then
it would have been continuous as well.

Example 2.1. Let f(x) = 2. Then for any a € R,

— 2 .2
limM— im 2~ a = lim x + a = 2a.
T—a r—aQa r—a T — QG T—a

So f(x) is differentiable at a with derivative f'(a) = 2a.

We will also write f/(z) to denote the function whose value at = = a is f/(a),
assuming one exists.

Example 2.2. Let f(z) = |z|, and fix a € R. If a > 0 then

Tl L B e Y
rz—a T —a z—=a X — Q
because we have |r| = x for all z sufficiently close to a (say, within § of it).
Similarly, if a < 0 then
PRl R Ol ) Y
r—=a T — Q r—a r—a

On the other hand, at a = 0 we have

|x—(){L 2 <0

r—0 1, x>0

-0
and so lim 12 does not exist. So f(z) = |z| is not differentiable at 0, and

z—0 T —
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otherwise we have

f/(x){l’ x>0

-1, = <0.

We can prove that some common functions are differentiable, and compute their
derivatives.

Proposition 2.3. For any integer n > 0, the function f(x) = a™ has derivative
f!(x) = na™ 1,

Proof. When n = 0, we have f(z) =1 and so

Assuming now that n > 1, we use the quotient

n—1
a" —a" n—1—i i n—1 n—2 n—2 n—1
—zg T a = +x a+---+za +a .
T —a
1=0
As & — a, each of the n terms on the right side approaches a”~!, so we have
.oa"—=a" _
lim =na"" L. O

r—=a T — Q

Proposition 2.4. The function f(x) = e® has derwative f'(x) = e*.
Proof. We recall the identity f(x +y) = f(x)f(y), which implies that
e’ — e _ (ex_“ - 1) '
r—a r—a

Now we set h = x — a, and note that x — a is the same as h — 0, so that

But we have
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and this is a convergent series with limit 1 as h — 0, since for |h| < 2 we have

h > pn—1 ©© m e m
e —1 h || |h| |h|/2
1| = N
h D e ey ED BT e TG

n=2 m=1

and the right side goes to 0 as h does. Putting this all together, we have

x a h
— -1

lim S — ¢ Jim & = e,
T—=a T — Q h—0

exactly as claimed. O

Being differentiable is in fact a stronger condition than being continuous. It’s cer-
tainly true that continuous functions need not be differentiable — we’ve already seen
f(z) = |z| at x = 0 — but differentiable functions are always continuous.

Proposition 2.5. If f(z) is differentiable at a, then it is continuous at a.

Proof. 1f f is differentiable at a then we have

L @) = f(a)

T—=a r —a

= f(a),
which means that

f(z) = f(a)

Ve >0 35 > 0such that 0 < [z —a| <d =
r—a

— f(a)| <e.
The triangle inequality says that

[f(@) = fla)l < [f(z) = fa) + (z — a) f'(a)| + |(a — 2) f'(a)],

so given € and § as above and |z — a| < §, we have
[f(@) = fa)] < elz —al +|a—z[[f'(a)] = (e +|f'(a)])|z — al.

In particular, if we let 6’ = min(J, %) then it follows that

ol <8 = 1) - o) < e+ 1) () <

and so f must be continuous at a. O]
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We could have also proved this using the algebra of limits: we have

o) = fl0) + (o= (HD=L),

and as x — a the right side converges to f(a) + 0+ f’(a) = f(a), so then lim f(z)

T—a
exists and is equal to f(a) as well.

Note that even if f is continuous and differentiable everywhere, its derivative need
not be continuous.

z?sin(1/z), x#0

We'll eventually be able to
0, xz=0.

Example 2.6. Let f(x) = {
show that

f'(x) = 2xsin(1/x) — cos(1/x) for all x # 0,
and this does not converge as  — 0. On the other hand, for nonzero x we have

‘f(x)—f(O)‘_
z—0

z?sin(1/x)

= [zsin(1/z)] <z,
i

z—0

SO M‘ — 0 as x — 0, hence f is differentiable at 0 and f/(0) = 0. It
follows that f(z) is differentiable everywhere, but that f’(z) is not continuous.

2.1 Basic properties

Now we will see the effect of some common operations on derivatives.

Proposition 2.7. If f(x) and g(z) are both differentiable at x = a, then h(x) =
f(z) 4+ g(x) is also differentiable at x = a, and

W(a) = f'(a) + g'(a).

Proof. We use the algebra of limits to compute that

b —h(a) () + (@) — (Fla) +g(a)
= lim —f(x) : J(a) + lim —g(x) :g(a)
= f'(a) + ¢'(a). O
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Theorem 2.8: Product rule

Suppose that f(x) and g(z) are both differentiable at x = a. Then h(z) =
f(z)g(z) is also differentiable at a, and

W(a) = f'(a)g(a) + f(a)g'(a).

Proof. We can break the usual limit up into several pieces and evaluate them sepa-
rately, after we first add and subtract the same term from it:

i L @9(@) = fla)g(a) _ . (f2)g(x) — fla)g(x)) + (f(a)g(x) — fla)g(a))

r—a r —a r—ra r—a

. ( (f(a:) ~ f(o)
- (1 P20 (o)
+ (hm g(a) - g<a>)

r—a r—a

= f'(a)g(a) + f(a)g'(a). -

/—\\/
=
=
_|_
~
—~
8

N
=}
s |[&
[ ]
Sl
=
S~—
N~
N~

Proposition 2.9. If f(z) is differentiable at x = a and f(a) # 0, then g(z) = f(lx)

15 differentiable at x = a, and

Proof. We evaluate the usual limit:

lim M — lim
r—a r —a Tr—ra r —a

The last step is mostly algebra of limits, except for one subtle detail: we need to

know that f being differentiable at a makes it continuous at a, so that lim f(z)
r—a

exists and is equal to f(a). O
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Example 2.10. For any n € N we have seen that if f(z) = 2" then f'(z) =
naz" 1. Letting g(x) = ﬁ =~ ", if x # 0 then g is differentiable at z and we

have
B —f/<£ll') _nxn—l

Y= Gay =

So in fact the claim that 2™ has derivative nz™ ! holds for all integers n.

= (—n)z7 L

Theorem 2.11: Quotient rule

Suppose that f(z) and g(x) are both differentiable at x = a, and that g(a) # 0.

Then h(x) = % is differentiable at a, and

Proof. We write h(z) = f(z)r(x), where r(x) = ﬁ, and apply the previous propo-

sition: r(x) is differentiable at 2 = a with derivative r'(a) = —(52((;;;2, so by the
product rule, h is differentiable at a and

W(z) = f'(a)r(a) + f(a)r'(a)

— (a L _ fla g'(a)
A )(g<a>> A )(<g<a>>2)

_ f(a)g(a) = fla)g'(a)
(9(a))? '

Theorem 2.12: Chain rule

Let f(x) and g(z) be functions such that g is differentiable at * = a and f is
differentiable at = = g(a). Then h(z) = f(g(x)) is differentiable at x = a, and

Proof. We can define functions r» and s such that

fy) = flg(a)) = (y — 9(a))(f'(9(a)) + r(y))
9(z) — gla) = (z — a)(g'(a) + s(x)),
satisfying 7(g(a)) = s(a) = 0, and the definition of the derivative tells us that
lim r(y) = lim s(x) = 0.

y—g(a) r—a
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Then we compute from the definitions of r» and s that

flg(@)) = flg(a)) = (g(x) — g(a))(f'(9(a)) + r(g()))
= (z—a)(g'(a) + 5(2))(f'(9(a)) + r(g(x))).

Rearranging this slightly, when x # a we have

f(g(x)) — f(g(a))

r—a

= (f'(9(a)) + r(g(x)))(g'(a) + s(x)).

As © — a we have s(x) — 0; and g(z) — g(a) since g is continuous at a, so
r(g(z)) — 0 as well. Thus

flg(x)) — fg(a))

. Y /
Tim i = fg(a))g (a),
and this is by definition the value of h'(a). O

Remark 2.13. What we’d really like to have done is take the usual limit definition,
and multiply and divide the top and bottom by the same term:

flg(x)) = flgla) _ . (f(g(l’)) - f(g(a))> (9(96) —g(a)> '

lim
r—a r—a T—a

Tr—a

(z)=

Certainly £ xig(a) — ¢'(a) as x — a, and with a little more work we would hope
to prove that the first factor converges to f’(g(x)) as well. This is nearly true, but
it requires us to know that g(x) approaches g(a) without being equal to it. Since we
can’t guarantee this — g(z) might be constant near x = a, for example — we either
have to treat that case separately, or find a different proof like the one we gave
above.

2.2 The mean value theorem

Derivatives give us a way to identify extreme values of functions.

Definition. Let f : S — R be a function. We say that f has a local minimum
at x € S if and only if

30 > 0 such that |y —z| <d = f(y) > f(x).
Likewise, we say that f has a local maximum at z € S if and only if

30 > 0 such that |y —z| <d = f(y) < f(x).
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The following picture shows a function with a local maximum at zg and a local
minimum at xj.

The “local” part means that f does not have to take its minimum or maximum
value over the whole domain at z, just the minimum or maximum value on some
small neighborhood of x.

0, z¢Q

Question 7. Let f(z) = {
z, ze€Q.

Where are the local maxima of f?

1. Negative irrational numbers. \/

2. Negative rational numbers.
3. Positive irrational numbers.
4. Positive rational numbers.
5. 1 and 4.

6. 2 and 3.

7. Nowhere.

Proposition 2.14. Let f : [a,b] — R be a function. If f has a local minimum
or a local mazimum at some point x € (a,b), and if f is differentiable at z, then

f(z) =0.

Proof. Suppose f has a local minimum at z; the local maximum case is nearly
identical. Then there is some § > 0 such that (z — d,2 + d) C (a,b) and

ly—z| <0 = fly) > f(x).
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(Once the second condition is satisfied, we can take an even smaller ¢ if needed to
satisfy the first one as well.) Using this, we compute that

ﬂ@—f@)Soﬁwx_5<y<x::¢hmf@»—ﬂm
y—x vtz Yy —

<0

Y

because the numerator is positive or zero while the denominator is negative. Simi-
larly, we have

M20f0r$<y<x+5 — lim
y—x ylr  y—x

)~ fe) |

0,

because the numerator is nonnegative while the denominator is positive. Now by
i J W) — (@)

Yy—x Yy—x

y T 2 and the limit as y | x, and this is only possible if f'(z) = 0. ]

assumption f/(x) = exists, so it must be equal to both the limit as

The converse is not true: a function f can be differentiable and satisfy f/(x) = 0
at a point x which is neither a local minimum nor a local maximum. For example,
when f(r) = 2° we know that f/(z) = 322, so f/(0) = 0. But f(z) cannot have a
local maximum at 0, because f(y) > 0 for all positive y, and similarly it does not
have a local minimum at 0 because f(y) < 0 for all negative y.

Theorem 2.15: Rolle’s theorem

Let f be a function which is continuous on [a, b] and differentiable on (a,b). If
f(a) = f(b), then there is some ¢ € (a,b) such that f’(c) = 0.

A sketch of some typical f suggests that we should try to prove this by looking for
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local minima or maxima, and that’s exactly what we’ll do.

SN e N
a \\/b

Proof. The extreme value theorem says that f attains both a maximum value and

a minimum value on the interval [a,b]. If either of these happen at some point
¢ € (a,b), then the previous proposition says that f’(c) =0 and we are done.

This gives us the desired ¢ in all cases except when f attains its minimum and
maximum values at a and b in some order. But if that happens, then since f(a) =
f(b), the minimum and maximum values of f are the same, and so f must be
constant on [a, b, in which case f’(¢) =0 for all ¢ € (a,b) anyway. O

Theorem 2.16: Mean value theorem

Let f be continuous on [a, b] and differentiable on (a,b). Then there is a point
¢ € (a,b) such that
iy S0) = fla)
f (C) - b —qa .
The statement of this theorem says roughly that there’s a point ¢ where the slope
of the line tangent to the graph of f is the same as the slope of the line through

(a, f(a)) and (b, £(b)):

Our strategy will be to change the function f so that we shear the graph vertically,
turning these lines into horizontal ones, and then apply Rolle’s theorem.

Proof. We define a function g : [a,b] — R by
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This is designed to be continuous on [a,b] and differentiable on (a,b), since the
same is true of f(x) and x — a, and to satisfy g(a) = g(b) = f(a). Rolle’s theorem
tells us that there is a point ¢ € (a,b) such that ¢’(c) = 0, and we have

J0 = o - HO =1 10~ 1o)

So this is the desired c. O

—0 = )=

Proposition 2.17. Let f be continuous on [a,b] and differentiable on (a,b). If
f'(x) >0 for all x € (a,b), then f is monotone increasing on [a, b].

Moreover, if the stronger inequality f'(x) > 0 holds for all x € (a,b), then f is
strictly monotone increasing on |a, b|.

Proof. For any z,y € [a,b], with x < y, we can apply the mean value theorem to f
on the interval [z,y] to find ¢ € (z,y) such that

fly) — (=)

y—x
We multiply both sides by y—xz > 0 to conclude that f(y)—f(x) > 0, or f(y) > f(x).
And if f’ were strictly positive, then we would have f’(¢) > 0 and so the same

inequality becomes f(y) — f(x) = f'(¢)(y — x) > 0, hence f(y) > f(z). O

— '(e) > 0.

Of course, the same proof shows that if f/(z) < 0 or f/(z) < 0 for all x € (a,b),
then f is monotone decreasing or strictly monotone decreasing on [a,b]. And then
we can conclude the following:

Proposition 2.18. Let f be continuous on [a,b] and differentiable on (a,b). If
f'(x) =0 for all x € (a,b), then f is constant on [a,b].

Proof. Since f'(z) > 0 we know that f is monotone increasing, and since f/(x) <0
it’s also monotone decreasing. So for every xz < y in the interval [a, b] we have both

f(x) < f(y) and f(z) > f(y), and therefore f(x) = f(y). =

And this can be applied to tell us that if a function is differentiable, then it’s
determined up to an additive constant by its derivative.

Proposition 2.19. Let f and g be continuous on [a,b] and differentiable on (a,b). If
f(z) = ¢ () for allx € (a,b), then there exists some ¢ € R such that f(x) = g(x)+c
for all z € [a,b].

Proof. The continuous function h(x) = f(z) — g(z) on [a, b] satisfies h'(z) = 0 on
(a,b), so h(z) = ¢ for some constant ¢ and then f(x) = g(x) 4+ c on all of [a,b]. O
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2.3 L’Hopital’s rule

Occasionally we come across a limit of the form
lim _f(m)
r—a g(ZL‘)

The algebra of limits doesn’t help with this indeterminate form, but if f and g are
differentiable near a then the following is often useful.

. fla) = g(a) = 0.

Theorem 2.20: L’Ho6pital’s rule, one-sided version

Suppose that f and g are differentiable on an interval (a,b), with ¢’'(z) # 0 on
this interval. If

lim f(z) = limg(z) = 0 and lim f(w) =L,

zla rla rla g’ (I)
f(x)

then lim —= =
zla g(z)

The proof of I’'Hopital’s rule will make use of a stronger version of the mean value
theorem, which we present first.

Proposition 2.21. Let f,g : [a,b] — R be continuous functions which are both
differentiable on (a,b). Then there is some ¢ € (a,b) such that

(f(b) = f(a))g'(c) = (9(b) — g(a)) f'(c).

Proof. Consider h(z) = (f(b) — f(a))g(x) — (g(b) — g(a)) f(x). This is continuous
on [a, b] and differentiable on (a,b), and we can compute that

h(a) = f(b)g(a) = f(a)g(b) = h(b),

so Rolle’s theorem tells us that h'(c) = 0 for some ¢ € (a,b), and h'(c) = 0 is
equivalent to the desired condition. O

Note that by taking g(z) = x in this proposition, we recover the original mean
value theorem: there is some ¢ € (a,b) such that f(b) — f(a) = (b — a)f'(c), or

b)—f(a
fl(e) = L@

Proof of I’Hopital’s rule, one-sided version. By the definition of a one-sided limit,
given any € > 0 there is a § > 0 such that

f'(x)
g ()

a<r<at+d = L| <

N
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If we pick z,y € (a,a+9), say with a < y < x < a+ J, then the generalized mean
value theorem says that there is ¢ € (y, x) such that

o !/

flx) = fly) _ f/(C) c (L_ §7L+5) .
g(x) —gly) () 22

Here we use the hypothesis that g’ # 0 on all of (a, b) in order to divide by g(z)—g(y),

because if g(x) = g(y) then the mean value theorem would provide z € (x,y) such

_ 9@)—g(y) _ P
that ¢'(z) = % = 0 and this is assumed not to happen.
' fl@)=fly) _ € -,
Since 9@)=a(y) L‘ < § whenever a < y < x < a+ 9, we take limits as y | a to
get
a<zr<a+d = M—L §E<e.
g(x) 2

We can find such a § > 0 for any ¢ > 0, so we have

lim _f(ac) =

rla g(x)
by the definition of a one-sided limit. O

Of course, the same proof works if everything is defined on an interval (b,a) with
b < a and we take limits as = T a instead. So if we combine the two one-sided limits,
we get:

Theorem 2.22: L’Ho6pital’s rule

Suppose that f and g are differentiable on an interval (¢, d), except possibly at
some point a € (¢,d), and that ¢'(x) # 0 on (¢, d) \ {a}. If

)
im f(r) = lim g(r) =0 and lim —~— =L,
r—a r—a T—a g (LE)
then lim @ = L.

r—a g(a:)

Question 8. In which of the following situations does 1'Hopital’s rule also
apply, meaning that we can evaluate the limit by replacing f and g with f’ and
g'? There may be several correct answers.

f(x)

1. lim —=, with f,g > c0casx —a \/
r—a g(l‘)

2. lim M,Withf,g%()asx%oo v
T—>00 g([E)
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3. lim (f(x) — g(x)), with f,g — 00 as © — o0

T—r00

4. lim f(:c)g(x), with f,g - 0asz — o
T— 00

The first choice is another form of I'Hopital’s rule whose proof is very similar but
just a little bit trickier. For the second one, note that

N N L V1) R V1o VU0 0 V) R

w00 g(z)  ylo g(1/y)  wio ¢/ (L/y)(=1/y?) w0 ¢'(1/y)  w—oc g'(x)

The third one cannot be true, because lim (2x —z) = oo is not the same as lim (2—
T—00 T—00

1) = 1. And for a counterexample to the fourth option, we have

1 _ 2
lim (—e_I)Q/m = lim e % = 5 lim (e_x) 2= _ lim e2/* = 1.
T—00 T—00 (& T—00 T—00

Example 2.23. We use I'Hopital’s rule to evaluate

.2
lim — \) (z) :
2—0 1 — cos(x)

Both the numerator and denominator approach zero as x — 0, and they are
differentiable on R with derivatives 2 sin(z) cos(z) (via the chain rule) and sin(z),
respectively, according to a problem sheet. We have

2sin(z) cos(z)

lim ‘ = lim 2 cos(z) = 2,
2—0 sin(z) z—0

since cos(0) = 1, so it follows that

sin?(z)

lim =2

z—0 1 — cos(x)

as well.

We can apply 'Hopital’s rule multiple times if needed to evaluate a limit.

er —1—ux
Example 2.24. We wish to evaluate hH(l) ——5—— By I'Hopital’s rule, we
r— X
have
e! —1—z e’ —1
lim = lim
z—0 xz z—=0 2

provided that the limit on the right exists. Again by ’'Hopital’s rule, we compute

that
et -1 et e
lim =lim —=—=—-,
z—0 2z z—0 2 2 2
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. . ) . ef—1—z 1
so the desired limit does exist and thus lim — =3
z—0 xT 2

In general, if f/(x) exists and is differentiable then we call its derivative f”(z). Note
that in this case, f/(x) must be continuous because it is differentiable.

Proposition 2.25. If f"(x) exists on a neighborhood of x = a and is continuous at
xr = a, then
) — i 1) =20+ fla=h)

h—0 h?

Proof. The numerator and denominator are differentiable functions of A which both
approach 0 as h — 0, and the derivative 2h of h? is nonzero away from h = 0, so
I’Hopital’s rule says that

fla+h)—=2f(a) + fla—h) ar (fa+h) = 2f(a) + f(a = h))

li = 1li
hlg%) h2 hli% d%(hQ)
/ _p _
o fakh) = fla— )
h—0 2h

if the limit on the right exists. But f'(a 4+ h) — f’(a — h) is differentiable when |h|
is small, and it approaches 0 as h — 0 since f’ is continuous at a = 0, so another
application of 'Hopital’s rule says that

' — #(a — A (f(a+h)— f'(a—h
g L@ L) (a1 = o= 1)
h—0 2h h—0 7 (2h)
" ne
ekt e )
h—0 2
= f"(a)
by the fact that f” is continuous at x = a, hence f”(a+h) — f”(a) as h — 0. Since
this limit exists, the original limit must exist as well, and it is equal to f”(a). O

2.4 Higher derivatives

If a function f(z) is differentiable, then its derivative f’(x) may be differentiable, and
we call the derivative of f'(z) the second derivative of f, denoted f”(z) or f)(x).
If f”(x) is differentiable then its derivative is called the third derivative and written
f"(x) or f3)(x). We can repeat this as often as we like; these higher derivatives
f®) (x), also written as g;—{, carry important information about the original function

f.

Note that in order for the nth derivative f("(z) to exist at z = a, the (n — 1)st
derivative f("~1)(z) must exist in a neighborhood of a and be differentiable at z = a.
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Theorem 2.26: Taylor’s theorem

Suppose that f : [c,d] — R has continuous derivatives f@)(z) for all i < n,
and that f("*1(z) exists for all € (¢,d). For a € [¢,d], define the Taylor
polynomial of order n at x = a by

"(a "(a ") (q
Pue) = f@) + T )+ D0 a1 L0 g
= f@(a)

(z —a).

7!

o

i—
Then for any b € [c, d] with b # a, there is a point ¢ between a and b such that

FD(

(n " 1)! (b o a)n—i—l.

f(b) = Pu(b) +

When we take n = 0, Taylor’s theorem asserts that there is a t between a and b such

e )~ (o)
— f(a
fb) = f@)+ [ ()b —a) < [f) == —"—
which is exactly the mean value theorem. So we can consider Taylor’s theorem a
massive generalization of the mean value theorem.

In the proof of Taylor’s theorem we will repeatedly use the fact that if k is a non-
negative integer, then the ith derivative of (z — a)* at 2 = a is

_ — i) (z — )" = ek
k(k—1).. . (k+1—1)( ) —a {0, i # k.

Proof of Taylor’s theorem. We let k = FOI=P) o1 d we define an auxiliary func-

(bia)n-i—l 9
tion g : [¢,d] — R by

Try to prove this by induction on .

noting by our choice of k that

0N = IO = Pl = (%) (b—a)"! =0.

(This may seem unmotivated, but up to a constant term, the n = 0 version of this
is exactly the same polynomial we used to prove the mean value theorem!)
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Since P, (z) is a polynomial of degree n, we have P,(Lnﬂ)(x) =0, and so
g" V() = fU (@) — (n+ Dl
Thus we want to find some  between a and b such that g+ () = 0.

We observe that for 0 < ¢ < n we have

. . ; d’
99(a) = fO(a) = P () -

— f9a) - fO(a) =0.
So to summarize, g(a) = ¢'(a) = ¢"(a) = --- = g™ (a) = 0 and g(b) = 0.

k(x — a)”+1|$:a

We now apply Rolle’s theorem as many times as possible. Since g(a) = ¢(b) = 0,
there is some b; strictly between a and by = b such that

g'(b) = 0.
Then, since ¢'(a) = 0, there is some by strictly between a and b such that
g"(b2) = 0.

We repeat this process n+1 times, getting by, ba, . .., by, by41 such that b; is strictly
between a and b;_1 and such that | g (b;) = 0| for each i < n + 1.

- I I I I I I >
T T

4 by by - by by b

(Note that this requires ¢@~ to be continuous on la,b;—1] and g to exist on
(a,bi—1) for 1 <i < m+1, and this is guaranteed by the hypotheses of the theorem.)
Since g™V (b, 1) = 0, we take t = b, 1 and we are done. ]

Example 2.27. We saw in a problem sheet that sin(z) has derivative cos(z),
and cos(z) has derivative — sin(x), so that

;

sin(z), n = 4k
an sin(z) = cos(x), n=4k+1
dz™ —sin(z), n=4k+2
—cos(z), n=4k+3.
\

The fourth order Taylor polynomial for sin(x) at x = a is then

. cos(0) —sin(0) —cos(0) sin(0)
Py(x) = sin(0) + TR 2% 4 Tx?’ + = zt
23
=xr— —.
6

48



2 Differentiation Math40002: Analysis I

Taylor’s theorem says that there is some ¢ € (0, z) such that

Lo
wsm(x) 3 cos(t
sin(e) = Pale) 4+ et g5 — g T (MO
But [cos(t)] < 1, and if 0 < z < 1 then |25 < 5, s0 for 0 < z < 1
3
the approximation |sin(z) ~ x — % is accurate to within ﬁ . WIO _ m <

0.000035.

Of course, there’s no reason why we have to stop a Taylor polynomial at some finite
order n.

Definition. Suppose that f(™ (a) exists for all n > 0. The Taylor series for f
at x =a is

n! 1!

Zf(n)'(a)<x_a)n:f(a)+ f/(a)(x—a)+~~-+ f(n)(a)(x—a)n—|—
n=0

Question 9. Let P,(x) be the nth order Taylor polynomial for f(z) at a =0,
and P(x) the Taylor series at a = 0. Which of the following is true?

1. P(x) has infinite radius of convergence.

2. f(z) = P(z) on (—1,1).

3. The error |Pp41(x) — f(x)] is strictly smaller than |P,(x) — f(z)].
4. More than one of these.

5. None of these. \/

None of the first three options is true: (1) If we take f(z) = ﬁ, then f("(z) =
n!(1 — 2)~"" !, so the Taylor series is

oo
n=0

whose radius of convergence is only 1. (2) We cannot expect that f(z) = P(z)
on a fixed interval (—1,1), because we could start with f = 0 and add a little
“bump” to the graph on the interval (%, %), and the new function would still have
fM(0) = 0 for all n, so its Taylor series would be P(x) = 0. (3) We may have
|Prti(z) = f(2)] = [Pa(x) — f(2)] if fTD(z) = 0.

S

' [0.9]
T = g ",

n=0

S

49



2 Differentiation Math40002: Analysis I

Example 2.28. Since e* has derivative e, we have ;i—nnex =e* foralln > 0.
The Taylor series for e* at x = 0 is

Cb

3

(0. 9] o0
Z w =2 o
n!
which we recognize as not only a convergent series but the very definition of e”.
So e is equal to its own Taylor series as a function R — R.

Example 2.29. Let f: R — R be a function such that ™1 (z) = 0 for all z.
If P,(x) is its nth order Taylor polynomial, say at a = 0, then Taylor’s theorem
says for any x # 0 that for some ¢ between 0 and x we have

(n+1)
f (t) $n+1

fo) = Falo) 07

= Py(x).

So in this case we have . .
90
o Z 7!
=0

and in particular f must be a polynomial of degree at most n.

Despite the last few examples, it is definitely not true that every function is equal
to its own Taylor series at a point. When this is true, we say that f is analytic.

e 1/ "”2, x#0 .
The chain rule says that

Example 2.30. Let f(x) =
0, =0

2 2
f'(z) = —36_1/”: for all = # 0,
x

and we work directly with the definition of the derivative to compute f/(0):

) e~/ ey’
hm _— | = llm _— = 1 ——
z—0 z—0 y—oo 1/y  y—oo ey’

via the substitution y = % (We can just take y — oo and not worry about
2
-y

is the same.) Since
1y

y — —o0o, which happens as = 1 0, because lim
Yy——00

20
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el > 14t for all t > 0, we have

() )
0<—=<
ev’ Ty +1
and the right side goes to zero as y — o0, so e% does as well and hence
—1/z% _
e 0
lim |——| =0 = f/(0)=0.
L) 70

Therefore

2 —1/x?
yo\ ) e , ¢ #0
f@) {O, x=0.

Similar but more complicated arguments show that f(™(z) exists for all n, and
fM(0) = 0 for all n, so that f(z) has Taylor series

3 f<”>'<0>xn o
n:

n=0

But clearly f(x) is not actually zero anywhere except at x = 0.

2.5 Second derivatives and convexity

The first derivative f/(a) can be thought of as the slope of a tangent line to the
graph of f(x) at = a. What do the higher derivatives mean? Here we’ll try to at
least understand the second derivative a little better.

To start, remember that if f(z) has a local maximum or a local minimum at x = a,
and if f is differentiable at a, then f’(a) = 0. The second derivative gives us a
converse to this statement in many situations.

Proposition 2.31. If f'(a) = 0 and f"(a) > 0, then f(z) has a local minimum at
r=ua. If f'(a) =0 and f"(a) <0, then f(x) has a local mazimum at x = a.
Proof. We only prove the case f”(a) > 0, since the other one is nearly identical.

By definition, we have

0< fa) = tim LW =@y L)

r—a r—a x—)ax—a'

Since the limit is strictly positive, we have % > 0 for all x # a in a neighborhood
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(a — d0,a+ §), where § > 0. This means that

f'(z) <0 forall z € (a —9d,a)
f'(z) >0 for all z € (a,a+ ).

So f is strictly monotone decreasing on (a — d, a] and strictly monotone increasing
on [a,a + ¢), and together these imply that

f(z)> f(a) foralla—d0 <z <a+9d,

with equality if and only if x = a. In other words, f(z) has a local minimum at
T =aq. [

Example 2.32. Let f(z) = 23 — 2. Then f’(z) = 322 — 1 is zero at v = :I:%,

and since f”(z) = 6x we have
f(—=1/V3) = —2v3 <0, f(1/V3) =2v3 > 0.

So f(x) has a local maximum at x = 7 and a local minimum at x 7

/

- %‘H

s

/1_

Example 2.33. If a function f(z) satisfies f'(a) = f”(a) = 0, then the second
derivative test is inconclusive: it does not say whether f has a local minimum

or a local maximum at z = a.

e The function f(z) = 2% satisfies f/(0) = f”(0) = 0 (since f'(z) = 322 and
f"(x) = 6x), and f has neither a local minimum nor a local maximum at
x = 0.

e The function g(x) = x* satisfies ¢/(0) = ¢”(0) = 0 (since ¢'(z) = 423 and
¢"(z) = 122?%), and g has a local minimum at x = 0.

Finally, we apply Taylor’s theorem to understand when a function is convex.

Definition. We say a function f : [a,b] — R is convez if for all ¢ < t < d in
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the domain, we have

In other words, the height of the line through (¢, f(c)) and (d, f(d)) at x =t is

at least f(t).
\J ;G \%M b

Convex Not convex

Q

An equivalent way of stating this is that the region

S={(z,y) |z €la,b], y> flz)}

lying above the graph of f is a convex subset of R?: the line segment between
any two points of S lies entirely within R.

We can rearrange the definition by writing ¢ = sc + (1 — s)d for some s € [0, 1].
Then the left side becomes
. (=s)(d=c)) = fle) + (1 = 5)(f(d) = f(c))
=sf(c) + (1 -5)f(d)

and so f is convex if and only if for all ¢ < d in the domain and all s € (0,1), we
have

sf(c) + (1 —s)f(d) = f(sc+ (1 = s)d).

Question 10. Which of the following functions f : R — R are convex? Select
all that apply.

1. flx)=x v
2. f(x) = 2? v
3. f(z) =23
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4 f@)=e* v

The line through any two points on the graph of f(z) = z coincides with the graph,
so it is convex. For f(z) = 22 and f(z) = e® the convexity should be clear from
looking at their graphs, though we can actually prove it using the next proposition.
And for f(x) = 23, the line through (—1,—1) and (1,1) is ¥ = z, and the point
(—%, —%) on the graph sits above this line, so it isn’t convex.

Proposition 2.34. Let f : [a,b] — R be continuous on [a,b] and have a second
deriwative f"(x) on (a,b). Then f is convex if and only if f"(x) > 0 for allx € (a,b).

Proof. We prove the direction (=) first. Suppose f is convex and take points z < y
in (a,b). We choose another two points ¢ and d with

r<c<d<y,

and argue directly from the definition of convexity that

fle) = f(x) _ Flw)— f(2) _ flu) — F(d)
c—w - y—x - y—d

since these are the slopes of line segments from (z, f(z)) to (¢, f(c)), from (z, f(x))
to (y, f(y)), and from (d, f(d)) to (y, f(y)) respectively.

:;; c d Y
fly) — f(d)
d

We take limits as ¢ | z to get f/(z) < , and then as d 1Ty to get

f(@) < fy)

But this works for any x and y in (a,b) with < y, so f’ is monotone increasing on
(a,b), and thus f”(z) > 0 for all z € (a,b).

In order to prove the direction (<), we now suppose that f”(z) > 0 for all x €
(a,b). Fix ¢ <t < d in the interval [a, b] and write t = sc+(1—s)d, where 0 < s < 1.
By Taylor’s theorem, we can write f(c) in terms of the first-order Taylor polynomial
of f at x = t: there is some z € (¢, t) such that

fle)=fO)+ ft)(c—1t)+

f/IQ(z) (C - t)27
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and since f”(z) > 0 this gives us an inequality
fle) = f(t) + f'{t)(c—1)
= f(t) + f' () ((1 = s)(c —d)).
Likewise for f(d), there is some w € (t,d) such that

£ = £+ £ -0+ LU @17 > g0+ Pera o),

so that

f(d) = f(t) + f(1)(s(d — o).

Combining these inequalities, we have

SF@) + (1= 9)(d) > s (J0) + @1 =) - )
+(1=5) (FO) + 70 (st - ) )
= (s +(1-— 3)) f)+ 1) (s(l —s)(c—d)+s(1—s)(d— c))
= (1
= f(sc+ (1 —s)d),

and this works for any ¢ € (¢, d), hence for any s € (0,1), so f is convex. O

2.6 Limits of differentiable functions

We have already seen that a sequence ( fn) of continuous functions can converge
pointwise to a discontinuous function; introducing the notion of uniform convergence
gave us a way to ensure that the limit is continuous. We can ask similar questions
about the derivative of a pointwise limit.

Example 2.35. Define a sequence f, : [0,1] — R for all n € N by

fn(z) = ﬁ

n
Then f, — 0 uniformly, because for any € > 0 and all z € [0, 1] we have

n

1

n

X

—| < <€

’fn(aj) - O’ =

as long as n > % But the f, are all differentiable, and the familiar sequence
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does not converge to a continuous function on [0, 1]. In particular, we have

lim f/(1) =1

n—oo

even though the derivative of the limiting function f(z) = 0 satisfies f'(1) = 0.

The problem in this example is that the derivatives f] () do not converge uniformly.
When they do, the outcome is much nicer.

Theorem 2.36

Let f, : [a,b] — R be a sequence of differentiable functions, and suppose there
is some ¢ € [a,b] such that lim f,(c) exists. If the sequence ( ffl(x)) converges
n—oo

uniformly on [a, b], then ( fn) converges uniformly to a function f : [a,b] — R,
and for all z € (a,b) we have

f'(z) = lim f(x).

n—oo

The proof is a bit long, so we’ll break it up into two steps.

Step 1: the functions f, converge uniformly. Fixing some € > 0, the convergence of
( fn (c)) and the uniform convergence of the functions ( fT’L(x)) guarantees that there
is some N > 1 such that for all m,n > N,

1
| fnlc) = fm(c)] < g and  |f,(z) — fl,(2)] < % o

for all x € [a, b]. The left side is simply the fact that ( fn (c)) is a Cauchy sequence; for
the right side, if f],(x) — g(x) then we take n large enough such that | f) (z)—g(z)| <

—4(b€—a) for all z, and apply the triangle inequality

€ €

11(0) = Ful@)] < 1£4(2) = 9la)] +1o(@) ~ @) < 1505 + G5 —ay

With m,n > N as above, we apply the mean value theorem to the function f,(z) —
fm(x) to see that for x # ¢, there is some ¢ between x and ¢ such that

(fn(w) — fm(x)) — (fn(c) — fm(c)) _ fT/L(t) - fr/n(t>

T —c
We have |f] (t) — fI.(t)] - |[x —¢] < m(b —a) = §, so by the triangle inequality
() = ()] < |(fa(x) = fin(2)) = (Fule) = Fn(e))] + | fulc) = fm(c)]
< % + % = €.
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This says that for any x € [a, b], the sequence ( fn(x)) is Cauchy, hence convergent.
We define f : [a,b] — R to be the pointwise limit of the f,, and taking m — oo

above gives
|fn(x) — f(x)| < eforalln> N.

So in fact the functions f, converge uniformly to f. m

Step 2: the derivatives f], converge to f'. We now fix a point y € (a, b) and consider
the continuous functions

Jn(z)—fn(y) T 7&
Il y
gn(x) = / Y
fn(y)> r=y

defined on [a,b]. We fix € > 0 and then take N > 1 and m,n > N just as before,
and then for x # y, the mean value theorem once again gives us t between x and y
such that

‘ (fn<x> — fm(x)) — (fn(y) — fm(y))
r—y

|=uuw—ﬂﬁn<2w_®.

Taking m — oo, this becomes

[EEIEEEI O] P
r—vy —2b—a)

hence |gn(z)—g(x)| < m for all z # y. Since lim g, (y) also exists by hypothesis,
n—oo
it follows that g, converges uniformly to a function g, with

_f@) = fy)
r—y

for all z # y,

Since the convergence is uniform, Corollary 1.35 tells us that we can exchange limits:

n—00 n—oo \ T—y
= lim (lim gn(a:)>
Ty \ n—oo
= lim g(z)

Ty
o S0 = I@)
Ty r—vY

lim f)(y) = lim (lim gn(aj)>

= f'(v),

and this is exactly what we wanted to show. O
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Theorem 2.37: Differentiation of power series

o0
Let f(x) = Z anx" be a power series with radius of convergence R > 0. Then

n=0
f has a continuous derivative on (—R, R), and

o0
f'(z) = Znanxn_l
n=1
for all |z| < R.

Proof. We recall that f(x) converges absolutely for any |z| < R. Given any positive

r < R, and letting t = TBR, we also proved by the Weierstrass M-test that the

partial sums

n
folz) = Z a; !
i=0
converge uniformly to f(z) on the interval [—¢,t] C (=R, R). Thus f,(0) — f(0).

n

We have f] (x) = Z ia;z' L. If |x| < t, then for all sufficiently large i we have

i=1
i1
(7)
t

The key observation here, left as an exercise, is that if 0 < s < 1 then is'~! < 1 for
¢ large enough. So we apply the Weierstrass M-test with

|a;t"|
¢

<

ia'xil‘ _ |aiti|
; —

t

i

; a;t
lia;z "t < M; = —— for all large enough 1,
(0.9]
using the fact that %Z a;t" converges absolutely, to see that
1=0

o0
fr(z) — Ziaixi_l uniformly on (—t,1),
1=0

with the limit series being continuous. (Why is it not a problem that we may have
lia;z'~t| > M; for finitely many 4?) Since the derivatives f!(x) converge uniformly
on [—r,r] C (—t,t), and f,(0) — f(0), the above theorem tells us that

oo

fl@) = lim fi(z) = i’

n—00 .
=1
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on the interval [—r, 7], and this works for any r < R. O

Example 2.38. Let f(z) = % for [z| < 1. Then f is equal to the power series
o0
1
] = Z 2", which has radius of convergence 1. We can differentiate both
—x

n=0
sides to get

1 —x)? Z na’
and then multiply by = to deduce for all x € (—1,1) the identity

T

m:an”:x+2x2+3a:3+4x4+....

n=1

Example 2.39. We defined cos : R —+ R and sin: R — R by

cos(z) = Re E(iz), sin(z) = Im E(iz).
> TL
Using the power series E(x Z 1 e have
=0
L (_1)n/2xn - (_1>(n—1)/2xn
gy (3 ) 0 ),
n even n odd
so substituting n = 2k in the first sum and n = 2k 4 1 on the right gives
> k 22k 2 4 6
x x x
COS ZO :1—?+E—a+,
©© k: 2/4:—!—1 3 5 7
x x x
sin(z —ZO 2kr+ _x_§+§_ﬁ+""

Both of these are power series with infinite radius of convergence, so we can
differentiate term by term to get

k2k

—sm i%—{—l—x:iﬂzcos(@
pa +1)! (2k)!
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and

d
o cos(x)

(_1)k:x2k:—1
R 5w

M

e
I

1
_(_1)mw2m+1

(2m + 1)!

o

= —sin(x).
0

3
I

(Here in the second step we substituted m = k — 1.) So we conclude that sin(x)
and cos(z) are differentiable on all of R, with derivatives cos(x) and — sin(z)
respectively.

We can use these computations to understand more about sin(x) and cos(z), and in
particular to define the constant .

Lemma 2.40. There is a positive real number y > 0 such that sin(y) = 0.

Proof. Suppose not. Then it’s also true that cos(z) # 0 for all z > 0, because if
cos(x) = 0 for some x > 0 then

sin(2zx) = 2sin(z) cos(z) =0

and we can take y = 2z. Since cos(0) = 1 is positive, the intermediate value theorem
implies that cos(z) > 0 for all x > 0. But then the derivative of sin(x) is positive on
(0, 00), so sin(z) is strictly monotone increasing on [0, 00). In particular, sin(z) > 0
for > 0 as well.

We now apply the mean value theorem to cos(z): for any x > 1, there is some
t € (1,z) such that

cos(x) — cos(1) — —sin(t) = cos(z) = cos(1) — (z — 1)sin(t).

r—1

Since sin is a positive, increasing function on (0, 00), it follows that

cos(x) < cos(1) — (x — 1)sin(1) for all x > 1,

cos(1)

but if welet z = 1+Sin(1)

> 1 then we have cos(z) < 0 and this is a contradiction. [

Proposition 2.41. Define m = inf .S, where
S ={y>0]|sin(y) = 0}.

Then m > 0, and sin(0) = sin(7w) = 0 while sin(z) > 0 for 0 < z < .
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Proof. We have shown that S is nonempty, and it is bounded below by 0, so m > 0.
We also have sin(m) = 0, because if we take a sequence (xn) C S with z,, = 7 then
the sequential continuity of sin(x) says that
sin(r) = lim sin(z,) = lim 0= 0.
n—oo n—oo
In order to see that m > 0, we note that - sm(:v) = cos(z) is positive on some
interval [0,0) with 6 > 0, since cos(0) = 1 and so sin(x) is strictly monotone
increasing on [0, ]. It follows that sin(x) > sin(O) =0 for all z € (0,0), and hence §
is a lower bound for S as well, so 7 > ¢ > 0. And then sm( ) >0, so if sin(z) <0

for some = € (0,7) then the intermediate value theorem would give us an element
of S'in (0,7), and this is impossible, so sin(x) > 0 on (0, 7) as claimed. O

In fact, it is possible to show that S = {n7 | n € N}, though we will not do this
here; we merely observe that

sin(27) = 2sin(7) cos(m) = 0,

and one can show that sin(nr) = 0 for all n > 1 by induction.

We now observe from their power series that

i ( s k 22k
cos(—z) = Z Z = cos(x)
k=0 k=0
and
o0 x)2+1 2 (—1)kg2kH
sin( % 2k+ g 2k‘+ 0 = —sin(x),

meaning that cos(z) and sin(z) are even and odd functions, respectively. Then

+1 sin(a:)) (cos(x) - isin(x))
+ isin(x)) (cos(—x) + isin(—x))

cos?(z) + sin?(z) = (cos x

Theorem 2.42

We have sin(x + 27) = sin(z) and cos(z +27) = cos(x) for all z € R. The same
identities do not hold if we replace 27 by any smaller p > 0.
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Proof. Tt follows from the angle addition formula for cos(x) that
cos(2z) = cos?(x) — sin’(z) = 1 — 2sin’(z) = 2cos?(z) — 1,
and since sin(z) is strictly positive on the interval (0, 7) and sin(7) = 0, we have

cos(m) = 1 — 2sin? (g) <L

But cos?(m) = 1 — sin?(7) = 1, so we must have cos(r) = —1 and
cos(2m) = 2cos?(m) — 1 = 1.
We use this to conclude that

sin(x + 27) = sin(x) cos(2m) + cos(z) sin(27) = sin(x)

cos(x + 2m) = cos(z) cos(2m) — sin(x) sin(27) = cos(x)

for all z € R.

Finally, if sin(x+p) = sin(z) and cos(x+p) = cos(x) where 0 < p < 27, then we have
sin(p) = sin(0) = 0, so p > 7 by our definition of 7, and likewise cos(p) = cos(0) = 1
implies that p # w. But then

sin(p — ) = sin(p) cos(m) — cos(p) sin(mw) = 0 - cos(m) — cos(p) - 0 =0

while 0 < p — 7 < 7, contradicting the fact that sin(z) is nonzero on (0, 7). Thus
we cannot replace 27 with any smaller positive value of p, as claimed. O
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3 Integration

No one’s fast like Gaston
Good at maths like Gaston
Finds the area under a graph like Gaston

- “Gaston Darboux”, definitely not from Beauty and the Beast

A definite integral f: f(z)dz is supposed to measure the area between the z-axis
and the graph of a function f : [a,b] — R.

/()

Area = f; f(z)dx

In the next few sections we’ll see how to make this precise, using the Darboux integral
— this is equivalent to the more familiar Riemann integral, so we may also call it
“Riemann—Darboux integration” — and develop some key properties.

3.1 Darboux sums

The rough idea behind the Darboux integral is that we can estimate the area under
the graph of f(x) by approximating it with rectangles, since we know the area of
a rectangle. If the rectangles all lie under the graph of f(x), then we’ll get a lower
bound; if they cover the whole area between the x-axis and the graph, then we’ll
get an upper bound.

N

< Area <

In order to do this, we split the interval [a, b] into finitely pieces as follows.
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Definition. A partition of the interval [a, b] is a finite sequence of real numbers
P = (zg, 1, 22,...,x) such that

a=x0< 11 <T2<---<x) =0

We can view a partition P = (xg,....zx) of [a,b] as splitting it up into closed
intervals
[zo, z1], [1,22], [w2, 23], ..., [z, 4],

and we write Az; = z;41 — x; > 0 for the length of the interval [z;, z;+1]. If
f i [a,b] = R is a bounded function (but not necessarily continuous!), then we can
define

mi= inf  f(1), M= swp  f(t)

2 <t<Tit1 2 <t<wit1

for 0 < i < k. We define the lower Darboux sum of f with respect to P as
k—1
L(f,P) =) milx
i=0
and the upper Darbouz sum of f with respect to P is similarly

k-1
1=0

Note that the m;Ax; terms are the areas of rectangles lying just under the graph of
f, as pictured above at left, and the M;Ax; terms are areas of rectangles lying just
above the graph, as shown above at right.

Question 11. Which of the following is true for any function f : [a,b] — R
and any partition P = (xg, 21,...,2y) of [a,b]?

1. At least one of L(f, P) and U(f, P) exists.

2. If f is continuous then both L(f, P) and U(f, P) exist. v
3. We always have L(f, P) < U(f, P) if both are defined.

4. The value of L(f, P) does not depend on P.

If f is continuous then the extreme value theorem says that it is bounded on [a, b],
so both L(f, P) and U(f, P) exist. It is possible for f to not be bounded above or
below on any interval, and then L(f, P) and U(f, P) are not defined because inf f
and sup f are not defined on any interval: for example, consider

ﬂ@{Q e

(—1)Pq, z= § € Q.
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Also, if f is constant then we have L(f, P) = U(f, P), and nearly any example
will show that L(f, P) depends on P (take f(z) = « on [0,1] and P = (0,1) but

P'=(0,3,1)).
Example 3.1. Suppose that f(x) = c is constant on [a,b]. Then for any
partition P = (xg,...,xx) of [a,b], we have
m; = inf  f(t)=¢, M;= sup f(t)=c
@i <U<Tig 2 <t<mis1

for all . The corresponding lower and upper Darboux sums are

k—1
L(f,P)= ZmiAxi =c(r1 —x0) +c(zg —x1) + - + (T — TR—1)

1=0

= c(x) — xo) = c(b—a)
and similarly

k—1

U(f,P)= ZM@A@ = c(z — xo) = c(b—a).
1=0

So L(f,P)=U(f,P)=c(b— a) for all P.

0, €
Example 3.2. Let f(z) = v€Q and fix a partition P = (xg,...,z) of
17 x g Q?
[a,b]. Then any interval [x;, z;41] contains both rational and irrational numbers,
so we have
m; = inf  f(t) =0, M;= sup f(t)=1.

TiSESTiga i SU<Tiq

Thus for any P we have
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Example 3.3. Let f(z) = z on the interval [0, 1], and consider the partition
1

P, = (0,%,%,...,%,1) with z; = % for 0 < i < n. We have Ax; = % for all
1 <mn, and
. 1
m; = inf t:£, M; = sup t:2+ 7
RSt i<ttt "
so we compute that
n—1 n—1
i1 1 lnn-1 n-1
(7, Pn) n n n? Zl nz 2 2n
=0 1=0
and similarly
il 11 e 1an+1) n+l
i n(n n
(F, Fn) —~ n n? 4 O(Z+ ) n? 2 2n
1= 1=

Lemma 3.4. Given a bounded function f : [a,b] — R and a partition P of [a,b],
we have

L(f,P) <U(f, P).
Proof. For alli=0,1,..., k—1 we have Ax; > 0 and

m; = inf f(t)< sup  f(t) = M;

i SU<Ti4 T <t<zis1
and so
k—1 k—1
L(f,P) :ZmiASL’Z' SZMZsz:U(f,P) ]
1=0 1=0

Of course, there’s no reason to think that L(f, P) and U(f, P) should be equal, but
we might hope that the more points we add to our partition, the closer they get to
the actual area we want to measure, and this turns out to be true.

Definition. A partition @) is a refinement of P, written P < @, if and only if
every point of P is also a point of Q.

The common refinement R of any two partitions P and () is the partition whose
points are precisely those points belonging to either of P and (. It satisfies
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P < Rand Q < R.

A
Y
>

A
Y
=

Question 12. Let P,Q, R, S be partitions of [a,b]. Which of the following is
not true?

1. f P<Q@Qand Q < R, then P < R.
9. Bither P<Q or Q < P. v

3. If R is the common refinement of P and (), then P < S and Q < .S implies
R=<S.

4. Ye > 0, P has a refinement Q) = (zo, ..., zy) with max(z;11 — ;) < e.
(3

The second option is false: for example, if P = (0, %, 1) and @ = (0, %, 1) then % ep

does not belong to @), and % € () does not belong to P. The first and third options
follow from the definitions, and the fourth is less obvious but we can first take

1 2 —1
R:(a,a—i——(b—a),a+—(b—a),...,n (b—a),b)
n n

n

b—a b

for n large enough — here we have max(z;4+; — z;) = —— < e if n > =2
) n

then let @) be the common refinement of P and R.

— and

Proposition 3.5. If Q) is a refinement of P, then we have
L(f.P) < L(f,Q) <U(f,Q) < U(f, P).

Proof. We'll reduce this to the case where @) \ P is a single point. In general, if
Q \ P consists of m points ay, ..., an, then we can define a sequence of partitions

P=P <P <P=<---<P,=0Q,

where for 1 < k < m we build Py by adding the point ay to Py_1. Since |Pi\ Py_1| =
1 for all k, we repeatedly apply the m = 1 case of the proposition to get

L(f, P) < L(f, P1) < L(f, P2) < --- < L(f, Pn) = L(/, Q)
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and likewise
U(f,Q)=U(f,Pm) SU(f, Ppn—1) <--- < U(f, 1) U(f, P).
Putting these together, we conclude the general case from the case where m = 1.
To prove the m = 1 case, suppose that P = (zg,x1,...,zy,) and that
Q= (20, Tk, Y, Tht 1y -, Tp)

for some k and some y € (g, Tgi1)-

/L

a Tk T+l b a Y b

Then almost all terms in the lower Darboux sums for P and () are the same, be-
cause they mostly compute the areas of the same rectangles: the difference happens
entirely on the interval [xy, xp11], and so we compute that

TE<t<y Y<t<wi41

L(f.Q) = L(f, P) = (( inf f(t)> <y—xk>+( inf f(t)> <xk+ly>>

- ( inf f(t)> (Tht1 — Tp)-

T <t<Tk41

Some rearranging, using the fact that ;1 — 25 = (xp11 — y) + (y — %), gives us

L(f.Q) = L(f. P) — ((xkggyf@)) _ (Mitgg kﬂf(t))) o
' (( inf f(t)> _ ( inf f<t>)> (on1 1)
y<t<wpi1 Tp<t<Tpi1

Both y — x} and xy,1 — y are positive, and we have

(mkléntfﬁyf@)) 7 <y§ti££k+1 f<t>> = (xksitr%f;vk-ﬁ-l f(t)>

because a lower bound for f(x) on [xy, x4 1] is certainly also a lower bound for f(z)
on each of [z, y] and [y, x5 1], so each difference of infima above is nonnegative and
we conclude that

The same argument with sup instead of inf shows that U(f,Q) — U(f,P) <0. O
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Using these inequalities, we can prove that any lower Darboux sum for f is less than
or equal to any upper Darboux sum of f, regardless of the partitions we use.

Proposition 3.6. If f : [a,b] — R is bounded, and P and Q are any partitions of
[a,b], then
L(f,P) <U(f, Q).

Proof. We let R be the common refinement of P and Q. Then P < R and Q < R,
SO

L(f,P) < L(f,R) <U(f,R) <U(},Q)
by applying the last proposition twice. These imply that L(f, P) < U(f, Q). O

3.2 The Darboux integral

The inequality L(f, P) < U(f,Q) for any P and @) says that the set
{L(f,P) | P is a partition of [a, b]}

is bounded above by any upper Darboux sum U(f, @), and likewise the set
{U(f,P) | P is a partition of [a, b]}

is bounded below by any lower Darboux sum L(f, Q).

Definition. Let f : [a,b] — R be a bounded function. We define the lower and
upper Darbouz integrals of f on [a,b] by

b b
/Lf(x)dx:sgpL(f,P), /a f(x)dx:i%fU(f,P).

b b
Lemma 3.7. If f : [a,b] — R is bounded, then/ flz)dx < / f(z)dx.

Proof. For any partitions P and @), we have L(f, P) < U(f,Q), and so U(f,Q) is
an upper bound for the set of all lower Darboux sums L(f, P), or

b
/ fla)ds = sup L(£,P) £ U(£.Q),
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b
Then / f(x)dzx is a lower bound for the set of all upper Darboux sums U(f, @),
a

SO . —
/Lf(aj)dxglng(f,Q):/af(x)dac

O

as claimed.

Definition. If the upper and lower Darboux integrals of f on [a,b] are equal,
then we say that f is (Darbouz) integrable on [a,b], and we define

/abf(x) dz & /Lbf(a:) dz = ff(x) dz.

Remark 3.8. The “dx” part of the integral is a bit of notation that says we're
integrating a function of x. We could change the name of the variable, and the
definition would still be the same: it makes perfect sense to say that

/abf(t) dt = /abf(x) da.

Example 3.9. When f(x) = ¢ is constant on [a, b], we computed that L(f, P) =
U(f,P)=c(b—a) for all P. Thus f(z) = c is integrable, with

/abcdx:c(b—a).

0, ze€@Q

1, x¢
L(f,P)=0and U(f,P) =0b— a for all P. Thus

/Lbf(x)d:v:0<b—a:ff(x)dx

and since the lower and upper Darboux integrals are not equal, f(x) is not

integrable on [a, b].

Example 3.10. We computed for f(z) = on the interval [a, b] that
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Example 3.11. Let f(x) = z on the interval [0, 1], and let P,, = (0, %, %, . == 5 )
We computed that

1
—1 —1 1
L(f,Pn):TLQn for all n = /xdxzsugnn =5
0 ne

and similarly

1
n+1 .n+1 1
U(f, Pn) = = — foralln = /Oxdxgérellf\] — =3

Since the lower Darboux integral is less than or equal to the upper one, we have

1 1 1
S/xdxg/xdxg—,
0 0 2

| —

and hence both of them must equal . So f(z) = z is integrable on [0, 1], with

1
1
/ rdr = —.
0 2

Note that this coincides with the area of the triangle 0 <y <z, 0 < x < 1.

1

This last example illustrates an important principle: if we want to show that f(z)
is integrable on [a,b] then we don’t really need to consider all partitions of [a, b],
just some well-chosen sequence of partitions for which the lower and upper Darboux
sums converge to the same value. To make this precise:

Proposition 3.12. A bounded function f : [a,b] — R is integrable if and only if for
every € > 0, there is a partition P of [a,b] such that

U(f,P)— L(f,P) < e.

Proof. (=) Since f is integrable we have

b b T b
o L(J.P) = / f(z) do = / f(z) do = / (x)dz = inf U (£, P).
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so given € > 0 we can find partitions () and R of [a, b] such that

b b
Lm@>/fwm—; UMM</f@M+§

Let P be the common refinement of () and R; then () < P and R < P, so we have

L(f,Q) < L(f,P) < U(f,P) <U(f,R)

and therefore

U(f, P) = L(f, P) <U(f, R) = L(},Q)

(o) (Lo

(«<=) Take € > 0 and a partition P with U(f, P) — L(f, P) < €. Then we have

T b b
Og/f(x)dx—/f(x)d:c: <i%fU(f,Q)> - (SgPL(ny)>

SU(f,P)—L(f,P)<6

Since the difference between the upper and lower Darboux integrals lies in [0, €) for
all € > 0, it must be 0, and so f is integrable. O]

By thinking a little harder about this argument, we can also extract the value of
f; f(z) dx from the Darboux sums of any sequence of partitions that were used to
prove the integrability of f(x).

Proposition 3.13. Given a sequence (Pn) of partitions of the interval |a,b] such

that lim (U(f, P,) — L(f, P,)) =0, we have
n—oo

n—oo n—oo

b
/ f(z)dx = lim L(f, P,) = lim U(f, Fy).

Proof. The previous proposition shows that f(x) is integrable on [a,b]. We have a
sequence of inequalities

b b T b
wpry< [ swd= [ rode= [ swa<vie)
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for any n, so from L(f, P,) < fab f(x)de < U(f, P,) it follows immediately that

b
0< / f(x)dz — L(f,P,) < U(f, P,) — L(f, P).

The right side goes to zero as n — oo, hence so does fff(m) dx — L(f, Py). The
same argument shows that U(f, P,) f f(x)dz — 0. O]

Example 3.14. Let f(z) = 2? on [0,1], and consider the partitions P, =

(O,n,n,..., ~ ,1) Then
?
f 2| Az = vy 2_ 4% 2
(f? ) ; (Z <1tg i+1 ) ) ; <n> n n3 — 1
n—1 n—1 2 n
 + 1 1 1
' ' n non
i=0 \ nStsSF =0 =
and so U(f, Pn) — L(f, P) = 75(n* = 0%) = + — 0. Thus
1
1 1)(2 1 1
/ 22 dz = lim U(f,P,) = lim _3n(n+ )(2n + ):_'
0 n—00 n—o0 1N 0 3

Example 3.15. Let f(x )— ~on [1, ] for some integer b > 1, and let
1 2 1
P, = (1,1+—,1+—,...,b——,b>.
n n n

Then we compute that

Lf.P) = )
1=0

=

N

El

AN
N

inf Ax;
144 <t<1421 t

_(b—l)n—l 1 (b—1)n—1

Py 14 =L - n P n—|—2+1
S + ! + +
T n+1l n+2 bn
:an_Hm

where Hjp = % + % + -4 % is the kth harmonic sum. The same computation
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shows that

U, Pa) =+ 44 s = UG, Pa) = DU Pa) = = = 2 = 0,

bn —1 bn

so f(x) is integrable, and

b
1
/ —dx = lim L(f,P,) = lim (Hy, — Hy,).
L

n—oo n—oo

On a problem sheet we showed that v = klim (H E— log(k)) exists, so we have
—00

lim (Hy, — Hy) = lim ((an - 1og(bn)) - (Hn - log(n)) + log(b))

n—oo n—o0
= lim (Hp, —log(bn)) — lim (H, — log(n)) + log(b)
n—oo n—oo

= — v+ log(b) = log(b)

by the algebra of limits, and thus flb % dx = log(b).

The same criterion for integrability lets us prove the following important theorem,
showing that the vast majority of familiar functions are integrable.

Theorem 3.16

Let f :[a,b] — R be a continuous function. Then f is integrable.

Proof. We know that f is bounded by the extreme value theorem, and it is uniformly
continuous since [a, b] is compact. The latter says that given any e > 0, there is a
9 > 0 such that for all z,y € [a, 1],

€

=yl <6 = |f@)~ F@) < .

a

We can choose a partition P = (g, 21, ..., Z,) of [a, b] such that Ax; = x;41—2; <
for all 7, say by taking z9 = a and x,, = b where n = L@J, and then letting
xi:a—{—% for 1 <4¢<mn—1. Then for all 7 we have

€

b—a

Y,z € [wiwip] = ly—2 <Az <d = |fly) - f(2)] <

By the extreme value theorem, we can find y, z € [x;, j41] such that

T <t<xit1 i <t<wit1

MW(SW m0<iﬁ mﬁzﬂw<wx
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and then |y — z| < 0 implies that

0< M;—m; <

€
b—a

We now estimate the difference between the upper and lower Darboux sums as

n—1
i=0
n—1
€
<Dy (wir — )
1=0
¢ n—1
=5 > (@i — ;)
=0
€ €
= b_a(xn—xo) = b_a(b—a) =e.

Since such a P exists for any € > 0, we conclude that f(z) is integrable on [a,b]. O

The converse to this theorem is false, though: an integrable function need not be
continuous.

Example 3.17. Pick some ¢ € [a,b] and define f : [a,b] — R by

fa) = {0’ rre

1, z=c

Then for any partition P of [a,b], we have L(f, P) = 0, because every interval

[, zi+1] contains a point x # ¢ where f(t) = 0. Thus f_;f(x) dxr = 0. We also
have

U(fP)= ) 1-Aun

cE[zi,wis1]

and either one or two such closed intervals contain ¢ — it’s one if ¢ is in the
interior of an interval, and two if it’s a common endpoint of two of them.

1] . 1]
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We choose a partition P, such that Az; < % for all 7, and then we have
U(f,Pn) <2 (%) = % It follows that fabf(x) dr < 0, so in fact f(x) is in-
tegrable and f; f(z)dx =0.

Question 13. Under which of the following circumstances must a bounded
function f : [0,1] — R be integrable?

1. f is differentiable on (0, 1).

2. f is monotone increasing.

3. f is discontinuous at finitely many points.
4. All of these. V'

5. None of these.

If f is differentiable on (0,1) then it is continuous there, so it is integrable. For
monotone increasing functions, we take a partition

12 1
Pn:<o,—,—,...,” ,1>
mn n n

and then we compute that

n—1 . )
v s -8 (1 (5) (1) -5

1=0

which goes to 0 as n — oo, so f is integrable. If f has finitely many discontinuities,
say k of them, then we can try to repeat the proof that continuous functions are
integrable, and the additional contribution to U(f, P)—L(f, P) from the subintervals
where f is discontinuous will be at most k- (sup f —inf f)J, which vanishes as § — 0.

3.3 Basic properties

In this section we’ll establish some basic properties of the Darboux integral.

Proposition 3.18. If f,g : [a,b] — R are integrable and f(x) < g(x) for all

x € [a,b], then . .
/a fla)do < / 9() da.
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Proof. The inequality f(z) < g(z) implies that L(f, P) < L(g, P) for all partitions
P of a,b, so then

b b
/ f(z)dx =sup L(f, P) <sup L(g, P) = / g(x) du.
Ja P P a

The lower Darboux integrals on either side are equal to f; f(z)dx and fab g(x)dx
respectively, so the proof is complete. O

The next theorem asserts that integration is a linear operator.

Theorem 3.19

If f and g are integrable on [a, b], then

/ab(cf()—i—dg /f d:c—i—d/ g(x) da

for any constants ¢, d € R.

The proof follows immediately from combining the next two propositions. Their
proofs are a bit tedious, but they each follow the same general outline: take some-
thing we already know to be integrable, find a sequence of partitions so that the
lower and upper Darboux sums converge to the integral, and then manipulate these
Darboux sums to show that something else of interest is also integrable.

Proposition 3.20. Let f : [a,b] — R be integrable. Then cf(x) is integrable on

[a,b] for any c € R, and
b b
/ cf(x)da::c/ f(z)dx

Proof. We pick partitions P, of [a,b] with U(f, P,) — L(f, P,) < + for all n. If ¢ >0
then we have

L(cf, Py) = cL(f, Py), Ulef,Py) =cU(f, Pn)

and so U(cf, P,) — L(cf, P,) < 1 for all n. Since this difference goes to zero as
n — 00, we see that cf(x) is integrable and

b
/cf(:c)da:: lim L(cf, P,) = hm cL(f, Py) _c/ f(z

n—oo
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If ¢ < 0 then nearly the same argument applies, except we notice that

inf cf(x)c( sup f(x))

i <t<®it1 2i<t<zit1

for all ¢, and this implies that L(cf, P,) = cU(f, Py); similarly U(cf, P,) = cL(f, Py).

But we still have

Ulcf, Pp) — L(cf, Pn) = —c (U(f, Pu) — L(f, Pa)) — 0,

so cf(z) is still integrable, and

b
/ cf(x)de = lim L(cf, P,) = hm cU(f, Py) / f(z O

n—oo

Proposition 3.21. Let f,g : [a,b] — R be integrable. Then f + g is integrable on

[a,b], and
b b b
/ (f(x)+g(9c)) dx:/ f(a:)dx+/ g(x) dx.
Proof. We check the inequalities
i (10 +ot0) = (0 1) + (g ato)
sup (f(z) +g(x)) < (sup f(x)> + (221;9(1‘)) ,

zeSs z€eSs

which immediately imply for any partition P of [a, b] that

L(f, P)+ L(g, P) < L(f + 9, P), U(f+9,P) <U(f, P)+Ulg, P).

For any n > 0 there are partitions P, and @, of |a,b] such that
US.Pa) ~ L(f.Pa) < 5 U9, Qn) ~ L(9.Qu) <
y N y <N 277,’ gv n ga n 277,7
and if R, is a common refinement of both P, and @), then it follows that
1
U(f,f&ﬂ _'L(fafaﬂ S U(frph)__L(fvf%)'< gﬁﬂ

U(g, R ~ Lo, B) < U9, Qn) ~ L, @n) < 5
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So then

U(f+g,Rn) = L(f + 9. Rn) < (U(f, Rn) + Ulg, Rn)) = (L(f, R

= (U(f, Ra) — L(f. Ra)) + (U(g, Rn) — L(g, Rn))

+
h
)
=
S
=

Since we can do this for any n, it proves that f + ¢ is integrable. We have

b
| 0+ a(@) do = tim 15+ 9.5
> lim L(f, Ry) + li_)m L(g, Ry)

n—oo

— /abf(:c) dz + /abg(:v) dz,

and the same argument with upper Darboux sums instead of lower sums shows that

A%memDmslvwm+Lme,

so the two sides are equal. O]

Theorem 3.22

Let f : [a,b] — R be integrable, and choose ¢ € (a,b). Then f is integrable on
each of [a, c| and [c, b], and

LZ@M:L?@M+Z%@M.

Proof. Since f(x) is integrable on [a, b], given any n > 0, we can find a partition P,
of [a,b] such that

1
U(f,Pn) — L(f, Py) < .
We refine P, to a partition (), which also contains ¢, and then

U(f,Qn) — L(f,Qn) < U(f, Pa) — L(f, Po) < %

Now @, = (a, 21,22, ..., Tf_1,C, Tpa1,---,Tm—1,D) gives us partitions
Ql,n = (CL?:CL ey Th—1, C)a
QZ,n — (07 Tk41,---sTm—1, b)
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of [a, c] and [e, b] respectively, and by definition we have

L(f? Qn) = L(f? Ql,n) + L(f7 QQ,TL)?
U<f7 Qn) = U(f7 Ql,n) + U(fu QQ,n)-

Each U(f,Qin) — L(f, QZ n) 1s nonnegative, and their sum over ¢ = 1,2 is equal to
U(f,Qn) — L(f,Qn) < =, so we must have

0< U(f, Qz,n) — L(f, Q%n) < %, 1=1,2.

Since we can do this for any n > 0, it follows that f(z) is integrable on each interval.
We also have

b
hm L(f,Qin) = / f(x nh_{roloL(faQQ,n):/ f(z)dz

and so the algebra of limits says that

b
/ f(z)de = lim L(f,Qn)
= lim (L(f.Qun) + L(f, Q2n))

/f d:c—l—/f H

We can also compose continuous functions with integrable ones and the result will
be integrable, even if we can’t say much about the actual value of the integral.

Theorem 3.23

Let f : [a,b] — R be integrable, with m < f(x) < M for all x € [a,b], and let
g : [m, M] — R be a continuous function. Then

is also integrable on [a, b].
Question 14. Let f : [a,b] — [m, M] be integrable and let g : [m, M| — R be
continuous. Which must be true of h(z) = g(f(z))?

1. h(z) is bounded. v
. h(z) is continuous.

2
3. h(zx) is monotone if g(z) is
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4. More than one of these.
5. None of these.

We know that ¢ is bounded because it is continuous on a compact interval, hence so
is h. But if we take g(x) = = then h won’t be continuous or monotone unless f is.

Proof. Fix € > 0. Since g(z) is continuous on a compact interval, we know the
following:

e The extreme value theorem provides Z iy, Tmax € [m, M| which satisfy g(min) <
9(x) < g(zmax) for all z € [m, M], and we set

C = g(Tmax) — g(xmin) +1>0;
e g(z) is uniformly continuous, so there is a § > 0 such that

= vl <5 = lol@) = 9l < 55—

We are allowed to replace d with a smaller value, so we insist that § < 5.
Since f(x) is integrable, we pick a partition P = (zg, z1,...,x,) of [a,b] such that
U(f,P)— L(f, P) < 6%

Letting m; = inf  f(¢) and M; = sup f(t), this means that

T ST i <t<mit1

i
L

(Mi — mZ)AfL“Z < 52.

@,
Il
o

We call an index i good if M; —m; < § and bad otherwise. Our goal is to bound
U(h, P) — L(h, P) by separating the contributions from good and bad indices into
two different sums. Each good interval will contribute a small amount by itself; we
can’t say this about the bad intervals, but we’ll show instead that their total length
is very small.

First, if 7 is good then for all z,y € [2;, x;+1] we have

f(y) = f(x)] <0 = [9(f(y) —g(f(x))] < o—a)

€
h(t) | — inf A(t) ) < ——.
<m1<stlilg)vl+1 ( )> <$i§¥%$i+1 ( )> - 2<b — a)
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On the other hand, if i is bad then we only know that (sup h(t)) — (inf h(t)) < C,
but summing over all bad ¢ gives

i bad ) bad

<Z —mi)Az; = U(f, P) — L(f, P) < 6*

and so E Axl<5<—
i bad

Combining these two bounds, we get

U(h,P) = L(h, P) = ) _ ( sup h(t))(&gf h(t)> Az

i good i <t<wii1
+ su h(t) | — inf  h(t Ax;
Z <$z<t<€cz+1 ()> (xiStS’EiH (>) !
i bad
€
< 3 (g e Z 0o
i good i bad

- (m) b0 (5%)

= €.

We have thus found for any € > 0 a partition P with U(h, P) — L(h, P) < ¢, and it
follows that h(z) is integrable on [a, b]. O

This is a very general result, but the following special cases are interesting.

Proposition 3.24. If f : [a,b] — R is integrable, then |f| is also integrable on [a,b],
and we have a triangle inequality for integrals:

< / @)l de

Proof. The previous theorem tells us that |f| is integrable, since we get it by com-
posing f with the continuous function |z|. The inequality

x)dz

—[f(@)] < f(z) <|f(2)]
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for all x € [a, b] then immediately implies that

/|f \dw—/(—\f dx</f dx</\f )z,

[ f@)da| < [71f ()| da. O

Proposition 3.25. If f,g : [a,b] — R are integrable, then so is fg : [a,b] — R.

hence

Proof. We note that if a function h(x) is integrable on a given domain then so is

2

h(z)?, since it is the composition of h(x) with the continuous function x?. Now

both % and % are integrable on [a, b], as linear combinations of the integrable
functions f(z) and g(x), and so we use the identity

2 2
fg— frgYy _(f—g
2 2
to see that f(z)g(x) is integrable as well. O
3.4 The fundamental theorem of calculus
We’ve developed a long list of basic properties of integrals, but we haven’t managed
to compute that many so far. The fundamental theorem of calculus is our best tool
for doing so, and it also illustrates the strong relationship between derivatives and

integrals.

Theorem 3.26: Fundamental theorem of calculus, first version

Let f :[a,b] = R be a continuous function, and define F': [a,b] — R by

:/;f(t)dt

Then F is continuous on [a, b] and differentiable on (a, b), and F'(x) = f(x) for
all z € (a,b).

Proof. For any = € (a,b) and h > 0, we use basic properties of the Darboux integral

to see that
B . z+h z
F(:c+h})L F(z) % (/a f(®) dt—/a f(t) dt)
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.. . F h)—F
Similarly, if h < 0 then ZWHR=EE = L % f(p) dt.
Fixing € > 0, we know since f is continuous at x that there is 9 > 0 such that
t—z[ <6 = |f(t) = f(2)] <€

or equivalently
t—z| < = f(z)—e< f(t) < f(x)+e.

If 0 < h < 0 then this holds for all ¢ € [z, z + h], and so

w+h z+h T+h
/ (f<w>—e)dt</ f(t)dt</ (F(2) +€) dt,

and since f(x) £ € is constant as a function of t this simplifies to

z+h
h(f(a:)—e)</ f(t)dt < h(f(x)+e).

The middle term is F(x + h) — F(z), so upon dividing by h and subtracting f(z)
from each side, we have shown that

F(x+h) — F(z)
h

— flx)] <e

O<h<d = ‘

The same argument applies when —d < h < 0, and this works for any ¢ > 0, so

Fl(z) = }111;% F(.T—I—hf)L—F(.T) ~ fa).

Since F is differentiable on (a, b) it is continuous there, though we still need to prove
continuity at @ and b. Using the continuity of f at a, the same argument as before
shows us that for any € > 0 there is a 9 > 0 such that

O<hes = F(a+h)— F(a)

— fla)] <e

= |F(a+h)— F(a) — hf(a)| < he.

If we take 0 < h < ¢’ = min(0, m) and apply the triangle inequality then

[F(a+h) = F(a)] <h([f(a)| +€) <

and we can find such a §’ > 0 for every € > 0, so F' is continuous at a; continuity at
b follows from the same argument. m
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The assumption that f is continuous is crucial here. For example, consider the
function f:[—1,1] — R given by

fw = [0 #<0 f(z)
€Tr) =
1, z>0. ‘
—1 1
If we let F(x):f_wl f(t) dt, then we have
x
x<0:>F(a:):/ 0dt =0 1
—1
332():>F(:L‘):/ Odt—l—/ 1dt = z. 1 ‘ *
. 0 1 1

Here f(z) is not continuous at 0, and as a result F' is not differentiable at 0 since

]imwzo but hmF($)—F(0) :limﬁ—o

10 z—0 xJ0 z—0 zl0x—0

=1.

Theorem 3.27: Fundamental theorem of calculus, second version

Let f : [a,b] — R be a continuous function which has a continuous derivative
on (a,b). Then

b
/ f(@)de = f(5) - f(a).

Proof. Let F(z) = fa‘r f'(t)dt. Then the first version of the fundamental theorem

of calculus says that
F'(x) = f'(z) for all z € (a,b),

and both F' and f are continuous on [a, b], so there is some constant ¢ such that

on [a,b]. Setting x = a shows us that ¢ = f(a), since F(a) = 0, and so

b
/ f(@)de = F(b) = £(b) — f(a). 0
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Question 15. Let f, g : [a,b] — R be continuous. Which of the following is a
consequence of the fundamental theorem of calculus?

1. There is an h : [a,b] — R such that f = 1" on (a,b). v
2. If f/(x) exists on (a,b), then f’ is integrable.

3. If f and g are continuously differentiable on (a,b) and f'(z) = ¢/'(x) for
all z, then f(z) = g(x) for all .

4. More than one of these.

For the first option, we can take F'(z f f(t)dt and g(z) = fax F(t)dt, and then
¢" = F' = f on (a,b). The second is false because we need f’(x) to be continuous:
if we take

L o 2 1
f(z) = {xQ sin(;z), =#0 o ) = {2a:sm(p) —2cos(zz), z#0

O, m:O 07 x:o

then f’ exists on (—1,1) but is discontinuous at = = 0, and it is not integrable on
[—1,1] because it is unbounded. The third option is false because we could have

g=f+1

Example 3.28. Suppose we wish to compute f b 27 dz for some integer n # —1,

and that if n < 0 then 0 & [a, b]. Since T— has derivative 2", the fundamental
theorem of calculus tells us that

For the case n = —1, assuming that 0 < a < b, we note that log(z) has derivative

1
2> and so

"1
/ - dx = log(b) — log(a).

The first version of the fundamental theorem of calculus gives us the following new
version of the mean value theorem.

Theorem 3.29: Mean value theorem for integrals

Let f : [a,b] = R be a continuous function. Then there is some ¢ € (a,b) such

that
/ f@)ds = f(c)(b—a)
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In other words, the two overlapping shaded regions below have the same area:

Proof. Let F(z) = fax f(t)dt. Then F(x) is continuous on [a,b] and differentiable
on (a,b), so the original mean value theorem gives us some ¢ € (a,b) such that

F(b)—F(a).

Fi(e) = b—a

But we know that F’(c) = f(c), so we conclude that
b
(/f@MwZF@—FMPﬂde—Mwaw—M- a

3.5 More properties of integrals

The fundamental theorem of calculus allows us to develop some new tools for eval-
uating integrals.

Theorem 3.30: Integration by parts

If f,g:[a,b] = R are continuous with continuous first derivatives, then

b b
/f@ﬂ@M=NW@—NM@—/f%M@m

Proof. We start with the product rule for derivatives:

d

T (f@)g(@)) = ['@)g(w) + f(2)g(2).

Since f’ and ¢’ are continuous, so are f'g, f¢’, and (fg) = f'g+ fg', so they’re all
integrable and the second fundamental theorem of calculus says that
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and hence
b b
F0a0) = Falgta) = [ f@ala) o+ [ @ds
We subtract f; f'(z)g(x) dx from both sides to complete the proof. O

In practice, given a function f : [a,b] — R we may write f(x) ‘zzz as shorthand for
f(b) = f(a), as in
b
=b
[ rwa= ol
a

Example 3.31. We can integrate log(z) by parts, using f(z) = log(z) and
g(z) =

b b
= 1
/ log(z) - 1dx = a:log(x)ﬁ_i — / — - xdr
a B a Z

= (blog(b) — alog(a)) — (b—a)
= (blog(b) — b) — (alog(a) — a).

This computation shows that z log(x) — z is an antiderivative of log(x), meaning
that its derivative is log(z).

From here on we may sometimes accidentally write down an integral of the form

f: f(x) dxr where a > b. In this case we make sense of it by defining

/abf(m)dwz —/baﬂx)das,

and then it is not hard to check that all of the properties we have developed for the
Darboux integral remain true even when a > b. For example, this can happen in
the following theorem statement when ¢ is monotone decreasing.

Theorem 3.32: Integration by substitution

Let f : [a,b] — R be a continuous function, and suppose that ¢ : [¢,d] — [a, ]
has a continuous derivative on (¢, d). Then

o(d) d
/ f(e)de = / (o) (1) dt.
#(c) c
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Proof. Let F(x f f(t) dt, which is an antiderivative of f. Then

%(F(cb(w))) = F(¢(2))¢/(z) = f(¢(x))¢' (x),

which is continuous on (¢, d), so by the fundamental theorem of calculus we have

d
/ O (1) dt = F(6(d)) — F(6(c))

We can use substitution to find antiderivatives of several new functions.

Example 3.33. We evaluate f tl dt by substituting ¢ = e®. Then

z 1 log(z) 1 log(z) 1 _
/ dt = / S / = ds = log(s)| "%,
. tlog(t) 1 e’ log(e®) 1 s 5=

so log(log(x)) is an antiderivative of F()

Example 3.34. We evaluate fox ﬁdt for z € (—1,1) by substituting ¢ =
sin(#). Then we have

/ = / - cos(0) db
0 V1—1t2 1- sm2(9)
B cos (9
B cos( 9
:/ 1d9—sm Y(z).
0
1

Sosin!:[—1,1] — [—5, 5] is differentiable on (—1,1), with derivative Nt

Example 3.35. We evaluate fox HLtQ dt by substituting ¢ = tan(f). Then

dtd (sin(@)) _ cos?(0) + sin?(0) 1

do — de \ cos(f) cos?(6) ~ cos2(0)
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by the quotient rule for derivatives, so we have

x tan~!(z)
o 1+t 0 1+ tan?(9) cos?(f)

tan™ " (z) 1
B /0 cos?(f) + sin?()

tan™!(z)
= / df = tan"1(z),
0

and so tan™! : R — (=5, %) is differentiable, with derivative (= Jrle.

do

Our last result in this section tells us how to integrate the inverse of a strictly
monotone function. Surprisingly, this was not proved until 1905, thirty years after
the introduction of the Darboux integral!

Theorem 3.36

Let f : [a,b] — R be a strictly monotone increasing function. Then both f and
its inverse f~! are integrable, and

b f(b)
/ f(@)de + / () de = bF(B) — af(a).
a f(a)

Proof. Both f and f~! are monotone, and we leave it as an exercise to show that
monotone functions are integrable. (Hint: take partitions in which all subintervals
have the same length, and then the difference between the upper and lower Darboux
sums is proportional to the reciprocal of the number of subintervals.)

We use f to give a bijection between partitions of [a,b] and of [f(a), f(b)]:
P:(.CEO,...,ZUn) — f(P):(f(:BO)?f(xl)aaf('rn))

Then we can prove by picture that U(f, P) + L(f~1, f(P)) = bf(b) — af(a), and
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that L(f, P) + U(f ", f(P)) = bf(b) — af(a):

f(0) f(b)
e e
f(a) f(a)
a x1 x9 ~--- b a ® x9 ~--- b

In the picture at left:
e the total area of the blue rectangles is by definition U(f, P);

e the total area of the red rectangles is L(f~1, f(P)), as can be seen by reflecting
the picture across the line y = x;

e the blue and red rectangles do not overlap, except along their edges;

e and the total area of all the rectangles is bf(b) — af(a), because the shape they
form is built from a rectangle of area bf(b) by carving out a rectangle of area
af(a) from the bottom left corner.

So if we combine all of these facts then we get

U(f, P)+ L(f 1, f(P)) = bf(b) — af(a),

hence

= dr = inf L(f', f(P
[ 7w = e e

= inf (bf (b) = af(a) = U(f, P))
= b/(b) — af(a) = sup U(/, P)

= bf(b) ~ af(a /f

The same analysis applied to the picture on the right gives

f(®)
/fl(:v)d:vz b - af(a /f
f(a)

so f~! is integrable on the domain [f(a), f(b)] and its integral has the claimed

value. O
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Example 3.37. We wish to find an antiderivative of sin ™1 (z), so we fix t € (0, 1)
and set f(x) = sin(z), a = 0, and b = sin"1(¢) to get the identity

sin~1(t) t
/ sin(x) dz + / sin~1(z) dz = tsin” ().
0 0

By the fundamental theorem of calculus, the first integral on the left is

sin~!(t) .
/ sin(x) dx = [— cos(x)}mzsm © _ 1 cos (sinfl(t)) :
0

=0
Now plugging 6 = sin~!(#) into cos?(#) + sin?(#) = 1 gives us
cos?(sin " (t)) = 1 — sin?(sin~1(¢)) = 1 — 2,
and sin”*(¢) € (0,3) implies that cos(sin™*(¢)) > 0, so we must have
cos(sin 1 (t)) = /1 — 2.

We conclude that

/ sin~1(z) do = tsin~(t) — (1 — cos (sinl(t))>
0
— tsin H(t) + /1 — 12— 1.

3.6 Limits of integrable functions

We have seen that very few things commute with pointwise convergence of functions:
a sequence of continuous functions need not converge to something continuous, and
even if a sequence of differentiable functions f,, converges pointwise to a differentiable
f then f’(x) can be different from the pointwise limit nh_)rglo fr(z). The same is true

for integration.

Example 3.38. Define a function f, : [0,1] — R by
—
n, 0<x<i
r) =1 n
fn(@) {O, otherwise. i /2

Ot

4

e e
~
—
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Then each f, is integrable, with

1 1/n
/ fo(z)de = fo(z)dx =1
0 0

But the functions f,, converge pointwise to f(z) = 0, since f,(0) = 0 for all 0
and .
0<z<1 = fu(x)=0foraln>—,
x

1
and we have / < lim f,(x > dx = / f(z) dx = 0 while
0 n—oo

lim / fnlz =
n—oo

Example 3.39. We will construct a sequence of functions f, : [0,1] — R such

that
hm/fn dx#/ (hm fulz )

even though the functions f,, and their pointwise limit f(z) = lim f,(z) are all
n—o0

not just continuous but infinitely differentiable.

We showed in a problem sheet that the function

1 1
e 2 =22 O0<zx<l1
R

0 otherwise

is infinitely differentiable, and it is nonzero iff 0 < z < 1. Let ¢ = fol o(z) dz.
For each n € N we define a function f, : [0,1] — R by
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S0 fn(z) = 0 except on the interval (0, ).

/5
fa

f2

&/\/fl\
\

We compute by substitution that for all n,

/O1 Fol) do = %/O;gb(nx) nda
2 [ ewa

1 1
2 [ o=t
0

But at the same time, the pointwise limit f(x) = lim f,(x) is identically zero:
n—oo

this is clear for x = 0 since f,,(0) = 0 for all n, and if x > 0 instead then we have
fn(x) =0 for all n > % So

1 1
/ f(z)dr =0#1= lim / fn(z)dz.
0 0

n—oo

In fact, we can do even worse: the functions n f,(z) converge pointwise to f(z) =

0 for the same reason, but fol nfn(z)dr =n — oo.

Just as with continuity and differentiation, however, it turns out that uniform con-
vergence saves the day.

Theorem 3.40

Let f, : [a,b] = R be a sequence of integrable functions which converges
uniformly to f : [a,b] — R. Then f is integrable, and

b b
/f(x)dx: lgm/fn(x)da:.
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Proof. The key idea is that if f,, is very close to f when n is large, then the upper
and lower Darboux sums for f must be very close to those for f,, and so the upper
and lower Darboux integrals for f get arbitrarily close to fab fn(x)dz as n — oo.

Fix € > 0. Uniform convergence gives us some N > 0 such that if n > N, then
€
[ful(z) = fl2)] < W—a) Vz € [a,b].

For any n > N and any partition P = (zg,...,xx) of [a,b], we have

€
inf > inf -
xiglt%$¢+1 f(t) - (ﬁisltr%fﬂzlkl fn(t)> 2(b — a) ’

for all 4, so then the lower Darboux sums of f and f,, satisfy

k—1
L(f,P) = ( inf f(t)) Az;

T <t<w;it1
=0
k—1 c
= <(mz<ﬂi+lf”“>) 20 - >> |
. k—1
— L(fn, P) 2(()_@)2%
1=0
— L(fn, P) — =

Taking suprema over all P gives us

/Lbf(x)dxz/ibfn(x)dx—g

for all n > N. We can also apply the same argument with the bound

€
su t) < su t) | + ,
xigtgziﬂ f< ) <$Z<t<li'l+1 fn( )> 2<b - a)

taking infima of the corresponding upper Darboux sums over all P, to conclude that

ff(:r) da < ffn(@ dz + 5

for all n > N. But since the f,, are integrable, their lower and upper Darboux

integrals are equal, and we now have

/abfn(@d:v—%s/if(x)dmff(x)dxs/abfn<r>dar+§
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for all n > N.

This last chain of inequalities lets us conclude two things. First, we have

0< Zf(x) d —/Lbf(g;) dx < e,

and we can show this for any € > 0, so in fact the upper and lower Darboux integrals
must be equal. This proves that f is integrable. Second, given ¢ > 0 we have found

N such that
/f dx_/ fn

Since we can do this for any € > 0, this is precisely what is needed to show that

/abfn(x) de — /abf(:v) dx

as n — oo. O

n>N =

l\DIm

One useful application of this theorem is to finding antiderivatives of power series.

o0

Proposition 3.41. Let f(z) = Zanx” be a power series with radius of conver-

n=0

gence R > 0. Then f is integrable on any closed subinterval of (—R, R), with

x 00 a
o n n+1
/0 f(t)dt = E — 13:
n=0

for any x € (—R, R).

Proof. Fix x € (—R, R). We know that the partial sums

n

fat) =) ait!

1=0

converge uniformly to f on the interval [—x, ] and thus on the subinterval [0, x], so
it follows that f is integrable on [0, z] and that

> a - a
Lt — : 1 t)dt =
me = D nzaz/ fa(®) f
1=

Z_

where the last equality uses the uniform convergence of f,, — f on [0, z]. O
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oo

Example 3.42. We integrate the power series ﬁ = Zx", with radius of

n=0
convergence 1, to get

0
1 a2 g3 pd
log [ —— | = _rr LT,
Og(l—x) D e R i

n=0

for all z € (—1,1). Taking x = & gives us

= 1
log(Q)ZZn_Qn,

n=1

which converges very quickly compared to the alternating harmonic series log(2) =

© _1)71—1
Z <T, since the error after the first k terms is
n=1
i 1 _ i 1 R
n-2n = (k4 1)2k+1  on=(k+1) (k4 1)2k°
n=k+1 n=k+1

Taking just the first five terms gives

1 1 1 1 1 661 _
log(2) m = 4 = 4+ — + — 4+ — — 2= _(1.6885416G
82~ 5+ 5+ 51 61T 60 ~ 960

to within at most 55 = 135 = 0.0052083. (The actual value is 0.6931....)

3.7 Improper integrals

Occasionally we would like to evaluate integrals fab f(z) dx which don’t quite have
the form we're used to: either f is unbounded on [a, b], or [a,b] has infinite length
because either a = —oo or b = 0o (or both). In this case, we can still try to make
sense of this using limits.

Definition. Suppose f : (a,b] — R is integrable on every subinterval [c,b] C
(a,b]. Then we define the improper integral

b b
/f(x)dq::liin/ f(z)dx

if the limit exists, and otherwise we say that it diverges or fails to exist.
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Likewise, if f : [a,b) — R is integrable on every [a, c] C [a,b) then we define
b c
/ f(x)de = lim/ f(x)dx
a CTb a

If a,b € R and f extends to an integrable function f : [a,b] — R, then this is
no different from the usual integral. To see this, we take an M > 0 such that
|f(x)] < M for all = € [a,b], and then

< /ac|f<x>|das < /;Mda::mc—a),

which implies that l1m / f )dz = 0. Then we have

Eig/f dx_/f dx—lciig/acf(x)dx
:/f(z)dx

Improper integrals are more interesting when f doesn’t exist, such as when either f

x)dx

or its domain is unbounded.

Example 3.43. If 0 < r < 1 then % is unbounded as = | 0 and undefined at
x = 0. But on any interval [e, 1] with € > 0, we have

1 1-r 1— 61—7"

1—7r 7

1
Zdr =2

r —
e T 1—r

Tr—=€

and this converges as € | 0, so we have the improper integral

—da:—hm/ —dx—
€l0

On the other hand, if » > 1 then the limit as € | 0 does not exist, and likewise
if r =1 then

1
1
lim/ —dx = lim (— log(e)) = 0.
€

el0 x €l0

So fol :rLT dz exists for r > 0 if and only if 0 < r < 1.
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1

Example 3.44. We define the improper integral fooo dx as a limit:

1422
0 b
1 1
dr = lim ——=dx
=b
= lim tan !(z)|”
b—s 00 ( )‘mZO
= lim tan~}(b).
b—o0
<1 s
Since the limit exists and is equal to 5, we have der = —.
o l+a? 2

Question 16. For which of the following f : [1,00) — R does floo f(z)dx
exist? Choose all that apply.

1. flz)=e= vV
2. f(z) = cos()
3. fle) =23V
4. f(2) = op5,

. . . . . b .
Likewise, we may be interested in an integral fa f(z) dx, where f is unbounded at
some interior point ¢ € (a,b) or where both a = —oo and b = co. In this case we
define the improper integral

/abf(fv)d:vz/acf(fc>dfv+/cbf<x>d:c,

as a sum of two improper integrals, and we require that both of them exist; we leave
it as an exercise to check that the answer does not depend on c.

If f has multiple improprieties (not an official term), meaning points in the domain
where f is unbounded or limits of integration at £oo, then we similarly split it into
a sum of improper integrals fcd f(z) dx with at most one impropriety each, and then
we take the sum of each of these if they are defined.

For example, we could take f(x) = x2£1 on [0,00):

ﬁi
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Here we would split the domain into intervals [0,1], [1,¢], and [c, co] for some ¢ >
1, so that f is unbounded on the first two, and f is bounded but the domain is
unbounded on the third. We compute that for a proper integral of this form, we

z=b
rz—1
dr = |
[rae ()

so the improper integral is by definition

/f dx—/fdx—i—/f dx+/f dx

dlvergent dlvergent

have

and this does not exist.

Example 3.45. Consider the integral

1 0 1
1 1 1
/ —da::/ —d:r:+/ —dx.

This does not exist, because neither improper integral on the right converges.

Note that if we tried to evaluate this using a single limit for both summands,
the answer would depend on how we approached 0 from either side. We have

—€ 1

1 1
li —d —d = lim (1 —1 =0
53(/1 s [ 1 w) i (Tog(e) + (~log(e))) =0,

' —2€ 1 1 1
lgj{)l (/1 ;dx+/€ de> —lelﬁ)l (log(2e) (—log(E)))

— lim log(2) = log(2
Eligog() 0g(2)

but

and similarly

‘ - L
161&1 (/1 de+/e de> —16%1 (1og( )+ (—log(e)))

= lim] — 0.
eli(r)log() 00

Thus the only sensible thing to do if we want the original improper integral
f _1 % dz to exist and be well-defined is to insist that each individual limit exists
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. . . 1 .
and then take their sum. In this case, neither f?l % dx nor fo %dw exists, so we

can’t hope to make sense of f 13 L.

Example 3.46. The function f(z) = —= is unbounded as z — 0, so we define

Vel

/1 1 0 4 Ly
—da::/ —da:—i—/ ——dzx
—14/|z] ~14/|z] 0 /|7
The second of these summands is

1
. 1 .
iy =y VAL =y ) =2

and substituting y = —x shows that the first summand is the limit as a | 0 of

[ e g [ o

so the original improper integral exists and we have

L
de = 4.
/_1 Vatd

Example 3.47. We have

© 0 *
/ de:/ 2dx—|—/ —de.
oo It oo It 0o 1+x

We have already evaluated the second summand as 5, and the first is also § by
essentially the same argument, so

0
1 d:z:—z+z—7r
14222 2

oo

Virtually all of our properties of Darboux integrals apply to improper integrals as
well; we just need to check that all of the limits involved are well-defined. For
example, we have the second fundamental theorem of calculus: if f : [a,00) — R is
continuous and has a continuous derivative on (a, 00), then for all b > a we have

b
/ F(@)de = Fb) — f(a),
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SO f f'(x) dz exists if and only if 11m f(b) exists, and then

b—o0

/ f'(@)de = f@)[,_) = (xlggo f(:v)> ~ f(a).

Here we introduce the notation “ |$:OO” to mean that we take the limit as + — oo.
We also have the following useful criterion for integrability.
Proposition 3.48. Let f,g : [a,00) = R be functions satisfying 0 < f(x g(z )

for all x > a, and which are both integrable on any interval [a,b]. foo (x

exists, then fa f(x)dx also exists and

Og/aoof(x)dxg/aoog(x)dx.

Proof. We know that fab g(z) dz is a monotone increasing function of b, and its limit
as b — oo exists, so for all b > a we have

Og/abf(x)dxg/abg(x)d:vg/aoog(x)d:c.

But fab f(x)dzx is also increasing as a function of b, and it is bounded above by

faoo g(x) dz, so it converges as b — oo and

0< hm/ f(z dx</ g(x)de.

The middle term is equal to fa f(z) dzx, so this completes the proof. O

Example 3.49. The integral f2
isfies

Qer—m() dx exists, because the integrand sat-

1 1 2
0< < — f Il z>2
_x2+sin(x)_x2—1<x2 oratt=

and the upper bound is integrable on [2, 00):

> 9 2
[ 22
9 i X

As another example of a property which continues to work for improper integrals,

=00

=1.

=2

we still have integration by parts: letting b — oo in the formula

b b b
/ Fa)g () de = fla)glx)[=" — / F(@)g(z) dz
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and applying the algebra of limits, we see that if both

T—00

/ f'(z)g(x) dz and lim f(z)g(z)

exist, then f(z)g¢'(x) is integrable over [a, 00) as well, and

/ fla - s - [ " Pa)gla) de

where x = 0o on the right means that we take the limit as x — oc.

3.8 Lebesgue’s criterion for integrability

We have seen that continuous functions f : [a,b] — R are integrable, and some but
not all discontinuous, bounded functions are as well. In this non-examinable section
we’ll determine exactly which functions are integrable.

Theorem 3.50: Lebesgue’s criterion for integrability
A bounded function f : [a,b] — R is integrable if and only if the set
D(f) ={x € la,b] | f is not continuous at x}
has measure zero.

We will define “measure zero” momentarily, but for now we claim that
e countable sets have measure zero, and
e a set which contains an interval [c, d] with ¢ < d does not have measure zero.

So a function which is continuous at all irrational = € [a, b] is integrable, and if f is
integrable then the set of points where f is continuous must be dense in [a, b].

The measure zero condition says roughly that a given set is contained in the union of
some open intervals whose total length can be made arbitrarily small. We introduce
some terminology to make this precise:

Definition. An open cover of S C R is a collection of open intervals {U, =

(@, bq)} such that
S c U U,.

Lemma 3.51. Let {Uy = (aa,ba)} be an open cover of S C R. Then
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1. {Uy} has a countable subcover, meaning a collection of countably many U; €

{Uqs} such that {Uy,Us, Us, ...} also covers S; and

2. If S is compact, then in fact {Uy} has a finite subcover.

Proof. (1) The set of intervals of the form (p, q) with p, ¢ both rational is countable,
since there is an injection

{r,) 1P, cQ} —=QxQ

by sending the interval (p, q) to the ordered pair (p,q). Every point x € S belongs
to some open set U,, which by definition contains some open interval (z — 9,z + §)
with ¢ > 0, and if we pick rational p,, ¢, with

T—0<p<x<qs<zT+9
then x belongs to (ps, ¢z), which is in turn a subset of U.

Pr O——0

The collection
{(p:caqgv) ‘ YIS S}

is then an open cover of S, and it only has countably many distinct intervals, so we
enumerate them as (p;, ¢;) where i € N. Each (p;, ¢;) was a subset of some U,, by
construction, and we have

S C U(pia%') - UUOM'

so the countable subcover {U,,} of our original {U,} also covers S.

(2) Now suppose that S is compact, and that we have an infinite cover of S; by the
above argument we can pass to a countable subcover {U; = (a;,b;) | i € N}. We
define a function f:.S — N by

f(z) =min{n | z € U, };

this is well defined because z is in U U;, and so it must belong to some U;. If no

(2
m

finite union U U; contains all of S, then for every n we can find an xz,, € S such
i=1
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that f(xy) > n. Since S is compact, the Bolzano—Weierstrass theorem says that the
sequence (xn) has a convergent subsequence whose limit lies in S; we write this as

Yn — Y €S, lim f(y,) = oo.

n—oo

But we have y € Uy, so Uy(,) contains some open interval (y — €,y + €). Since
Yn — Y, there is an N > 0 such that

n>N = |y —yl<e = yn € (y—€y+e) CUsgy.

YnN-1 YN le+1 le+3 le+2 \

| )
y—¢€ y y+e

Y
7

=
=
S

This says that f(y,) < f(y) for all n > N, contradicting f(y,) — oo, and so it must
be the case that some finite union Uzl U; contains all of S after all. O

Definition. We say that a set S C R has (outer) measure zero if for every
€ > 0, there is a finite or countable open cover {U; = (a;, b;)} of S with

Z(bi — ai) < €.

i
Example 3.52. If S = {x} is a single point, then for any € > 0 it can be covered
by the single open interval
€ €
(s-50+3)

of length % < €. Thus a point has measure zero.

Example 3.53. If S has measure zero, then any subset 7' C S also has measure
zero, since any open cover of S with total length € is also an open cover of T'.

Example 3.54. If 51,S5,... are countably many sets of measure zero and we
are given € > 0, then each S; admits a countable open cover

. €
{Ui,j = (am,bi,j) | J € N} such that Z(bi’j - am) < 5
J

The collection of all open intervals U; ; is countable, since it is a countable union
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of countably many intervals, and it covers | J.S;, with

D (i —aij) = Z D (bij—aij) | < Z; =€

i?j 1=1 ] =1

Thus a countable union of sets of measure zero also has measure zero. In partic-
ular, Q has measure zero.

Proposition 3.55. If S = [a,b] with a < b, then S does not have measure zero.

Proof. Let {U;} be a countable open cover of [a,b], and use the compactness of S
to pass to a finite subcover
{Ui|1<i<n}

whose total length does not exceed that of the original cover. If any two intervals
U; and U; overlap then we can replace the two of them with their union,

o—o0 +~ U = © o)
oO——o0 <« U; — 0—oO0
l \
o o < U;UulU;— © ‘o)

which decreases the number of intervals without changing | JU; or increasing the
length of the cover, and we repeat until all of the U; are disjoint.

We now assume the U; are labeled so that U; = (¢1,d;) contains a. Then no other
U; = (cj,dj) can contain dy, because as an open set it would have to contain a whole
neighborhood (d; — 0, d; 4 §) for some ¢ > 0, and if we take ¢ small enough then

(dl—é,dl) cUinuU;,

contradicting the fact that Uy and U; are disjoint. Since the U; cover [a, b, it follows
that dy & [a,b], and since ¢; < a < d; we must have d; > b. So in fact [a,b] C Uy,
and hence the total length of the cover {Uy, ..., Uy} is at least dj —¢; > b—a. We
conclude that [a, b] cannot have measure zero. O

Corollary 3.56. If S contains an interval [a,b] with a < b, then it does not have
measure zero.

We now want to figure out what it takes for a function f : [a, b] — R to be integrable,
so we’ll begin by quantifying how discontinuous it can be at a point. We measure
how much f “jumps” near x by defining

jf(x)inf< sup f(y) — inf f(y)>-

0>0 \ |y—z|<s ly—z|<s
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(@)

\/
%
x

Given x € [a,b] and any fixed § > 0, we have

sup  f(y) > f(z) > inf f(y),

ly—z|<d - y—zl<s

and f is continuous at x if and only if the left and right sides both approach f(x)
as 0 — 0. So jr(x) > 0, with equality if and only if f is continuous at w.

Given the function f : [a,b] — R, we label its set of discontinuous points by
D(f) ={x € [a,b] | f is not continuous at x} = {z | js(x) > 0},
and for every ¢ > 0 we define

De(f) =A{x € a,b] | jj(z) = c}.
Then we can write D(f) as a countable union
D(f) = Diyu(f),
neN

so D(f) has measure zero if and only if D, ,(f) has measure zero for all n € N,

Proposition 3.57. If f is integrable, then D.(f) has measure zero for all ¢ > 0,

and so D(f) = U D1, (f) has measure zero.
neN

Proof. Since f is integrable, given ¢ > 0 and any ¢ > 0 we can pick a partition
P = (xg,...,xy) of [a,b] such that U(f, P) — L(f, P) < %, or equivalently

n—1
Z sup f(t)— inf  f(t) | Az < «
o \@ist<zin 2 <t<Tit1 2

If the open interval (x;, z;4+1) contains a point of D.(f), then the corresponding term
contributes at least cAz; to the sum on the left, and the sum of all such terms is
less than <, so the sum of the lengths of the open intervals (z;, z;41) which contain
points of Dc(f) is less than §. These intervals provide an open cover of

De(f) \A{zo,21,..., 20}
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with total length less than §, and we can add small open intervals (xz — m, i+
€

m) around each of zg, ..., x, to cover all of D.(f) by sets of total length less
than e. Since we can do this for any ¢ > 0, we conclude that D.(f) has measure

Zero. O

This proves one direction of Lebesgue’s criterion. For the converse, we first need to
understand a little more about the sets D.(f).

Lemma 3.58. Each set D.(f) is compact.

Proof. We know that D.(f) is bounded since it is a subset of [a, b], so we only need
to prove that it is closed. Let (Jcn) C D¢(f) be a sequence which converges to some
z € R. Given any § > 0, there is some z,, such that |z, — z| < g, and then since
Jf(xp) > ¢ we have

sup f(y)— inf f(y)=c
ly—zn|<% ly—zn|<3

But if |y — xp| < % then by the triangle inequality

o 90

so we have

sup f(y)— inf f(y)> sup fly)— inf fly)=c
ly—z|<6 ly—=[<d ly—za|<2 ly—aa|<$

Since this works for any § > 0, we have jf(x) > cand so x € D,(f) after all, proving
that D.(f) is closed. O

Proposition 3.59. If f is bounded and D(f) has measure zero, then f is integrable.

Proof. Choose M such that |f(z)| < M for all x € [a,b], and pick € > 0. Let

c = m; since D.(f) C D(f) is compact and has measure zero, we can cover it

by finitely many open intervals
Ui:(ci,di); 1<:<n

€

n
of total length Z(dl —¢) < L

1=1
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n

Let S = [a,b] \ U Uj; this is closed, as the intersection of the closed sets [a,b] and
i=1

n

R\ U Ui, and it is bounded as a subset of [a, b], so S is compact. For every x € S
i=1

we have jf(x) < ¢, so there is some ¢, > 0 such that

sup  f(y)— inf f(y) <g,

ly—x|<ds ly—x|<ba
and in particular
sup f(t) — inf f(t) <e
r— <t<atle w— g St<a+f

The intervals (z— %“, T+ %’“) for all z € S form an open cover of S, so by compactness
there is some finite subcollection

which suffices to cover S.

We now form a partition P = (zg,x1,...,x) of [a,b] which contains all of the
numbers ¢;, d;, ej, fj. Every interval [z;, xi41] either contains a point of D.(f), in
which case it lies in some [¢;, d;] and we call it bad, or it is disjoint from D.(f) but

lies in some [z — %,z + %] C (v — 0y, 2 + &), in which case we call it good. Then

U(f,P)— L(f, P) = t)— inf 1) | Az,
(f, P) = L(f,P) [ Z]:g d (mz<stggmf() N gl%mmﬂ )) T
LjyLi41 (o]0}

+ o> ( sup  f(t)— inf f(t)) Az;.

2 <t<xi11 i St<wiga
[mi,]}prl] bad

On the good intervals we have sup f(t) — inf f(¢) < ¢, and on the bad intervals we
only have sup f(t) — inf f(t) < 2M but their total length is less than ;7. Thus

U(f,P)=L(f,P)< > chz+ Y  2MAsz
[i,2i+1] good [zi,zi+1] bad
€
€ €

PR

Since we can find such a P for any € > 0, we conclude that f is integrable. m
We have now shown that if f is integrable then D(f) has measure zero, and con-

versely that if f is bounded and has measure zero then it is integrable, so this
completes the proof of Lebesgue’s criterion. O
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3.9 The irrationality of =

We know that irrational numbers exist by a simple cardinality argument — there are

uncountably many real numbers, and only countably many of them are rational —
but it is usually much harder to prove that specific numbers are irrational. In this

subsection we will use integration to prove that 7 is irrational,

following a one-page

argument by Ivan Niven in 1946. We recall that we have defined 7 as the least x > 0

such that sin(z) = 0.

Given a rational number ¥, with a,b € N, we can define a polynomial

x"(a — bx)"

n!

fa() =

of degree 2n. (Eventually we will suppose that 7 = ¢.)

Lemma 3.60. The function f,(z) satisfies
f90)eZ and fO(L)ecZ

for all integers i > 0.

Proof. Using the binomial theorem, we can write

" e (1 ' '
fn(x) = m Z <i>a2(_b)n—zxn—z
" =0
1 2n
=D o,
=

where ¢; = ( " )azn_j(—b)j_” € Z for n < j < 2n. We use this to compute that

j—n

0, 0<i<n
O)=3¢ 2 n<i<om
0, 1> 2n,

and so f,gi)(()) € Z for all i > 0. For the derivatives at x = ¢, we note that

foz) = =2"(§ —2)" = fal2) = fulf -

so it follows using the chain rule that f,gi) (z) = (—1) fr(f)(%
fﬁf)(%) € Z for all i > 0 as well.
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Proposition 3.61. Supposing that © = ¢, we have / fn(z)sin(z) dx € Z.
0

Proof. We would like to use the second fundamental theorem of calculus to evaluate
this integral, so we must find an antiderivative for f,(z)sin(z). We use f, to define
an auxiliary polynomial by

n

gn(@) = Y (-1 £ ()

1=0
— ful@) = 1P (@) + f0(2) =+ (1) (),

and by the previous lemma we have ¢,(0) € Z and g,(7) € Z. The function g, is
designed to satisfy a nice differential equation in terms of f:

g +m@ = (100 - @+ - )

+ (ful) = 1P @+ 1 @) =+ () @)
= fn (.Z‘),

where in the first row we use the fact that f, is a polynomial of degree 2n to see
that f7(12n+2) (x) = 0. We now compute that

<L (gh () sin(z) — gn) cos()) = (g1(x) sin(z) + () cos(a))

— (g,',b cos(x) — gn sin(m))
= (gn(@) + gn(2)) sin(x)
= fn(z)sin(z),

so we have our antiderivative and we can apply the fundamental theorem of calculus:

T r=T
/ fn(z)sin(z) dx = (g;(x) sin(x) — gn(x) cos(x)) .
0 r=
= —gp cos(m) + gn(0) cos(0)
= gn(m) + gn(0),
which is an integer because each of the summands on the right is an integer. O]

Where did the function g,(x) come from? It obscures a simpler idea, whose proof
is only slightly longer: that if we integrate by parts we get

/ fal)sin(x) dz = fu(e)(~cos(z)|"_s — / fi) (— cos(x)) da
0
= (falm) + fu(0 / fil) cos(a
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and then another integration by parts gives us

/7r fr(z)cos(z)dx = f!(z)sin(x / [ (x)sin(z) do
0

- / £ (x) sinz) da,
0
so combined we have

/fn sm()dx—(fn( )+ fn(0 /f” ) sin(z

Repeated application of this last identity to f/(x), fn (x), - ,fégn)(x) gives

/0 ful)sin(a) dz = SO (<1 (£20(r) + £20(0))

1)t / fn%Jr2 ) sin(z) dx,

n+2()

and the integral on the right is zero because fn =0, so

/0 Fa(@)sin(@) d = 3 (1 (12 () + £200)) € 2

as claimed.
Theorem 3.62

7 is irrational.

Proof. Suppose that 7 = ¢, with a,b € N. For 0 < 2 < § we have the inequality
0<z"(a—br)" < (%)na” = (am)",
and 0 < sin(z) < 1 on the same interval, so combining these bounds gives

(am)"

for 0 <z < 7.
n!

0 < fu(x)sin(x) <

Integrating from 0 to 7, we see that

0< /7T fo(z)sin(z)dx < 7 -
0

(am)"

n!

for all n. The terms on the right converge to 0 as n — oo (note that their sum is a
convergent series for 7 - "), so for n large enough we have

0< /7r fn(2)sin(z) de < 1,
0

and this contradicts the fact that the integral in the middle is an integer. O
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