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Preliminaries






Chapter 1

Limits of Functions, continuity

Given a function f(z) we are concerned with the behaviour near a point x = z, and in
particular the statement lim,_,,, f(x) = ¢, i.e. the limit of f(x) as x tends to xo, exists
and is equal to €. The precise € — § definition is the following.

Definition 1. € — § Definition of Limit

Let f be a function defined at all points near xg, except possibly at xg, and let
¢ be a real number. We say that € is the limit of f(x) as x approaches xy, if for
every € > 0 there exists a § > 0 such that |f(x) — 4| < € whenever |x — zo| < §
and x # xg. We write limg_,,, f(z) = ¢.

Example Prove that lim, 5 /Z = /2.

Solution: Here f(z) = \/z, zo = 2 and £ = v/2. Given € > 0 we need to find § > 0 so that

|v/Z—/2| < e whenever |z —2| < §. For all # > 0 we have v/z—+v2 = (z—2)/(\/z+2),
hence

|z — 2 |x — 2
<

Hence picking § = V2 e will do.

In practice we do not want to be doing € — § proofs for every limit we encounter.
Instead we use the following laws of limits which can be proven easily using the € — §
definition. (Try some! I do analogous proofs later on also.)
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Basic Properties of Limits

Assume that lim,_,, f(z) and lim,_,,, g(z) exist. Then
(i) Sum rule:

lim [f(z) +g(z)] = lim f(z)+ lim g(z).

T—T0 T—TQ T—TQ

(ii) Product rule:
lim [£() g(2)] = lim f(z) lim g(z).

T—T0 T—rT0 T—T0

(iii) Reciprocal rule: Iflimy_z, f(x) # 0 then

lim [1/f(z)] =1/ lim f(z).

T—To T—x0
(ili)" Quotient rule:If limy 5, g(z) # 0 then

lim [f(2)/g(2)] = lim f(z)/ lim g(a).

T—T0 Tr—IT0 T—T0
This follows immediately from (ii) and (iii).

(iv) Composite function rule: If h(z) is continuous at limg_,,, f(z), then

lim h(f(z)) = h ( lim f@)) .

T—rT0 Tr—xQ

Example 1
Calculate lim,_, (%)
Solution. Of the form “0/0”. Rationalise, i.e.

Example 2

Sketch the function f(x) = x/|z|. Do this by considering = > 0 and x < 0 separately.
What happens when x = 07

The properties given above also hold as x becomes large and positive or negative.
For example if f(z) = 1/x then we know that lim,_, 1 f(z) = 0. Lets make this precise.



Definition 2. The ¢ — A definition of lim,_, f(z) = /.

Let f(x) be defined on a domain containing the interval (a,oc0). A real number
¢ is the limit of f(x) as = approaches oo if, for every € > 0 there exists a A > a,
such that |f(z) — ¢| < € whenever x > A. We write lim,_,o f(2) = ¢. [Similarly
for limy,—,_o f(z) = €]

NOTE: The limit properties (1)-(1) hold for limits of f(z) as * — 400, when the
limits are defined.

Consider next the limits lim,_,osin(1/x) and lim,_,o(1/2%). The limits do not exist (I
cannot plug x = 0 into the functions). Sketch them and determine that they behave
differently: the former is bounded, the latter is unbounded. In fact lim, ,o(1/22) = oo.
More precisely we have:

Definition 3. ¢ — B definition of lim,_,,, f(z) = oc.

Let f(z) be a function defined in an interval containing xg, except possibly at
x = xo9. We say that f(z) approaches co as x approaches x( if given any real
number B > 0, there exists a € > 0, so that whenever |z — 29| < € and x # ¢, we
have f(z) > B. We write lim,_,,, f(x) = oo. [Definition of lim,_,,, f(z) = —o0
totally analogous.|

In the example f(z) = 1/2? we found that as z — 0, f(x) — oo - the function is even,
so it does not matter if I approach the limit from the right (i.e. through positive values
of ) or the left (through negative x values). What about f(z) = 1/z7 It is not hard to
see that as x tends to 0 through positive values then f — 400, whereas as = tends to 0
through negative values we have f — —oo.

Hence, we need to define

Definition 4. One-Sided Limits:

Let f(x) be defined for all x in an interval (zo,a). We say that f(x) approaches
{ as x approaches xg from the right if, for any € > 0, there exists a 6 > 0, such
that for all xo < x < xo+ 0 we have |f(x) — 4| < e. We write limy_ 5,1 f(z) = L.
[Analogous definition for the left-sided limit, i.e. limg_p,— f(x) =£.]

J

Note: If limy_,, f(z) = +00 or —oo, then the line z = xg is a vertical asymptote.
Analogously, if lim,_, 1+ = £+ then the lines y = ¢+ are horizontal asymptotes.

As an Example consider f(x) = m There are vertical asymptotes at z = 1

and x = 2 and a horizontal asymptote y = 0. Sketch the graph without using the
differentiation methods of finding critical points etc., that you are familiar with. Use
intuition and estimation..
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In addition to the basic properties (1)-(1), there is another powerful test which is very
useful in calculations:

Comparison Test for Limits (a.k.a. Squeezing Property)
1. If limg_sp, f(z) = 0 and |g(x)| < |f(z)| for all z near xy with = # x¢, then
limg 4, g(x) = 0.

2. If limg oo f(z) = 0 and |g(z)] < [f(z)| for all large enough =z, then
lim, 00 g(x) = 0.

Example

(i) Establish Comparison Test 1 using the ¢ — § definition of a limit.

(ii) Show that lim,_,¢ z sin (1) =0.

T
Solution

(i) Since lim,_,o f(x) = 0, then given € > 0, there exists a 6 > 0 such that |f(x)| < e
when |z —z¢| < 0. For the same ¢ and 0, we also have |g(z)| < € when |z — x| < 9,
since |g(x)| < |f(z)|. Hence lim,_ g(x) = 0 also.

(ii) Take g(z) = zsin(1/z) and f(z) = =. Then |g(x)| < |z| for all  # 0, so the
comparison test applies. Clearly lim, gz = 0, hence the result follows.

Two Basic Trigonometric Limits

We will need the following results in finding derivatives of sin and cos from first

principles.
in h h—1
lim 22 _ 4 lim 2220~ _ .
h—0 h h—0 h

The proof of the former is geometrical and the construction is given in Figure 1.1.
OBC is the sector of a circle of radius 1 with subtended angle h. The two triangles
OAB and OCD are constructed as shown with BD the extension of OB. Considering
triangles OAB and OCD we have

o AB 20
sin —OB—S, an =oc - b

From geometry we have the following inequality

area of triangle OAB < area of sector OC'B < area of triangle OCD,

which in turn provides

1 h 1
isinhcosh < 5 < itanh.
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D
B
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Figure 1.1: Geometrical construction.

The middle quantity follows by noting that the area of the sector OCB is equal to h/2m
times the area of a circle of unit radius which is 7. Considering the first inequality (after
canceling the 1/2 factor throughout) we have

sin h < 1
h cosh’

The above is fine since h and cos h are positive and non-zero so I can divide by them.
The second inequality gives

sinhcosh < h

sin h sin h
< p— = cosh < W
Putting these together gives
cosh < sinh < L .
h cos h

As h tends to zero cos h tends to 1, hence sin h/h is squeezed between two numbers that
tend to 1. By the Squeezing Property we get the desired result.
To prove the second result we write

cosh—l_cosh—lcosh+1 B cos?h —1

h N h cosh+1  h(cosh+1)
B —sin? h B sin h sin h
~ h(cosh+1) h ) cosh+1

Using the product rule for limits, it follows immediately that

0 1/2
. sin h sin h _ (1 —sin -1 . T ! 1 / _ 0
o h cosh+1 25 h 2 1g%cosh—l—l -

Continuity
Looking back at Definition 1, the € — § definition of a limit, we can see that it is
equivalent to the statement

li h) =/¢.
hgfg)f(woJr )
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We can then define what we mean by continuity of a function f(z) at a point xg.

Definition 5. Continuity

We say that f is continuous at xq if limp_,o f(zo + h) = f(xo). Equivalently
hmw—>zo f(x) - f(xO)

We have seen examples of functions that are not continuous, e.g.
1 >0 2 #0

are both not continuous at * = 0. If I exclude z = 0, then the limits as x — 0
exist, limy_,4 f(n)=1, limpso— f(h) = 0, and limj,_,0 g(h) = 0. This may clarify some
confusion I may have generated in video 1. (Note that limp o1 = limp_0 >0 and
limp, 0 = limp 0, 4<0-)

Miscellaneous Examples

1. Find lim,_ o (\/ z2+1-— x), and interpret the result geometrically by considering
a right angled triangle with base of length x and unit height.

We calculate

<m+x) 1
(Vi +1+2) T Ve@iilte

(VE+1-2) = (Vo2 T1-0)

As x becomes arbitrarily large then 1/(\/@—1—36) becomes arbitrarily small, and
hence limg_, o0 (\/m — x) = 0. [Can you prove this using the € — A definition
of limit?]

Geometrical picture for you to do. Hint: The right angled triangle suggested has

hypotenuse v/ x% + 1. Consider a circle of radius x whose arc cuts the hypotenuse
at a point, and figure out what the quantity v x? + 1 — x represents geometrically.

2. Now consider limg,_, (a: —Vx+ 1). Find the limit in this case.

Don’t need to do much here. Main thing is to notice that x is much much bigger
than vx 4+ 1 when x s large. Hence, limg_ oo (ac —Vr+ 1) = 0.

A precise definition in this case (for a general function f(x)) would be: We say

lim, o0 f(x) = o0, if given an arbitrarily large A > 0, there exists a number
M >0, so that f(x) > A for all x > M.

In our particular example where f(M) = M —~/M + 1 it is easy to see that taking
M = A? will do the trick. Of course it can be proven for smaller M but we are
not looking for anything sharper than a proof.

3. Find (a) limy1 -z, and (b) limg oo 155
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For (a) as ©* — 1 (from above or below), then (x — 1)? becomes arbitrarily small.
Its inverse becomes arbitrarily large, so limy,_,1 ﬁ = 00

3/2

Intuitive answer is: For (b) as x becomes very large then z? > 23/2, hence the

limit ws —oco. Can formalize as follows

lim ~— > = lim (2732 = 21/?) = —.
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Differentiation
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Chapter 2

Derivative of a Function

2.1 Definition with limits, examples

Consider graphs of functions y = f(z). We need to define the derivative or slope of the
curve at a given point P.

Figure 2.1: Slope of f at P is the slope of the line QP as @ tends to P. Note: The Qs
are to the right of P, the definition is the same is @)1, Q2 etc are to the left of P.

Definition of Differentiability

The function f(x) is differentiable at x if ‘Newton’s quotient’;

i J@ 1)~ J(@)
h—0 h

exists. We call this f'(x), the derivative of f at point x.

17
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Examples
(i) Is f(z) = 2? differentiable everywhere?

pon o (wH+h)E—a? 1?4 2zh 4 h? — 2P
Fo=m = =i h

=lim(2z+h)=2x = YES
h—0

(ii) Is f(z) = |z| differentiable at = 0?7 Draw a picture.

Need to check if the limit exists and the values are equal as we approach 0 from
above or below.

(a)

li = 1 — =1
h—>5,HfIL>0 h h—)(l),nflL>0 h
(b)
lim fO+h) = 1O) _ im Y
h—0, h<0 h h—0, h<0  h

Right and left derivatives exist but are not equal.

A function is differentiable at z if right and left derivatives exist and are
if the derivatives are equal.

Exercise: Sketch the derivative of f(z) = |x|.

f(z) = |z| is continuous at = 0, but not differentiable there. Geometrically we can
see this - there is a ‘corner’ in the graph. Now consider a function that is discontinuous
at one or more points. What is the derivative there?

Note: f(x) is not continuous at x = xg if the limit lim,_,,, does not exist.
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Example: Consider

€T if 0<x<1
f(z) = .
z—1 if 1<x<2

Here is the graph:

What is the derivative at x = 17

(a) Left derivative at x = 1

lim f(1+h)—f(1): lim 1+h—1:1
h——0, h<0 h h——0, h<0 h
(b) Right derivative at = =1
: f(A+h) = f(1) . (I+h-1)-1
| = | R =1
h%flglh>0 h haflglh>0 h as f(1)
1
= li 1——
h—>—1(g?h>0( h)

which does not exist. In fact, - —oo. Function has no right derivative.

2.1.1 Polynomials

Theorem 1
Let n be an integer > 1 and let f(x) = 2™. Then
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Proof.
fx4+h)=(x+h)"=2"+nz""'h+ h%g(z,h)
where g(x, h) involves powers of x and h with numerical coefficient. We don’t care what
it is exactly but limy_,o g(x, h) = some number. Then
df " +nz" " Lh 4+ h%g — 2" ne1

dr = h -

Theorem 2

Let f(x) = 2% where a is any real number and z > 0. Then f'(z) = az®"!.
If a is a negative integer then this is easy. General case is different from proof
above.

2.2 General rules, chain rule, rates of change

2.2.1 General rules
(i) If ¢ is a constant, (¢f)'(z) = cf'(x).
(i) If f(z), g(z) are given functions and f'(x), ¢'(z) exist, then
(f +9)(x) = f'(z) + g'(x).
(i) (f9)'(2) = F'(@)g(x) + F(@)g'(x) (product rule)
(iv) Let g(z) be a function that has a derivative ¢'(z) and such that g(x) # 0.

Then L o)
de <g(x)> ~ @)

d (f@)\ _ gl@)f(z) - flx)d(z)
dz (g(l‘)) a '

(iv)*

Proof. (iii) - (do the rest yourselves as an exercise)

(fg) = lim f@+h)g(z +hh) — f(@)g(z)
=0
i F@E Wgla+ ) — f(a)g(a) ST @)gla+ ) + F()gla + 1)
h—0 h
i F@ ) = F@) gla+ ) + (gl + 1) = (@) S (a)
h—0 h

= g(2)f'(x) + f(x)g'(x)
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2.2.2 The Chain Rule

Composition (fog)(z) = f(g(x)) is a function constructed as follows: Take a number z,
find g(x) and then take the value of f at g(z).

e.g. flx)=x* g(z) =+ defined for z > 0.
Then (fog)(z) = (V1) ==

Let f, g be two functions having derivatives and such that f is defined for all numbers
that are values of g. Then

(Jog)(@) = (fog)(x) = F(g(x))g' ()

Why is this useful? Example: % [(x?’ + 922 + 71')51]

Last thing you want to do is multiply out the 51 factors and then differentiate! With
the chain rule we identify

flz) =21 g(z) = (23 + 922 + 7).
So that
(23 +92% + 7)°! = (fog)(x)

d
Then £(1’3 + 922 + 7)1 = 51(2 + 922 + 7)°° (322 + 18x)

Proof.

h—0 h
_ iy W@ ) — fg(z) gz +h) — g(z)
h=0  g(x+h) — g(z) h

Let k =g(x 4+ h) —g(x), (if h # 0,k # 0), and write u = g(z). Then

(fog)(x) = lim TR = f(w) gle+h) —g(x)

h—0 k h
_ (}}g}) f(u+k]i—f(U)> (}}L% 9(w+hf)b—g($)>

= f'(w)g'(x) = f'(9(2))d (z)

Analogous definition of the derivative f’(z) is the following:

f/(:E) — lim f(y)f(l‘)

y—z Yy —x
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To see equivalence write y = = + h.

Application: Particle motion (rectilinear for the moment).
Position of a particle at time ¢ is s = f(t), say. Particle moved from P; at t = ¢; to

P, at t = ty. Average speed =
f(t2) — f(t1)

to — 11
So instantaneous speed at any time t is

t)— f(¢
f'(t) = lim F(t) = f(t) rate of change.
t—to t—1o
f'(t) is also a function, call it v(¢). If it is differentiable then

&y

/ . .
V' (t) = —= is the acceleration.
()= 42

Can define higher derivatives (if they exist) by continuing this process.

Theorem 3
If f(x) is differentiable at © = x(, then it is also continuous there. Question: Is
the converse true?

Proof.
i 70e) g = iy (P =T e )
= lim <f(:l:)—f(1:o)> - lim (2 — x0)
T—T0 T — X T—x0

— f'(z9)-0=0 DONE!

2.3 Implicit differentiation, related rates of change

Recall: We saw that if n is an integer then

d

d
_n n—1 -n —(n+1)
d:cx

a(:c = —nx .

This also holds if, (i) y = 21/™ where n is an integer, and, (ii) y = 2" where r is a rational
number; i.e r = g, with p, ¢ integers.

Can prove these using implicit differentiation. Start with (i) y = z1/™ n integer.
Assume /" is defined.
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Then
d d
n __ = S amy
_1dy dy 1 1 1-n 1 1
n—1 1-n 1
—_ = = _— — = — n = —In
Y dx dr n n:B nx
e.g.
d 1 1 4
—xr5 = — 5
T 5"

1
(i) y = 9. Let g(x) =z ¢ an integer. Then y = (g(x))? with p an integer. Use
chain rule.

dy _
1 = P9

These of course generalize to powers of the function.
e.g.
d

ro__ r—1 p/ .
a(f(x)) =rf"7 f" r rational.

Example of implicit differentiation:
Find the equation of the tangent line to the curve 22° +y* = 92y at the point (1,2).

Solution: Note that we cannot solve for y as a function of x. Hence implicit differenti-
ation is very powerful here. Calculate the derivative

d d
1205 + 4357 — 9y + 9257
dx dx
Substitute point (1,2)
dy dy
12+32— =18+9—
* dz * dx
d 6
S _ 2 s the slope of the tangent line

= =
de 23
Its equation is y — 2 = 2 (z — 1).
Can also use implicit differentiation to obtain related rates of change.

If x and y are both functions of a parameter ¢, then we can differentiate implicitly

with respect to ¢
e.g. x=-cos(t), y=sin(t), t >0



24 CHAPTER 2. DERIVATIVE OF A FUNCTION

Equation is 22 + y? = 1, where z = z(t), y = y(t). Differentiate implicitly with
respect to t.

dz dy dy rdr

2—+2y—=0=> — =———

dt + Yt dt y dt
dy/dt x
i.e =——.
dz/dt Yy

This is the derivative of Y if we think of y = v/1 — 22 as a function of z. (Another
wayisz? +y2=1 — 233+2ydy* - ﬁi’— z_cdi%?ii')

In general, if z = f(t) and y = g(t), describe a curve in the plane called a parametric
curve. The slope of it’s tangent line is

dy _ dy/dt

de  dx/dt

dx
— #0.
t#

To prove this, note that the curve can be defined (piecewise) as the graph of a
dy _ dydz

function y = h(x) or x = H(y). Chain rule gives 5 = 525 as required.

Example

The surface area of a cube is growing at a constant rate of 4cm?/s. How fast is the
length of a side growing when the cube sides are 2cm long? Find the side length when
the rate of change of the volume exceeds that of the area.

Solution
dA dzx dzx 1 dA 4
2
= —_ = 1 R - = - =
A=6" = =ry = G T w 1w
dx 1 1
Ifx=2 T écm S
dVv dr 322dA
_ .3 av _ a2 o5~ dAa 3.—1
V=o' = Ty T S ews

So if z > 4, (il‘t/ > 94 i numerical value.



Chapter 3

Mean Value and Intermediate
Value Theorems

For a function f(z) which is defined at a point ¢, we say that ¢ is a mazimum of f if

fle) > f(x) ¥V where f is defined.

For a minimum we have

fle) < f(a).

e.g.

Here is a result when f is differentiable:

Theorem 1
Let f be a function which is defined and differentiable on the open interval (a, b).

Let ¢ be a number in the interval which is a maximum for the function.

Then f'(c) = 0. f'(¢) =0 also, if ¢ is a minimum of f.

Proof. Obvious, here is a geometrical interpretation.

25
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| i \
!

|

i
|
B
i

As h — 0, the slope — 0, = f/(c) = 0.

Detailed proof:
fle)> fle+h)= f(c+h)— f(c) <O.

i.e lim <0
h—0, h>0 h
Similarly for left limit
i J@) = fle=h) _ o
h—0 h
As h — 0 these can only be equal if f'(¢) = 0 since the function is differentiable. O]

All points ¢ such that f’(¢) = 0 are called critical points.

Definition
f(z) is said to be continuous on an interval [a,b] if limy ., f(x) = f(x0) for all
xo in [a,b]. Analogously, limy_,o f(xo + h) = f(zg) a <xzo <b.

Theorem 2

Let f(x) be continuous on the closed interval [a,b]. Then f(x) has a maximum
and a minimum on this interval. i.e There exists ¢; and c2 so that f(c;) > f(z)
and f(c2) < f(z) for all x in [a, b].
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e.g

Theorem 3 (Combines Theorems 1 and 2)

Let f(z) be continuous over the closed interval a < z < b and differentiable on
the open interval a < x < b. Assume also that f(a) = f(b) = 0.

Then there exists a point ¢, a < ¢ < b, such that f’(c¢) = 0.

Proof. If f is a constant then nothing to prove. If f is not a constant then there exists
a point in (a,b) where f is not zero. If at some point in (a,b), f is positive, then there
exists a maximum ¢ with f(c) > 0, and ¢ # a,b. By Theorem 1, f/(c) = 0.

Similarly for a point where f < 0 and hence this is a minimum. O

Example:

Here there are 3 such points.

Theorem 4
f is continuous on [a, b] and differentiable on (a,b).
Then there exists a < ¢ < b such that
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Geometrical interpretation:

c is the point where the tangent has the slope

f(b) f( )|

Proof. Straight line joining (a, f(a)) and (b, f(b)) has equation y— W(m—a)—{—f(a).
Consider g(z) = f(z) — LO=L@ (x _ ) — f(a). Then g(a) = 0, g(b) = 0, and by
Theorem 3 there exists a ¢ Wlth a < ¢ < b such that ¢'(¢) = 0.

But ¢'(z) = f'(x) — b) f (@ " and result follows. O

Definition
We say that f is increasing over a given interval if given x1, xo in the interval
with 1 < x9, we have f(x1) < f(x2).

Strictly increasing if f(z1) < f(x2) when 1 < x3.
Strictly decreasing if f(x1) > f(x2) when x1 < xa.

Theorem 5

Let f(x) be continuous in some interval, and differentiable there (even possibly
at the end points).

If f/(x) =0 in the interval (except end points), then f is constant.

If f/(x) > 0 in the interval (except end points), then f is strictly increasing.

If f'(z) < 0 in the interval (except end points), then f is strictly decreasing.




29

Proof. Use the mean value theorem.
Let x1, xo be points in the interval with 1 < z5. Then there exists 1 < ¢ < x9
such that

f(z2) — f(x1)

T2 — T2

f'(e) = = flx2) = f(z1) = (22 — 21) f'(0)

If f'(x) = 0 in the interval, f'(¢) = 0 and f(x2) = f(z1) i.e f is constant. If f'(z) > 0
then f’(¢) > 0 and f(x2) > f(x1), i.e strictly increasing. If f/(z) < 0 then f’(c¢) < 0 and
f(z2) < f(x1), i.e strictly decreasing. O

Example 1 (Do yourself). Determine the region of increase and decrease of the function
f(z) =23 - 22 + 1.

Example 2 Prove that sin(z) < x for z > 0.
Solution Let f(z) = x —sin(z). Then f(0) = 0.

f'(x) =1—cos(z) > 0 for all x. Hence f(z) is an increasing function Rightarrow
f(z) >0 for all z.

Theorem 6 - Intermediate value theorem
Let f be continuous on the closed interval a < z < b. Given any number y*
between f(a) and f(b), there exists a point z* between a and b such that f(z*) =

*

Y.

Picture where it works:

' ! 2 TN .
....... SRR S, _.,,,,_Fvg :b !e_wxf%mmw(

(there can be more than one z*.)
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Picture where is doesn’t work:

e

AR e T ot T T e - e Al et e . 1 e 0
= H
. i




Chapter 4

Inverse Functions

Given y as a function of z, when can I express x as a function of y? Here is an easy case:
1
y=3r+1 = :L“:§(y71)
Usually we do not have a formula like this, but we can say a lot about the function
z=g(y).

Definition
Let y = f(x) be defined on some interval. Given any yo in the range of f, if we
can find a unique value o in its domain such that f(xo) = yo, then we can
define the inverse function

z=g(y) (sometimes written z = f~(y) )
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Question: When can we be certain an inverse function exists?

Theorem 1
Let f(x) be strictly increasing or strictly decreasing. Then the inverse function
exists.

Proof. Obvious from definition of strictly increasing/decreasing. O

Theorem 2
If f(x) is continuous on [a, b] and is strictly increasing (or decreasing), and f(a) =
Yo and f(b) = yp, then x = g(y) is defined on [yq, yp)-

Proof. Easy by the intermediate value theorem. O
Here is what goes wrong if we drop continuity

g g e
S e 4 >/

Ja

4.0.1 Derivative of inverse functions

Theorem 3
Let f(x) be differentiable on (a,b) and f/'(z) > 0 or f'(z) < 0 for all = in (a,b).
Then the inverse function exists and we have

Proof. Need to find
i YW k) — 9(y)
k—0 k

where we have y = f(x). Here is a useful picture:
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Going from y to y + k, increases « to z + h. The intermediate value theorem ensures

that this is true for all k£ in fact.

Hence f(z+h)=y+k = gly+k)=xz+h. Since f(z)=y = g(y) ==
Back to the limit
i YW ) —9(y)
k—0 k
. h 1
im = =
M T f@) - @)

Chain rule way: ¢g(y) = = where y = f(x). (In fact x = g(y), iff y = f(x)). i.e

dg ., - o 1
A

Example: Consider
y=zt+32>+2x—-5 x>0.

Find ¢'(0) - i.e d% ffl(y)‘yzo. Note: We will not even attempt to find x = g(y)!
Theorem says j—g =J(y) = % where y = f(z). If y = 0 then need to solve

0 = f(z) by inspection f(1) =0= f'(1) =14 = ¢'(0) = ﬁ,

Note: Very useful in solving problems.

x = g(y) i.e. some function of y. Our theorem really says i—’; = dy} =




34 CHAPTER 4. INVERSE FUNCTIONS

4.0.2 Some special inverse functions

(i) The arcsin, or sin™?.

Consider y = sin(z) (shown below)

So given any —1 < y < 1 there are an infinite number of z such that y = sin(z). If
we restrict out domain to regions where sin(x) is strictly increasing or decreasing,
then we can find inverse functions - we have a theorem. By convention we take
—%5 <z < 5 for the domain (range is of course [—1,1]).

d
dz
Let the inverse function be g(y) = x. Then

Now Lsin(z) >0if -2 <2 < Z, and Lsin(z) =0 at z = £Z.

dx 1 1 1

g = dy N cos(z) N 1 — sin®(z) - V1i—y?

Think of 3 as a dummy variable now. Then arcsin(y) = sin~!(y) is a function with

domain [—1,1] and range [~7,%]. Instead of y use z, i.e. y = f(z) = sin™*(x).
Then

dy _ d sin~!(z) = 1

de dzx /1= 22

Once you have identified the domain and range where the inverse function exists,
there is an easier way (equivalent) to find derivatives.
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Start with y = sin~!(z) i.e y is the angle whose sin is . Then sin(y) = 2. By

chain rule, (cos(y)) W =1= ¥ = _L_— __L__ 45 shown above.

V1—z2

dx cos(y)

(ii) arctan or tan—!

Consider y = tan(z)

Can define tan(z) on (-3, 5), % tan(z) = 1+tan?(z) > 0. So x = g(y) the inverse
function has domain (—o0,c0) and range (-3, 5).

Derivative of tan™!:

y = tan"!(x)
tan(y) = x
dy dy 1
(1+tan (y))dm dr 1+ 22

Here is the graph of y = tan™!(z)

e } ~
Y4 L2
Note for later material: we showed that %tan_l(x) = ﬁ In other words,
the anti-derivative of ; +le is tan~!(z) + ¢ where c is a constant. Similarly, the

. . . 1 |
anti-derivative of Ji—z 1 sin (x) +c.

Examples: (Do yourself.) Find arctan(tan(2r)), arctan(tan(2r)).
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Chapter 5

Exponentials and Logarithms

Summary of what we know:

If @ > 0 is any real number, and r any rational number we know how to define
a”. What about a® where z is any real number (including irrationals)? It is also a
continuous function of x.

Intuitively, we can imagine that any irrational x can be approximated by rationals

and accurate values obtained. Here is an example: 2V3. A decimal approximation of

V3 & 1.732050808 = % <3< %. 27 is an increasing function, therefore

. 17321 s
2% < 2‘/g <2 7/ 10000 i.e. 2\5 ~ 3.322 correct to 3 decimal places.

There is a way of defining a® and deriving all its properties by using properties of
real numbers - though this is technical and we do not have time to do it.

We will do it in a more intuitive way that may seem a bit unnatural at first, namely by
defining a new function (the logarithm) and then defining the exponential as the inverse
function of the logarithm. Advantage of this - intuitive, simple and clear arguments.

5.1 Geometrical Definition, Derivative

The following leads to the natural logarithm.

Definition
log(x) is the area under the curve % between 1 and z if x > 1; and negative the
area under the curve % between 1 and x if 0 < x < 1. In particular, log(0) = 1.

37
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Hence log(z) > 0 if > 1; and log(z) < 0,0 < z < 1.

Theorem 1
log(z) is differentiable and L log(z) = 1.

Proof. Need to consider the Newton quotient and prove

lim log(z + h) — log(z) _ l
h—0 h T

Start with A > 0 and consider the area under the curve between x and x + h.

log(x + h) — log(x) is the shaded area above. From geometry we have (or from the
fact that % is a decreasing function):
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1
. 1 —1 .
T h <log(x + h) og(x)<x h
1 1 —
- og(x + h) — log(z) - 1
x+h h T

(here h > 0 so we can divide by h as done above.) As h — 0 we use the squeezing
theorem to get the required limit. If A > 0 the picture is:

e T T i ey [e——

1th X

So
“h L <log(a) — log(z + h) < —h - —
x B B\F x+h
1 1 —1 1
N Jog(z+h) —log(z) 1
x+h h x
Hence limit is % as h — 0. O
log(z) is a function defined for = > 0, has log(1) = 0 and & log(z) = 1. (*)

We will use (*) alone in what follows. If g(x) is another such function then g(z) =
log(x) uniquely. The condition log(1) = 0 fixes this.

Theorem 2
If a,b > 0, then log(ab) = log(a) + log(d).

Proof. Let f(x) =log(az), x > 0 and a as above.

d 1 1
i = —-a = — by the chain rule.
dz ax T

i.e. same derivative as log(x) = they differ by a constant.
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= log(az) =log(z) + K Vx>0

Put x =1 = K =log(a). Put x = b = log(ab) = log(b) + log(a). O

Theorem 3
log(x) is strictly increasing for all x > 0. Its range is (—o0, 00).

Proof.
d

1
1e log(z) = — >0 for all x > 0 = strictly increasing.
x x

To prove that it takes on arbitrarily large values, note that since it is strictly increas-
ing and log(1) = 0, we must have, for example, log(2) > 0.
From Theorem 2,

n terms

log(2") =log(2-2-----2) = Tog(?) +log(2) + - - - +1log(2) = nlog(2).

This holds for any positive integer and log(2) > 0 = as n becomes large, so does
log(2™). To prove it takes on arbitrarily large negative values, note that

1 1
0 =log(1l) =log (2 : 2> =log(2) + log<2>
1
= log(2> = —log(2)
Hence

log<n> = —nlog(2) by Theorem 2

— —o0 asn — oo

Theorem 4
If n is an integer (positive or negative) then log(a™) = nlog(a) for all a > 0.

Proof. As above - simple use of Theorem 2.
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Domain (0, c0), range (—o0, 00), strictly increasing.

5.2 Exponential as Inverse of logx

Define the exponential as the inverse function of log(xz). We know it exists - write it as
exp(x). Since 0 = log(1) by inverse we have exp(0) = 1.

Theorem 5
If 1, z9 are two numbers, then exp(x; + z2) = exp(z1) - exp(x2).

Proof. Let a = exp(x1), b = exp(z2). By inverses, z1 = log(a), ,z2 = log(b).
By Theorem 2

x1 + x2 = log(a) + log(b) = log(ab)

= ab = exp(x1 + x2) as required.
Define the number e to be exp(1), i.e. log(e) = 1, or exp(l) = e.

Geometric interpretation of e shown below:

\/

R rlJ
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Can show easily (by induction for example) that
exp(n) = e" for every positive integer n.
Since 1 = exp(0) = exp(m — m) = exp(m) exp(—m) by Theorem 5.

1
exp(—m) = o= e~™ m a positive integer.

Theorem 6
exp(z) is differentiable and L exp(z) = exp(x).

Proof. Think of % exp(x) as the derivative of the inverse function to log(z). Hence it is
differentiable.
We have proved that if g(y) is the inverse function of y = f(x), then g—g = dx}dy i.e.

f(x) = le) or ¢'(y) = ﬁ Let y = exp(x), then the inverse function is x = log(y).

Chain rule 1 = 19 = ¥ =y = exp(a). (Equivalently $ = 7).
]

Use e” instead of exp(x) - completely analogous. Derivative for definition:

d , et — et el —1
et = lim S C — ey .
dz® T 5o h < 50 h

By Theorem 6, we have limy,_,g ehT_l =11

Generally we may have the exponential function

x

y=a" a>0.

Can write this as y = exp(z log(a)) = ¢*1°8(®) All the usual properties a*+¥ = a*a¥
etc. all hold.

Theorem 7

“This suggests that hmpo(l + h)~" = e Prove by (1 + h)"" = exp(;log(l+h)) =

exp(log(1+h’)1710g(1)) e
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Proof.
d , d :
—a” = — exp(zlog(a)) = exp(zlog(a)) - log(a) by the chain rule
dz dz
L]
Corollary:
at-1_ f
li =
Jim —- og(a) fora>0
Finally, the general power function.
Theorem 8
Let a be any number and let f(z) = 2% for x > 0. Then f/(z) exists and
f'(z) = az® L.
Proof.
f(iL’) — 2% = elog(aza) _ ealog(:c)
= f(z) = eloe®@). 4 by chain rule
x
= az®!
0

5.3 Function Estimates for Small and Large Arguments

Start with showing 2 < e < 4. We know that log(e) = 1 i.e. the area between z = 1
andzx =eof y=1/x,is 1.
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Since log(2) < 1, i.e. area A; < 1, so we must have e > 2. Now

1
log(4) = 2log(2) > 2 x 5= 1.

This implies e <4 = 2 < e < 4. Accurate calculation later using Taylor’s theorem.

Theorem 9
Let a be any positive number. Then % — oo as n — o0o. [Analogously,

hmn_mo ﬁ = 0]

Proof. Write (1+a)" =1+ na+ @cﬂ + b where b > 0 is some number.
1+a)” 1 n—1
Ara 1, ., a® +
n n 2
% > 0, and so for large n (1-;@)” becomes arbitrarily large. O

7

Corollary: % — 00 as n — 00, since e = 1 + a for some a > 0.

Theorem 10
The function f(z) = % is strictly increasing for > 1 and lim,_,~ f(z) = oo.
exp beats .

Proof.
fo xet —et et
lim,, o f(n) = 00, hence result follows.
O
Corollary 1.
The function z — log(x) becomes arbitrarily large as x becomes arbitrarily large.
x beats log.
Proof.
X
log (e) =z — log(z) > 0 for z large enough
x
Since log(t) becomes large for ¢ large. O

Corollary 2

The function =7 becomes large as x becomes large. x beats log.
g(z)
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Proof. Let y = log(z), then z = e¥. So ﬁ = % log(z) becomes large as x becomes
large, hence y also becomes large. By Theorem 10 the result follows. O

Corollary 3

As z becomes large, z!/*

approaches the limit 1.

Proof.

xl/x = elog(xl/x) = elogz(z)

1 1
Now 08(®) _ — 0 as « becomes large by Corollary 2

r  z/log(x)
= lim z!/* =1

T—00

O

1/n 5 1 for n — oo being

Note Corollary 3 is used many times for integers. i.e. n
integers.

Theorem 11 - exp(x) beats any power of x.
Let m be a positive integer. Then the function f(z) = ;—; is strictly increasing
for z > m and becomes arbitrarily large as x becomes arbitrarily large.

Proof.
ex T—m loglT
flz) = omlog@ ~ © os(®)
f(x) = emmloe(@) (1 — %) > Oifx > m
log( /() = & = mlog(x) = (10g(2) (1o_5 = m)
By Corollary 2, log(f(z)) = 00 = f(z) — oc. O

5.4 Logarithmic Differentiation
Examples (Do yourselves)
(i) Differentiate y = 2®/x

(224+1)1/2

(ii) Differentiate y = @27
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5.5 L’Hopital’s Rule

a 2

Theorem 11
If f, g, are differentiable on an open interval containing zg, g(xo) = f(x¢) = 0,
and ¢'(zg) # 0, then

f(x) _ f'(z0)

lim ——= =
=m0 () g'(o)

\. J

Proof. Write

fx)  f(x) — f(zo) _ %ﬁézo)
g(x)  glz) —g(xg)  9@)=a(z0)

T—x0
f(@)—f(zo)
f@) = fl(wo)
= lim —% = lim =
a—xo g(x)  wome 9@=9(xa) ¢/ (z0)
T—x0
O
Example 1
1-— 0
lim ﬂ of form —
z—0  sin(z) 0
B 0 R
2—0 cos(x)
Example 2
0/0
—_——
i - -1
lim M = lim M = ... carry on differentiating ...
z—0 3 z—0 312
also 0/0
Problem is that we need to know that if lim,_,,, % which is of the form % exists,

then it is equal to the lim,_,,, %. This is the useful form of L’Hopital’s rule.

Theorem 12

Let f(xz) and g(z) be differentiable on an open interval containing zy (except
possibly at xg.) Assume that g(z) # 0 and ¢'(x) # 0 for z in an interval about
xo but with & # xo. Assume also that f, g are continuous at xg with f(z¢) =
g(xo) = 0, and limy_,z, % =[. Then also:

im M =
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Example 1:
1_ .
lim ﬂ = lim M if latter limit exists

x—0 x2 z—0 T

Can use L’Hopital’s rule again to show (since limit of form 8.)

lim sin(z) ~ lim cos(z) 1
z—0 2z z—0 2 2
1-— 1
= lim 07(2)8(:6) = — by Theorem 2
z—0 T 2

Note: Need to check that every time we apply L’Hopital’s rule the limit is of form 0/0.

Example 2

x—0 x z—0 1

2
lim (x +1> ;éhmz—xfo.

Not of form 0/0, i.e. not indeterminate.

Example 3:

Show that lim,_.q sin(z)—z

tan(z)—z

N[

Practical note: L’Hopital’s rule holds for:
(i) One-sided limits
(ii) Limits as x — oo.
(iii) Indeterminate forms 2
Let us prove the rule for the form 0/0 as x — oc.
Proof. By assumption we have lim,_,~ % =l exists. If y = i, then y =04 as x — oo,
i.e.

lim I'(z) = lim ['(/y) = lim 7_‘@2]0/(1/3/)
Tr—00 g/(:(;) y—04 g’( / ) y—04 —yQQI(l/y)

. &/ - F(1/y) snita
= ) T gy Rl
= lim @

r——400 g(x)

What about lim,_,,, % when of the form %? Would think that casting into % form

would help, but it doesn’t. i.e. % = % i.e this is now of form %. But

Vg _ . —919°
1m
x%xo 1/f \/ z—x+0 —f//f2

does not help! The proof is more technical, see later.
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Theorem - L’Hopital’s Rule - general case.

To find limg_,,, % when lim,_,,, f(z) and lim,_,;, g(x) are both zero or both
infinite, differentiate numerator and denominator and take he limit of the new
function. Repeat as many times as needed as long as L’Hopital’s rule applies at
each stage. We then have

lim f(z) = lim f'(z)

w0 g(z) 20 g'(2)

Note that g may be replaced by 4co or xp=+

Example 1
|
lim Og(gj), p >0, form >
r—00 I o
1
= lim /:Bl = 0since p >0
T—00 pxp_
Example 2
lim zlog(x) of form 0 x co so need to rewrite as
:E—>0+
log(x) .. . 00
lim which is of form —
z—04 1/.7] o0
1/x
li 1 = 1i =
= Jlim wloglw) = Hm —7
Example 3
(a) Find limg_o, z*
Of form 0° (indeterminate).
(b) limg_y; z—1/(1-2)
Of form 1°°, again indeterminate.
Solutions
z _ xlog(x) : o . . .
N X 9
(a) ¥ = e Have shown lim,_,o, xlog(x) = 0 and since exp is continuous

lim, 0, exp(z log(z)) = exp [limy—o, (zlog(z)] =€’ = 1.
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=)

(b) Again use logs, namely

1
2~V 1=2) — exp (m —

1 0
lim 0g(7) is of form — = by L’Hop
z—1 r—1 0
1
i % 4
z—1 1
1
= lim z"/@ 1 = exp [lim (()g(m))}
z—1 z—=1\ z—1

= e by continuity of exp(x).

Note: If weset x = 1—|—% with n an integer, then we have shown lim,, o (1 + %)" =e.
Example 4
Find lim,_,q (ﬁn(x) - %2) (The answer is 1/6 and you need to apply L’Hopital’s
rule 3 times!)

Proof of L’Hopital’s rule when lim,_,, f(2) = limy_y5, g(z) = 0i.e. f(zo) = g(zo) =
0. The case xg — oo is done in the exercises. We need the following Theorem:

Theorem (Cauchy Mean Value Theorem)

Let f, g be continuous on [a, b] and differentiable on (a, b) with g(a) # ¢g(b). Then
there exists ¢ in (a, b) such that

Proof.

Leth(z) = f(a) + (9(x) — g(a)) E ; ﬁfff)

)
Then h(a) = f(a) and h(b) = f(b). For the function ¢(x) = h(z) — f(x) we have ¢(a)
¢(b)—0 and ¢ is differentiable on (a, b). Hence by the MVT, 3 ¢ € (a, b) such that ¢'(c)
0. i.e. W'(c¢) = f’(c), and the theorem is proved.

Proof. of L’Hopital’s Theorem
Here we prove the 0/0 version, i.e. f(xg) = g(xo) = 0.

f@) _ f@)— fxo) _ f()
g(x) — gla) —glzo) ()
where ¢ is a number between z and zg. As x — xg, ¢ — ¢ also. By hypothesis
[ f'(@)] O
zlEImlo |:g’(m) =i = zlEImlo g’(c’) o

f(z)

o

=1 as required
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Chapter 6

Anti-derivatives and (Geometrical
Interpretation

The anti-derivative or integral of a function f(x).

Given f(z) defined over some interval, then if I can find a function F(z) defined over
the same interval such that

then F'(z) is the indefinite integral of f F = [ f(z)dz. This is not unique. Let G
be another indefinite integral, i.e. G'(z) = f(x). Then

%(F —G)=0 = F(x)=G(x) + constant.

6.0.1 Area under a curve

Suppose f(z) > 0 in some given interval [a, b] and it is also continuous on [a, b], (a < b).
Define by F'(x) the area under the curve between z = a and some z.

By definition, F'(a) = 0.

53
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Theorem 1
The function F(z) is differentiable and its derivative is equal to f(x). Another
way to state this is L [ f(t)dt = f(z).

. F(z+h)—F()
Proof. Newton quotient —————=".

Suppose x # b and also h > 0. F(z+ h) — F(z) is the area under the graph between
x and x + h.

Figure 6.1:

Since f(x) is continuous on [z, z + h] and is defined there, it must have a maximum
at some point x4, and minimum at some point x_. Hence, for all ¢ € [x,z + h]

fla—) < F(t) < flay).

Can also bound the area using the rectangles shown in Figure 6.1.

hof(e) <Fa+h) - F) < h- f(zy)
pe. fla) < T@EMZF@ g

Since z4 and x_ are contained in [z, + h], as h — 0, z_,z4+ — z and by the

squeezing theorem we have limy_, w = f(z), i.e. F'(x) = f(x). Hence the
anti-derivative is connected to area under the curve. OJ
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The constant is fixed by F(a) = 0. In other words, if I can guess a function G(x)

whose derivative is f(z) (e.g. guess log(z) for the anti-derivative of 1), then since F
and G differ by a constant I have

F(z)=G(z)+ K.
But F(a) =0 = —G(a) = K = F(x) =G(z) — G(a). Hence

b
/ F@)dz = F(b) = G(b) — G(a).

This is the familiar definite integral.

2 372
/x2dx: T :§71.
1 31, 3 3
X

Here f(z) = 22, G(z) = ; is the guessed anti-derivative.

Example 1

Definition: signed area

If f(x) < 0 then the area is below the x-azis. Define F(z) to be minus the area.
(All very familiar). This leads to the definite integral.

Example Draw example function f(z)
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Chapter 7

The Riemann Sum

Given f(x), a <z < b, take a partition of the interval [a, b] to be

b—a

Note: My partition has regular spacing. Can generalise this to have a partition defined
by a sequence {zy}r=o, .. » and in the limit max |z — xp—1] — 0. I am avoiding this

technical issue which is quite irrelevant to what we want to do!

Take any sub-interval [z;_1,z;] and let 2} € [x;—1,2;]. Then the Riemann sum is

iy f(@)h.
T]H)eex]%aitla?}l Larﬁ@%&?fafﬁhwﬁg (Riemann Sum)
(i) «f = xi—1 “left-hand” RS

(ili) =} = $(2; + 2;-1) midpoint RS

o7
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Now in the limit n — oo, h — 0, we can prove
n b
i 321G = / f(@)da.

Sketch of the proof:

Lower Riemann sum = > | f(zi—1)h := Ly,

Upper Riemann sum = > | f(z;)h = U,
By geometry:

b
L, < / f(x)dz < U,.

In the limit it gets squeezed, if the limit exists then it is the integral

Example 1:

Upper RS :Zf(x,,) ! :ﬁZizlni

: n_ “~nn
i=1 i=1
1nn+1) 1 1
= = — = —asn — 00
n? 2 2 2n 2
Aside Y ;i=1in(n+1):=S.
(i) Consider
1 2 3 n—1 n
+ n n—-1 n—-2 ... 2 1




Add 2S=(14+n)+(1+n)+---+(1+n)=n(l+n)

n times

S = %n(n +1).

ii) Consider (i + 1)2 —i2 = 2i + 1.

(ii)

n n n

s NERVELEL) SED I
1 =1 =1

i.e. >Z%—lz%—z?%—égﬂL-\\%—(n%—l)Q—N:?S%—n

“telescoping series”

S = %n(n—k 1)

Exercise: Re-do Example 1 but with (a) lower RS, (b) midpoint RS.

1
/ etdx
0
n

1
Upper Riemann Sum U, = Z et/

Example 2

i=1 n
1 1 n i
/ e’dr = lim — Z(e””) =e—1
0 n—o00 N P
—_——

geometric series

7.0.1 Comparison between upper Riemann sum and midpoint RS

U= Y a2t =3 (S5
=1 =1

29

We know that lim,_yoo Up, = limy,—s00 M, = ff f(z)dz. Example for fol efdr =e— 1~

1.71828183 := I correct to 8 decimal places.

Here are some calculations

| A | Us [I-Us| My, |I-M,
1 [ 27183 | 1.0000 | 1.6487 | 0.0696
0.5 | 2.1835 | 0.4652 | 1.7005 | 0.0178
0.25 | 1.9420 | 0.2237 | 1.7138 | 0.0045

N R s

Conclusions: If h decreases by a factor of two, then the error |I — U, | decreases by

1/2, but |I — M,,| decreased by 1/4.
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Midpoint is far superior. Why? (Geometrical explanation.)

Question: Can you think of a better way still? We have to go beyond the Riemann
sum definition - Numerical Analysis

Answer: Approximate the function by a linear function. Geometry - (trapezium
rule).

/

Approximate f(x), ¢ € [zi_1,xi]

by li(z)=

(x —xi—1) + f(ziz1). Can we get better still??



Chapter 8

Properties of the Definite
Integral; Fundamental Theorem
of Calculus

1) f; cf (z)dr = cf; f(z)dx ¢ constant.

2) [2(f(z) +g(2)dz = [} f(z)dz + [} g(x)dz
3) If ¢ € (a,b) (and here a < b), then

/abf(a:)dx _ /:f(:z:)dx+/cbf(m)da:

4) If f(x) < g(z) for x € [a,b] then

/ab f(z)dx < /abg(x)dx

Hence [° f(z)dz < [*]f(x)|dz and | [” f(x)dx‘ < [P1f(x)|de

5) [0 f(x)de = — [ f(z)da.

Proofs follow easily from RS definitions and the use of signed areas.

Theorem 1
Suppose g(z) is defined for all x € [a,b] and is differentiable on [a, b]. Then

Proof. (Sketch)

61
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Let z; = a + ih, h = =2,

n

Upper RS g/ (e 32 AR I g g4 (a1
=1

=1

telescoping series

As h — 0 result follows. O

Theorem: Fundamental Theorem of Calculus
Suppose F is differentiable on [a, b] and F’ is integrable on [a,b]. Then

b
/ F'(z)dxr = F(b) — F(a).

If f is integrable on [a, b] and has anti-derivative F, then

b
/ f(x)dz = F(b) — F(a).

Useful Theorem:

d (9@
dz

\.

Proof. Let F (z) = [T f(t)dt. Then F'(x) = f(z) - already proved.

a

Now fg f(t)dt = F(g(x)) by the definition of F'.

g9(x) d
(/ f(t>dt)=dxF(() F(g(2)) 4 (2)

U
S

Example

a { [~
dx(/ etdt>:ew2'2x

z 2
X
or / eldt = et‘a =e¥ —e” same as before
a



Chapter 9

Some Applications

Mechanics - very elementary knowledge needed! Newton’s 2nd law says:
Force = mass x acceleration, Work = Force x distance.
MKS (meter-kilogram-second) system

mass kg
distance m
time S

force | Newton, N = kg-m/s?

work Joule, J = N-m

Example 1 - Find the work done in lifting a 1kg book to a height of 1m above its
resting position.
W = force x distance = mg x d = 1kg x 9.8ms 2 x 1m = 9.8J
Example 2 - Work done in moving fluids.
Consider a water tank in the shape of an inverted cone. The tank is partially filled

to a height h. If it gets emptied by taking the water to the top first, find the work done
in pumping the water out.

63
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Think of a “slice” of water of thickness Az. Here is a cross section.

R/

ri R R?
x—z = Mass of water slice = pﬁmngx.
R2
Work done in moving this to the top is AW = (pTerw?Ax> g - (H—ux).
~ =
N— —— gravity distance moved

mass

= Force x distance

Here, adding all the work done and sending Az — 0 we get

h RZ
W :/0 pgﬂ'mﬁ(f[—aj)daz
2

R? [28 24" R (B3 It
- b el = S — 2 (g
PIT 2 [3 4]0 PIT 2 (3 4)
RZ p3
= — —(4H — 3h
PIT 73 15 3h)
Put some numbers in
R=2m H=5m h=3m p=10%kg/m® g=9.8m/s?
kg m 4 9
W=103—= 9857 — ) - —m?(20—9
m? s27r<25> Thal Jm
~ 4.06 x 10 ~ 40kJ  (kilo Joules)

This is approximately 10,000 calories.
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Example 3 Hooke’s law (linear springs)

When spring is extended to x units beyond its natural length, a force is needed to
keep it there, i.e. F' must balance the tension in the string.
Hooke’s law tells us that for small extensions F « z, i.e.

Force = kx, k a positive constant
. . : : o kao
Work done in stretching the string by x¢ units = kxdr = < J
0

Example 4 Gravitational forces
Find the work done in moving a particle of mass m from the Earth’s surface to oc.

\ —ty
oo hcle dighece ¥ e T
me j Ceates a/F'bL-e“W%

e - @ —
Y —
GM
Force on a particle is f(r) = 2m M — mass of Earth
r
oo d 17 GM
W = / GMm~; = GMm [—] ="
R T TR R

What velocity is needed for the particle to escape to co? By energy conservation:
Work done = kinetic energy.

GMm 1 _, 2G M\ /?
:>7R —2m‘/éscz>vesc—< R ) .

Here are some numbers.
U (2X 667 x 107N - m?/kg? x 5.97 x 10*!kg 1/2
oe 6.37 x 105m
~ 11,000m/s = 11km/s = 33 x speed of sound

Note: R — 0 Vgsc — 0. This is impossible for a black hole (Einstein).
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Chapter 10

Improper Integrals

Definition
f; f(x)dz is an improper integral if

(i) a = —oo and/or b = co (ii) f(z) = £ooin (a,b)

To find improper integrals we take the limit of proper integrals. If the limit is finite,
the integral converges, otherwise it diverges.

Example 1
> 1 1 1
/ —dz = lim —dz = lim <— + 1> =
1 X b—oo 1 T b—oo b
Example 2
“dr S
— = lim log(b) = 0o i.e. diverges.
1 xr b—oo
Geometrically:

In general
b br+1 -1
lim z'dz = lim <) r#—1
b—oo Jq b—o0 r+1
So need r+1 < 0 for convergence, i.e. r < —1, (r = —1 is divergent - see log example
earlier).
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10.0.1 Comparison Theorem/Test
Suppose f and g satisfy:

() 1£(2)] < g(a) for all & > a
(ii) fab f(z)dx and f;g(x)dx exist for every b > a.
Then
) If [ g(x)dw is convergent, so is [° f(z)dx
b) If [ f(z)da is divergent, so is [ ° g(z)dx
Similarly for f_boo f(z)dz and [ f(z)da

Intuitive “proof”: If f, g both positive then the picture is

»rt-e« Sep‘tmg.é& mm_‘ J '\f;gé\
g 5()9314 . ,]CMA e .

:vw—-+ '(‘C ,, C%‘)M

Comparison test is useful if we cannot carry out the integral exactly. It will tell us
if it exists, then we can find it numerically etc. e.g

/°° sin(x)
converges
o (L) °
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First thlng to note is that fo )2 converges by comparison to fl Sz- Why? If

x> 1, )2 < -3. By the comparlson test

(1+

| sin(z)] 1 1
(1—|—$>2_(1—|—1')2<ﬁ forx >1 (10.1)

/‘X’ sin(x) :
7dx converges since
o (1+w)?

e.g.

< dx
[ \/ﬁ 1S leergent
/b dx S /b T B b dx
1 V1+ax2~ Va2 + x? 1 V22

Now / d—m diverges = so does / h dix

1 7T 1 V1422

e.g. ffo % diverges. (Already saw this, and we can do it directly).

Here is a proof using the comparison theorem.
11 b1 d
If 2>1-<— = / dx</ L
X \/E 1 T 1 \/.E
1
and / —dz diverges
1 X

10.0.2 TImproper integrals of unbounded functions

Without loss of generality, consider the situation where |f(z)| — oo as z — 0. Again,
take limits of bounded integrals. e.g.

1 d converges if p<1
—dx
o TP diverges  if p>1
Proof. Left as an exercise. O
Example 1
1
/ log(z)dx exists
0
1 . 1
:l =i — —
lim 6 log(z)dx ll_r}(l) {[1’ log(x)], /6 wxda;}
= lim [—elog(e) — 1+ ¢ = —1
e—0
Example 2

Show that the improper integral I = infy® fdx converges.
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1 e T 0 =T
Write I = I1 + I where I} = / —dx, I = / —dz
0 VT 1 VT

1 e~ ® 1 1
I = / — < / ——dxz which is convergent
0 VT 0o VT
o0 e—$ o0
/ —dz < / e *dx which is also convergent
1 VT 1

Example 3

Find the length of the curve y = V1 — 22 for z € [-1,1].

LengthL:/ (149 2de =

/_1\/1—1:2 P—> 1/ \/1—x2 C po—l
1

= lim

/ dx
0o Vi i

improper at both ends

[ e
i, fsin1(0) —sin ()] =0 (~)

1
; ;i_% [sin™'(1) —sin—1(p)] = g = m is the length



Chapter 11

Mean Value Theorem for
Integrals

Given a function f that is integrable on [a, b], we define its average (f)(q,5 by the formula.

b
F@ias = 5 [ e

Since (f)[4,4) is @ number (constant), then we have

/a ' fla)de = / ' aagda

Geometrically, the area of the shaded rectangle is equal to the area under y = f(x).
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Theorem 1 Let f be continuous on [a,b]. Then there exists a point 9 € (a,b)
such that

b
f(;co):bia/ ),

Proof. Define F(z) = [” f(t)dt. By the Fundamental Theorem of Calculus we have
F'(z) = f(x) for all x € (a,b). F is continuous at a and b (proof in exercises). By
MVT we have

F(b) - F(a)

F' =
(z0) b—a

i.e.

b _ra b
f(:no):f“ ft)dt — [ f(t)dt: 1 /f(t)dt

b—a b—a



Chapter 12

Techniques of Integration

Will assume familiarity with substitution and integration by parts.

12.0.1 Trigonometric Integrals

/sinm(m) cos"(x)dz m, n integers

n=1 substitute u = sin(z) = /sinm(x) cos(z)dz = /umdu

n=1 m=-1 /C?S(m)dleog]sin(xﬂ—i—c
sin(z)

m, n# 1 Write in terms of sin”(z) cos(x) or similar, or use double angle formulae

Important - use trig formulas! - a reminder of double angle formulas:

cos(2z) = 2cos?(z) — 1 = 1 — 2sin*(x)
sin(2z) = ( ) cos(x)
sin(x £ y) = ( ) cos(y) £ cos(z) sin(y)
cos(z +y) = cos( ) cos(y) F sin(z) sin(y)

From these we have
sin(z) cos(y) = = [sin(z + y) + sin(z — y)]
sin(z) sin(y) = = [cos(z — y) — cos(z + y)]

cos(z) cos(y) = — [cos(x + y) + cos(x — y)]

N RN RN~

Example 1

/sinQ(x) cos®(z)dx = /sinQ(az)(l — sin?(z)) cos(z)d = /u2 (1—u?

U= smx
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[ow@ese) = [ o (2) _ [t a

I= /tang(G) sec®(6)df

Example 2

Example 3

-3 2 2
i) Write / S () g / Loeon ) gnoyty = = - / Sl

cosb(0) cosb(0) ~~ ub
u=cos(0)
ii) Notice % sec(f) = tan(0) sec(6)
/tan (6) sec®(0)df = /tan(@) sec(8)(sec?(0) — 1) sec?(A)dO = = /(u2 — Duldu
u=sec()
Example 4

1
/cos(Saj) cos(bx)dz = 5 /(cos(Sx) + cos(2x))dz etc
Trigonometric substitutions

(1) If Va? — x? appears in an integral, try = asin(d), dz = acos(6)df, va? — 2% =

acos(f) (a >0, 0 acute).

I———————————

RRRSR—

D

(2) If Va2 —a? occurs, try z = asec(f), dz = atan(f)sec(6)dd and Va2 —a? =

atan(d).

— N s ettt A x ;::,._a\.npeLe
CU)% = &

Zata® %

e ot e e e A et i

(3) If Va2 + 22 or a? + 22 occur, try x = atan(d), dv = asec?(0)dd, Va2 + 22 =
asec(f). Also z = asinh(f), dez = acosh(6)df, va? + 2 = acosh(8).



Example 5
1.2
/(1—"_2)3/2(1.% xr = tan(@) dox = SeCz(H)de
T
tan®(0) sec?(9) , )
= /Sec:g@de = /tan(e) Sln(e)dG

Better by parts:

/x-xdx:—(l+x2

1
-1/2, ——d
(14 22)3/2 : $+/\/1+x2 !

S sinh™!(x) + ¢

V1+ a2

12.0.2 Recursion formulas

Let I, = /sin”(x)da:.
1 -1
Then I,, = —— sin™ () cos(z) + Lln_g
n n

Proof.
I, = /sim"‘1 xsin(x)dr integrate by parts
= —cos(z) sin" " H(x) + /(n — 1) sin""2(z) cos?®(x)da
I, = —cos(x)sin" (z) + (n — 1) /(— sin”(z) + sin" " 2(z))dx

= I, = —cos(x)(sin(z))" ™t — (n — 1)1, + (n + 1)L, o

1 -1
I, = ——sin" " !(x) cos(x) + LIn_g
n n

Example 6 Show that foﬂ/g sin®(x) = %

Solution: Use recursion above, and keep track of the limits.

w/2
1, 4
I5 = —— sim~{a) cos(x) +-I59
0
w/2
4 1 2
= | —= sin¥a) cos(z)| 4+ I
) 3 T 3
0
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Chapter 13

Applications of Integration

13.1 Length of curves

Start with something we have already seen. Given y = f(x), find the length of the graph
of the function. Do something similar to Riemann sums but for the length. Partition

(0,21, .., Tpn), To = @, Tp, = b.

__:',b\:

//\S\Bhlﬁ@(

1 SN S
\\ A || . TN 3{(*.‘)#

| \ Wy
i A Xl XL

Lo

X0\ X

For the AABC (AB)? = (z; — 2i-1)? + (f(x;) — f(w;_1))%. But length of curve
segment AB ~ \/(2; — xi—1)2 + (f(2:) — f(zi—1))2.

Total length ~ Z \/(xz —xi21)? + (f(z) — f(wiz1))?
i=1

S (LT’

Now let z; —x;_1 = h = IFT“ = Ax.
Total length = lim Z A:L‘\/l + (f(xl) f(xz_1)>
n—oo, (h—0, Az—0) Ti— Ti—1

L:/b [+ (f(2))2]" da

7
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In parametric form this is

e[+ (&)

Example Find the length of the parabola y = 22, 0 < z < 1.

1/2
dt

Clearly L > /2 =1.4142...,y = f(x) = 22, f'(z) = 2x.

1
L= / (1+ 4x2)1/2d:c
0

z=0, =0
x=1, 60=atan(2)
2dx = sec?(f)df see Fig 13.1 below

atan(2)
L= / 1sec3(9)d9
0 2

Substitution 2z = tan(f) {

Figure 13.1:
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Method 1

[ cos(d) ., cos(0)
/sec3(0)d9 = / cos4(9)d9 = / —(1 — sin2(0))2d0
u=sin(f) = / (1:11;2)2 partial fractions

A B _C D
Cl4u o (T+uw? o (1—w) (1 —u?)
=etc...etc

or write in terms of x again.
Method 2
/secg(é?)de = /sec(G) sec?(0)df integrate by parts

3o (sec(8))

——
= tan(6) sec(f) — /tan(@) sec(f) tan(0) d6

= tan(f) sec(f) — /sec3(«9)(1 — cos*(6))dé move — /sec3(9)d9 to other side

2/8603(9)d9 = tan(6) sec(d) + /Sec(ﬁ)de)

i.e. /sec3(0)d«9 = % [tan(0) sec(0) + log(sec(f) + tan(#))] (see HW3)

/1(1 +42?) 2 da = % [tan(8) sec(#) + log(sec(d) + tan(&))]gtan@)
0

= % [2 x m+log(2x+ V1 +4x2)} = % [2\/5+10g<2+ ﬁ)} — 1.4789

1
0

13.2 Volumes and Volumes of Revolution
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A plane cuts a solid V' - cross sectional area is R, say. Then the volume of a slide is
R,dx. So if P, is a family of parallel planes with common axis z, and the area of V' cut
by P, is A(x), then the volume of V' is

/ab A(z)dz

where the solid V' lies between planes P, and P,.

Example 1 Volume of a sphere of radius r. Pick planes along the z-axis.

OA =r

AOAB OB =z
AB = (7,2_x2)1/2
So A(z) =n(r? —a?), V= / m(r? — 2?)dz = %mﬁ

Example 2 Volume of conical solids, with circular base of radius r and height h.
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Take x to be upwards as shown, so P, cuts the cone in circular areas.
Geometry - AABB' and AOAB.

Similar As - we are after DFE, the radius of the circle cut by P,.

OB AB _ AC "“ 7 4 T
—~ DE = ;xr
2 9
A(ﬂ?)—ﬂ'ﬁ(h—ﬂi)
ho 2
Volume :/0 Wﬁ(h—.ﬂj)Qdiﬂ
2 (1 .N\3|h
—L(h ?) —171'7“211
o3 |, 3

Example 3 A sphere of radius r is cut into 3 pieces with the two cuts symmetrically
placed about the centre. Where should the cuts be in order to get three equal volumes?
Complete for homework.

13.2.1 Volumes of revolution

Given a area bounded by z =a, x = b, y = f(z), y = 0.
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The volume of the solid produced by revolving y = f about the z-axis (as shown) is
given by

b
vz/ (f(z))2dz.

This follows immediately by the slice method seen earlier.

Example 4 The region between the graphs of sin(z) and x for [0, 7], is revolved about
the z-axis. Sketch the resulting solid and find its volume.

7T2

— — show thi
1 Show this

R[5

V= / (a? — sin?(x))da =

If we revolve about the y-axis, what is the volume? Consider a non-negative function

f(z) on [a,b].

6!%_&-4?&_ -’FF- AR

= foodn

> S I —




13.3. SURFACE AREAS OF REVOLUTION 83

Revolving the element about the y-axis gives a shell of volume

Where (a) - circumference of cylindrical shell, (b) - radius of shell, (c¢) - thickness of
shell. Note that this can be done by the slice method but with planes along the y-axis
and parallel to the z-axis.

13.3 Surface Areas of Revolution

B A -~ S Al

As we revolve about the z-axis, the area of the surface area swept out is a strip of length
~ 27 f(x;) and thickness Al;. Now

Al = [(s = 21 + (i) — Flrn)))
]1

~ [1 + (f'(z:))? 2 Az as seen earlier.

Therefore, in the limit, area S is

b
5:/ 2 f(2)y/T+ (F'(a))2dae
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Example 5 Sphere radius r

Y
y = (7“2 . 1‘2)1/2 ie. f(z) = (7“2 - $2)1/2
T 2 1/2
f/($>——(742_1;.2>1/2 = S—/_TQW(TQ_xQ)l/Q. |:1+(r2aix2):| dux

= 27r / —r"dz = 4mr?

Example 6 Torus of cross-sectional radius r and radius a > r.

Revolve about the z-axis to get a torus.

Circle equation is z° + (y —a)? =712, ie.y=a+ N
Upper semi-circle: fy(z) =a+ /1?2 — a2

Lower semi-circle: f_(z) =a — /1% — a2



13.4. CENTRES OF MASS

T

= S=Si+5.= [ i) (14 (@)

-Tr

1/2 da

T / Comf () (14 (F@)?) 2 de

f,_f _7f/
T /22 T
2
2 2 T
> IH =1t S NGRS

Put together - don’t integrate separately!

r 1/2
82277/ [a+\/r2—x2+1—\/r2—x2]~ 21" /dx
r re =
4ar/r dz
p— 7T e —

o2 — 22

Put = rsin(g) and show that [” \/T(Qifiﬁ =T.

= Sorus = 47%ar = (2ma) x (277)

13.4 Centres of Mass

1D case - straightforward.

85

<1 X X} | Xlr.

Ly My T "

{
]

If centre of mass is at £ = Z, then we must have a zero total moment. i.e.

n
ka(f —x,) =0 de T= 7216?1 MLk
> k=1
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2D case - discrete masses.

n masses of mass my and coordinates (xy,yx). Find the center of mass, assume it
is (Z,7y). There are two degrees of freedom, so without loss of generality we need to
have zero moments about the z-axis and the y-axis. What do I mean by this? Here is a
schematic.

For balance I need:

I

(1) 2mi(Z —2i) =0 7 7) = DT Y MY
(2) Zmi(y—yz‘)ZO}:( O ( mi ZW)
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Note: If the masses are places symmetrically and are equal, centre of mass is on the
line of symmetry. e.g.

&[0
: o ) = ol 7
M+ "y
o g | —
LS R Y ~77
R L
* — Ce"""-&-( 912 rAAY
Exercise: if m; = my = mg = m, find the centre of mass. What happens if

mi = my 7ém37

Now consider a continuous mass distribution, i.e. a place of a certain spatial density.

General theory - divide it into small rectangles
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Moment about y-axis is  z;p(x;, y;) AzAy
Add all of them up (like a Riemann sum) Z Z zip(xi, yi) Az Ay

i
Moment about the whole plate about the y-axis = / / p(z,y)dxdy
Area

In the limit // zp(x,y)dedy = :E// pdzdy
A A

Similarly // yp(z,y)dedy = yj// p(z,y)dxdy
A A

You will see how to work with double integrals in term 2 and further. For the
moment, we will consider the centre of mass of regions bounded by one or more graphs

y = f(x).
Case 1 Region {(z,y): a <x <b, 0<y < f(x)}

|
- m |

B S \ ’ e ‘L/
|

L T

@l

e~ | ‘> ><
. N S S ) B

Consider a partition of [a,b] as shown. For rectangle R;, the centre of mass is (by
symmetry):

1 .1
;= 5wt @)y =5 f(ag)
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Moment of R; about y-axis My (R;) = pf(x])Az- z
SN——
mass distance
1
Moment of R; about z-axis My (R;) = pf(x])Ax - if(xf)
n
Physics M(RyURyURs---UR,) =Y M(R))
i=1
Moment of the union of rectangles = sum of moments of the individual rectangles (Archimedes)

b
= M, = lin paif(a)de = [ prfa)ds

1 I
M, = lim pyf(aifas = 5 [ p(r(@)Pde.
Now for a balance of moments, if the total mass of R is m (note m = fab pf(x)dz).
Then
o Jert@de 5[ (f(@) e
f;f(m)dx ff f(z)dx

Note: density p cancels out, so take p =1 w.l.o.g.

Example 7 Half disk

1 rl 2
= 1—x%)dx 1 2 4
= 2 Joal ) =—(2-2)=—~0424

/2 T 3 3

(Note: If we found it to be > I then we know it’s wrong! Why?)
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Case 2: R={(z,y): a<x<b, g(x) <y < f(zx)}

Centre of mass of “rectangle” R; is z} as before, and 3(f(z}) + g(z})), area of
rectangle (f(x}) — g(z}))Az. So as before we find

JPa(f(2) — g(x))da 3 [P (f(2)? = g(x)?)dz
@) —g@yde () - >>
<z<l.

Example 8 Region between y = x and y = 22, 0 < Find centre of mass

f0lz(z —2h)dx  1/12
fo ac—:nQ)dx 1/6

1

2

%fol(xQ — ot dx _1/15 2
1/6 - 1/6 5

<
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1 /(3 2
At x= 5 1 = closer to top curve
2

Is this expected or not?

Note: If f(z) = 2™, g(x) = 2™, for some m, n, the centre of mass could be outside the
region. (This is ok.)

Theorem of Pappus
Let R be a region that lies on one side of a line /.

A= area of R
V' = Volume obtained by rotating about [

d = distance travelled by the centre of mass when R is rotated about [

Then V = Ad

Example 9 Volume of a cylinder radius r. Take the function y =r, 0 <z <.
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Rotate about z-axis.

1
Area =71l 7= 3" (by symmetry)

1
=d=—-r-2n=nr

[\

V =rl-mr =rr’l as known

13.5 Length of curves and areas using polar coordinates

Recall

o[raa\?  (dy\?]"
L:/ [(dt) + <d§> ] dt for parametric curved (z(t),y(t)).

Now in polar coordinates we have curves r = f(6) so we use 0 as a parameter.

x =rcos(f) = f(0)cos(d) y=rsin(d) = f(0)sin(0)

A g 1 0 15 i U S P18 R 1R A 4t £ T SR 1 8 10 Y R STty e R ASS R TS 4 e LF Y1 LT R M TR T e e T A

PR | ISR ) - - % . o o ik S P S P s g £ R S o A S A, A R 1 | L s 2 B ]

P ) .._......wn@.-...-.u\.-m_._.-\.._.-..wm.._m...m..—\.-..“m.-,m_.u o o 3 i . S ) g S M 1 s B e 4 BB P el e S AR L S PR

P P S P

B
L= /9 [(f' cos(8) — fsin(0)) + (f'sin() + f cos(0))?] 1/2 44

=«

B
~ [ V@ Fe)rae

_/ﬂ @2+21/2
— ). [\ag) ™"

do
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Another way using infinitesimals.

Pythagoras: (dr)? +r2(df)* = (ds)?

[ 2
ds = (dr) +r7 df

cal dr)?
L= — 2 6
= /a (d0> +r d

Example 10 Find the length of the cardioid r = 1 + cos(6), 0 < 0 < 27.

L= /027T \/(1 + cos(6))? + sin?)0)do = /027r V2 + 2cos(0)db

Now  cos(f) = 2 cos? (g) —1 = (1+cos(d)) = 2cos? (Z)

(3)

= /2(1+cos(f) =2

93
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We need to do this because 1 + cos(#) can be positive but cos (g) is negative, e.g. for
7 < 60 < 27. So need to write this integral as

L::Zf2cos(2)d9+:lfﬂ(—zum<g)>(w::8

27
Otherwise / 2 cos (g) df =0 which is absurd!
0

Area in polar coordinates in a region inside the graph of f(6) on [«, 3].

Approximate by r = f(6;) — constant.

Ad= %(f(ﬂ))%ﬂ

/‘f %ﬂ_;/)ﬂw

In Multi-variable Calculus you will see a more general construction.
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Note:

rwwm v anms mw B = e n e \. ........................................... .
“~
~
= 9;--,..'I\/:
Y Y T ™
> — W< << D
r>0 = -5 <W< g L S0<5
IR 1 [ 1+ cos(49)
A—2/7Tcos(20)d6?—2/7r 5 dé
4 4
_ T
42 8
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Part 1V

Series, Power Series and Taylor’s
Theorem

97






Chapter 14

Series

Definition
Given a sequence {ay}n>1 of real numbers, define the sequence of partial sums
by

N
Sv=a1+a+ +tay= an
n=1

If Sy = S as N — oo, we say the series converges to the sum S. Write

N 00
S = lim E anzgan.
N—o0
n=1 n=1

Example 1
The geometric series Y o7 qa". (x # 1)

Sy =14z + - +am)

Sy = (x4 +aV) 42V

1—a2N+1

Subtract Sy =
1—=x

1 oo
If i =— = "
[ <1, z&gnooSN 11—z Za: ’
n=1
hence the series converges. If © > 1, the series diverges.
Example 2
N

> N 1 1
;n(n—i-l) SN:;n(n—kl) :nz:l(n_n—i-l)

Telescoping series = Sy =1 — N}H — 1 as N — oo. Series converges to 1.

99
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14.1 Partial sums and geometric series

14.1.1 Series of positive terms

Note negative terms have the same theory.

Since terms are positive, the sequence Sy is an increasing sequence of numbers.
Hence if the sequence of partial sums is bounded above then the series converges. If the
sequence Sy is unbounded above, then )  — oco.

Theorem 1
The series Y oo, 1 diverges to +oc.

Proof. It is enough to prove that the partial sums are not bounded above.
Consider

11 1
=14+
Spr =1+ o454+ oz

—1+1+ 1+1 + 1+1+1+1 + ! + +1
- 2 3 4 5 6 7 8 2K-1 411 2K

SRR (I Y A I IR
=+ \4 4 8 8 8 8 2K 2K

1 2 4 oK=L 1
=l4+-+-4+-4+-+— =14+ =K
+ 5 + 1 + 3 + oK + 5
Partial sums unbounded for K large = series diverges. O

Theorem 2
If « > 1 is a rational number, then

o0

1
g — converges.
na

n=1

. J

Proof. Partial sums are increasing, so enough to prove that they are bounded above.
Compare Sy < Syv_1, note N <2V — 1,

11 1
S < Sav oy = 1t g+t v
(Lt L1, 1.1 + L +
- 2a 3o + 4o 5o 6 7o + 2(N71)a + (2N _ 1)a
-1 2 4 oN-1
<1+ttt g
1 1 \? 1 N-1
=1+2a_1+<2a_1> +"+<2a_1 )
1— (L)Y 1 1
- (5 11) < — if —— <1
(—ps) “1-g% | &
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i.e. a > 1, which is the assumption of the theorem. ]

Note: We will see a much easier proof later.

14.1.2 Elementary algebraic rules for series

If Y°0°  an and Y o7 | b, converge, then > >, (aa, + Bby) also converges for any con-
stants «, 3.

Theorem 3 - Necessary condition for convergence.
If the series ) 7 a converges, then a, — 0 as n — co.

Proof. Let the sum be S, ie. 3.%°a, = S. Then Sy = 32 4, — S as N — oo, and
N — oo, and Sy_1 = >N 'a, - Sas N = oco. Noway =Sy —Sy_1 =+ S—5=0
as N — oo. O

Example 3

oo
Z(—l)" =—-141—-1+1... diverges by the theorem above, a,, /A 0 asn — co.

n=1

oo 1

Note: Theorem 3 provides a necessary but not sufficient condition, e.g. > >~ - has

an, — 0 but diverges.

Preposition: (follows from what we have shown).
If Y7, a, converges, then for every N the series Y > \ — 0 as N — oco. Intu-
itively, the “tail” of the series must go to zero if the series converges.

14.2 Cauchy sequences and convergence of series

Definition - Cauchy sequence
We say that the sequence of numbers Skp—1 2, is a Cauchy sequence, if given
any € > 0 we can find an N such that for any m > N andn > N

|Sm — Sn| < €

J

Intuition: as k increases, S,, and S, get arbitrarily close. Cauchy sequences do not
require all positive terms or any other special assumptions.

Connection with series: we have the following results for Cauchy sequences.

(1) Any convergent sequence is a Cauchy sequence.

(2) Any Cauchy sequence is bounded.
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Theorem 4
Every Cauchy sequence converges. (Proof by use of the Bolzano-Weierstrass the-
orem seen in Analysis).

Theorem 5 (The alternating series test)
Suppose {ap}n>1 is a decreasing sequence of positive numbers with a, — 0 as
n — oo. Then the series Ezo:l(—l)”*lan =a1 —as+ a3z — aq + ... converges.

Proof. We will show that the sequence Sy of partial sums is a Cauchy sequence, i.e.
given any € > 0 we need to find N such that for all n > m > N, |S,, — S| <.

Consider any n > m. Then since a,, is decreasing

Ogam+1_am+2+am+3_"'+anSam—i-l
Since a,, — 0 as n — oo, given ¢, I can find N such that for any n > N, a, < €.
Now for any n > m > N.
|Sn — S| =1(a1 —az+as—as+...an) — (a1 —az +...an)|
= ‘am—s—l — Gm+2 + Q43 — an|

< ame1 < €sincem > N

= S, is a Cauchy sequence and the Theorem follows.

O
Example 4
R n—1
(=1 . 1 - . :
Z converges since |a,| = — — 0 and it is an alternating series.
~ n n
o0
(—1)nt 1 1 1 _ ,
In f — 14 4=
n fact, nzl - 1 5 + 371 + log(2) (we will see this later)

14.3 Convergence tests

Theorem 6 (Comparison test)
Let > >° , b, be convergent with b, non-negative. If |a,| < b, (n =1,2,...), then
o

] Gn converges.
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Proof. Let sy = Z?Zl aj, i.e. k-partial sum of ) a,. For n > m we have

|8n—5m|:|am+1—|—am+2+...+an’

< |ams1| + |ams2] + -+ + |an] triangle inequality
<bmg1+bmya+ -+ bn by assumption
o0
< Z b <e€ for m large enough since Z b; converges
i=m+1

(More precisely, given € > 0, there is N such that Y2 ., b; < e for all m > N).

Hence {sj} is Cauchy = >, a,, converges.

Example 5 Show that

n=1
converges.
With a,, = (;ézn, compare with Zfbozl b, with b,, = 3%
1 1
n+1 n _ _
n3"" >3 :\an\—n3n<3n

By comparison test »_ ° | a, converges.

Example 6 Prove that if « is any positive number and |z| < 1, then the series

o0
g n®z™ converges.
n=1

First we note that n®z™ — 0 as n — oco. In fact,

|naxn| — na‘x|n — na6n10g|z|

and since log |z| < 0, the exponential decay term dominates over any power of n.
Hence n®*2x™ — 0 as n — oo and the sequence {n®*22"} is bounded. Hence there

exists a constant C such that

C
N2 42" < C e n%a™| < — n=>1
n

But >, n—12 converges, hence so does > n“z™ by the comparison test. Note: it is
much easier to use the Ratio Test (below).
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14.3.1 Absolute and conditional convergence

A series Y 7 | a, is said to be absolutely convergent if the series Y 7, |a,| is conver-
gent. A series that converges but does not do so absolutely is said to be conditionally
convergent.

Theorem 7
Every absolutely convergent series is convergent.

Proof. Comparison test with b, = |a,|. O
Example 7

e -1 n—1
y e

n=1

is conditionally convergent.
Example 8 Discuss the convergence of

= (=1)"/n
S UV

— n+4

Now for n > 1,

Series is not absolutely convergent since n—\ﬁl = m.

1 1
N ES YN RN

and since » ﬁ diverges, we are done.

Vn

For the alternating series test to apply we need to show that ;7

N3 4—z

= fl(z)= ——=5 <0 for z>4.
x+4 fz) 2y/x(x 4+ 4)?

So series terms decrease for n > 4. We only care about what happens beyond the 1st
three terms - all the action is in the tail. Hence the series converges by the alternating
series test, but it is not absolutely convergent.

is decreasing.

It f(z) =

14.3.2 The Integral Test

Theorem 8
Let f(z) be a function which is defined for all x > 1, and is positive and decreasing.

Then the series
o
> f(n)

n=1

converges if and only if the improper integral floo f(z)dx converges.

To see this, consider the diagram:
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\ ~~~~~~~ G _—
N . N -
B L (. R _
r—— 'S
....... E _
- ; e X
,,,,,,,,,,,,,,, 23y
For the partial sums f(2) + f(3) + -+ + f(n) we have
3
/ f(z f3) < / f(x)dz etc.

= JO+ @+ S < [ fa

By assumption, i.e. that lim, .~ fln z)dx converges, > p_, f(k) < fl x)dz, i.e

the partial sums s, are bounded and so the series converges. Have proved th1s for one
of the “ifs”, i.e. when [ f(z) < oc.

Conversely, assume that f(1)+---+ f(n) approach a limit for large n. Consider the
dashed rectangles in the diagram above.

/ f(z f(2) > /3 f(x)dz etc

=f(1)+f(2) +- +f(n—1)>lnff()

So if the partial sums are bounded by L say, (we know this is true since by assumption
Yomry f(n) converges) we have

/1 “fa)de <L ()

Claim that this implies that fl x)dz exists. Give me any number b, however large
you wish. Then I can find an integer n > b so that

b n
[ e [ r@ar<n by

Hence fl x)dz is bounded above for all b. Now send b to infinity.
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Example 9 Show that
1 1
I+-+4-+=>log(n+1)
2 n

and so obtain a new way of showing that >, % diverges.

Solution Take f(z) = 1 in the integral test. Hence

1 1 "t dg
1++-~-+2/ — =log(n +1)
2 n 1 T

g =1
= lim — diverges, and by the integral test, so does Z —.
x —n

n—o0 1

Example 10 For what values of p do the series

L
=
converge/diverge?
Solution Let f(z) = % and consider
" dx nl=p 1

1 2 1—-p 1-p

(have shown this already when we did improper integrals.)

n

d
Hence lim L exists if p > 1 and diverges if p < 1.
n—oo Jq xP

o0
Hence Z > converges for p > 1, and diverges otherwise.

n=1

Example 11 Show that [, ﬁ
=< n4/log(n

diverges but > >, W converges.
Solution
Use the integral test by considering
e dx b dx b 1
— = lim/ ———— = lim log(z))~ Y22 dx
/2 xy/log(z) b= Jo x/log(x) b—oo 2( 8(e)) x
1

(o the form[ f'(g(a))g' () since £ (log(a)) = )

= Jim [2(10g(x))?]] = lim [2(10g(5))"/* ~ 2/loa(@)| = o0

b—oo
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Note that we can do this generally, i.e.

e /f oaTP [(lﬁ())p)]
[(log(b))lp B (log(2))1p]

1—-p 1—p

= lim
b—00

converges if p > 1, so for p = 2 it converges. p = 1 must be done separately, i.e. consider.
b
dx b
i ———— = lim [log(l —
broo /2 2Tog() o logllog(@)l; — o0

Hence by the integral test, the series

> 1
; n(log(n))P

converges for p > 1 and diverges otherwise.

14.3.3 The Ratio Test

Theorem 9
Let > n = 1%a, be a series satisfying
lim |2 =
n—00 | Gy

Then:
1. If L < 1 the series converges absolutely.

2. If L > 1 the series diverges.

3. If L =1 the test is inconclusive.

Example 12 Prove that the series
© n

x
D

n=0

converges for all values of x. By the ratio test:

" an |zt nl
ap = —, li = lim —
n!’ n—ooo| a n—oo (n+ 1)! |z|?
= lim i =
n—oon + 1
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Proof. By assumption ‘ is close to L for large n.

Case (1), L < 1. Then pick € > 0 so small that L + ¢ < 1, and for sufficiently large
N we have

An41
Qn

An+1
%)

<(L+e¢) ifn>N.

Now start with ayyx. By the above bound
|CLN+K| < (L + €)|CLN+K71| < (L + 6)2‘CLN+K72‘ <0 < (L + €)K|CLN|.

o0 o0
Hence, D lanysl < lan| Y (L +e€)
j=1 j=1

which is bounded since the series 22| (L +¢) is a geometric series ( (L +¢) < 1. Hence

lan41| + |an42| + ... converges
= ai|+ -+ |an| + lansi| + lans2] + - -
o0
= Z lan| also converges
n=1

(We only added a finite number of terms). This proves absolute convergence in case
(1) L <1.

In case (2), L > 1, pick L 4+ € > 1 now and we have |anyx| > (L + ¢)"|ay| which
diverges now as a geometric series. To prove that if L = 1 the test is inconclusive, it is

sufficient to pick an example, i.e.
n \? 1 P
(n—l— 1> - <1 + 1/n>

i i An+1
npb
p
) =17 = 1. But p > 1, we have convergence

Gn

n=1
_1
1+1/n
but p <1 divergence. Hence, test is inconclusive. ]

p is fixed, remember, so lim,_, (

Using this proof, we have a practical way of estimating errors in truncating series.
Suppose

Gn

<r<1 forn> N.

an-—1

Then

[e's) N 00
D= = ) an
n=1 n=1

n=N+1

is the error. But |ayy1| < r|ay| and generally |ay x| < |an|r’. So

o oo r
D lanix] < lan| Y r* = lan];—
k=1 k=1

So the error is < |ay|{5.




14.3. CONVERGENCE TESTS 109

Example 12 What is the error made in approximating

> 1 ‘1
Do v 2
n=1 n=1

Solution: We have %2 = L

An—1 n
an
An—1

In the example, the truncation is N = 4, so if n > 4,

The error is < [as| - 1275 = 4 - § = g5 < 0.0105

1
< 3.

14.3.4 The Root Test

Theorem 10
For the given series > > ;| an, suppose that lim, . |an|1/ " = L. Then

1. If L < 1 the series converges absolutely.
2. If L > 1 the series diverges.

3. If L =1 the test is inconclusive.

Proof. Similar to that for the ratio test.
Case (1), pick € > 0 so that L 4+ ¢ < 1 and for large N, |a,|'/" < (L +¢€) < 1 for
n > N. Hence
lan| < (L +¢€)" formn > N.

Now compare
[e.@] oo

> lan|  with > (Lt

n=N+1 n=N+1
The latter converges (geometric series with L + ¢ < 1) hence > " | |an| converges
= > |ay| converges.
Case (2) is simply D%y lan| > 302 vy (L4€)" where now L+4-¢ > 1, i.e. diverges.
Case (3), consider 3.°° | a, with a,, = n. Clearly series diverges but lim,, ;oo n'/™ = 1.

n=1

(Why!?) O
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Examples:
1.
[e.@]
1 1
Z —  converges, la, |V = = = 0.
—n n
2.
(o9} 3TL
Z — diverges. (We already know this by other methods.)
n
=1
n 3n
i.e. an:ﬁﬁo as n — o0
3
|a, |V = (/)2 —3 as n — oo.
3.
o0 nn
Z — (again we have seen this before in HW3)
n!
n=1
Use ratio test |t | = (n+ )™ n =1+ l)n
an (n+1)! n» n
li Intl) _ e >1 diverges.
n—oo | ap
4.
G 1
; n? —log(n)

. . 1
Intuition: large n series ~ g — <00
n

1

1
———— can be bounded below by — with 0<a<1
n? —log(n) an?

o0

- 1 1
—_ — Why!?
~ gnQ—log(n)<;an2<oo (Why!?)
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14.3.5 Testing convergence for >  a,

111

) | Dees NO | Seaien
\m A, =0 ”("V"Vﬁ&"
]
VES
Lo ;
oy [ Yeste 2ol )4
‘;\/'i T’rl &—é—j\\ CJ:" 12 (\/\\t”?* Gﬁwm’hw Jeneo /
opeoey ' nm S PE e
...... . mv&a&% ( * ..?.. / SENED
' No A Compason thesmesis)”
Ly | Rafio fesl  (
- — \ \ % Rt Test
0,
1 2% s Yes | Poeo ?WMAR”J mﬂﬂl t@t """""
c;wenﬁc-vt < s T Y/ K /\/
N
. Vv
,,,,,, ch,a,mﬂP The B
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Chapter 15

Power Series

15.1 Convergence tests and radius of convergence

Definition

Let x be a real number (can extend to complex numbers also) and {ay}n>0 be a

sequence of numbers. Then we can form the power series Y - anz"™. The

partial sums sy = ZN anx™ are degree N polynomzials.

n=1

e.g. The geometric series 1+x+x2+. .. converges for |z| < 1. Hence ﬁ =3,
if |z] < 1.

Theorem 1 Assume that there is a number R > 0 such that > _ |a,|R" con-
verges. Then for all |z| < R, the series Y > a,x™ converges absolutely.

Proof.

|an| 2] <an|R"

Hence, absolute convergence by the comparison test with the given series. O

Definition
The greatest value of R for which we get convergence is called the radius of
convergence and ), _,ap,x" converges absolutely if |x| < R. x = =R must be
tested separately.

113
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Theorem 2 - Ratio Test for power series

an41
an

Let EZOZO an,x™ be a power series and assume that lim,, = L exists.

Let R=1. (If L=01let R= o0, if L =00 let R =0.)
Then

(i) If |z| < R the series converges absolutely.
(ii) If |x| > R the power series diverges.

(iii) If z = £R, could converge or diverge.

Proof. Ratio test for series of numbers

1

an+1xn+ Gnp+41

|| L|z| by hypothesis.
n—oo

anx™ n

For convergence, L|z| < 1, = |z| < + = R. Of course R is the radius of convergence
defined earlier. ]

Theorem 3 - Root test for power series
Let Y >°  a,z™ be a power series, and assume that lim, |an|1/ " = [ exists.
Then the radius of convergence of the power series is R =1/L

Proof. For Y anx™ use the root test.

1
lim |an|Y"|z| = L|z| = |z| < — = R for convergence.
n—00 L
O
Examples:
(i) Determine the radius of convergence of
Z —— " where p > 0 is given.
(n+ 1)
n=0
Solution: Ratio test
1)P n! b
Intl) (n+1) o 1+—)] — —=0asn — oo.
an (n+1)! np n) n
Hence L = lim,,_,o | “2*| = 0 and the radius of convergence R = oo, i.e. Y oo (n"Tpl)!xp

converges for all z.
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(ii) Do % " Ratio test - (will do it directly now, without the L intermediate step.)

mn+1 n

(n+1) 2"

= Ji, el =l

im
n—o0
Hence convergence if |z| < 1. Radius of convergence is R = 1.

1
Z — diverges
n

—1)"
x=-1 Z (=1) diverges by alternating series test.
n

Note: Instead of Y 2 anz", could define power series centered at points other

than 0, i.e.
o0
Z an(x - xU)n
n=0

Everything is the same, simply substitute z — zg = y.

(iii) For what x does the power series

(x +5)"

o 477,
7;) Van+5

converge? Use ratio test,

o | Ont1 | 2n+5
|, —nhﬁ;o{ll 2<n+1>+5‘“5‘}
= 4|z + 5].
Convergence if [z + 5| < . i.e.
2 < 19
_ a‘;‘ —_
4 4

15.2 Differentiation and integration of power series

For polynomials of degree n, i.e. ag+ a1z + -+ + anz™ := f,(z), we can differentiate or
integrate so that

K+1

0 K+1

dfn Z Kagz® 1 and / fadz =" “Kx
K=

Question is, can we do this for power series? The answer is YES if |z| < R, i.e. we are
within the radius of convergence. We have the following very important theorems.
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Theorem 4 Let f(z) =Y 7" ;a,z" be a power series which converges absolutely
for |x| < R. Then f(z) is differentiable for |z| < R, and

f'(z) = Z nanz" L.
n=1

Theorem 5 Let f(z) = > 7 ,ana™ be a power series that converges absolutely
for |x| < R. Then in the interval |z| < R, we have

an$n+l
/fda:zz n+1"
n=0

\. J

Conclusion: For a power series within its radius of convergence, we can differentiate or
integrate term by term.

Note f(z) = Y .7 anz™ can be differentiated an infinite number of times as long as
|z] < R, and the derivatives will exist. The function is smooth.

The way to show this is to consider each differentiated series as a new power series.
For example

k
% (Z anx”) =Y " an—1)...(n— (k- 1)z""a,
n! n—
= E (n_k)!anx k.

Ratio test
! —k)!
lim (TL + ) (n ) an+1 ’fL‘|
n—oo (n+1—Fk)!l nl n
1
= lim nt (nt1 |z| = L|z|
n—oco\n+1—k n

as for the undifferentiated power series.

dk
n
g ()
converges for |x| < R. k is arbitrary so can be differentiated as many times as we want.

Similarly, integrate as many times as needed.

Example Write down power series for

x
14 22

and log(l + x2).
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Solution Recall geometric series 1+ 7+ r? +--- = ;& for |[r| < 1. If r = —2? we have
x(l—a2?+at —ab 4. )= ! T
. a2 &
Hence
T oo
152 z:(—l)”:lczn+1 |z|] <1 for convergence.

n=0

Now for the log(l + x2) we observe that

i log(l + xz) =

T
P SO log(l +£L’2) = 2/

1+ 22 1+ 22

If |z| < 1 we can integrate term by term, i.e.

log (1 + 2?) :2/(x—x3+$5...)dx

ot ab et
T2 3 4T

(Constant of integration is zero). Convergence for |z| < 1 and also z = 1 since it is

alternating in the latter case = log(2) =1— 1 + % — % e

Theorem 6 - Algebraic operations Let f(z) = > j a,a™ be a power series with
radius of convergence Ry, and g(z) = Y 7 bya™ is another power series with
radius of convergence Ry. Let

R = min(Ry, R).
Then
(1) f(@)+ g(@) = S o (an + by)a™ for |z| < R.
2) cf(c) = o2 cana™ for |z < Ry (c #0).
(3) f(@)g(z) = 32020 (X meo Gmbn—m) a" for |z] < R
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Chapter 16

Taylor Series

This is a power series that represents a function f(z) by using its derivatives at a single
point. Intuitive construction: Assume the power series exists and identify the coefficients.
Take a fixed point z = zg. If

fla) =" an(z —z0)"
n=0

converges for |z — x| small enough we can find the coefficients as follows:

Re-write as:

(z)

f'(z) = a1 + 2a2(x — x0) + 3az(x — 20)* + ...
f"(z) = 2as + 3 - 2a3(x — wp) + ...
f"(x)=3-2-1lag+ ...

FR) (z) = (yﬁ—f = klay + O(z — x0).
dak NI

(*)

9

(*) - This means “terms of order (x — z¢)” or smaller for (z — xy) small.

So we can see immediately that by putting 2 = x¢ in the formula of f*)(z) we find

k= o (k) (xg) =
< ¢(n)
f(z) = fn('“"o)(x —20)" (Note 0! = 1).
n=0 ’

This is the Taylor series about the point x = xg. If xyp = 0 we get the Maclaurin
series

n

X f(n)
n=0

119
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In both formulas we have assumed that f(z) is infinitely differentiable on some
interval containing the point x = x. This of course can happen for many functions, e.g.
f(z) = sin(z), f(z) = €7, f(z) = cos(a) ...

Example 1 Maclaurin series for f(z) = sin(z) = f(0) =0

7'(@) = cos(a) 70 =1
(@) = —sin(x) &) =0
@)= —cos(r) OO =1
9 (z) = sin(z) F9(0) =0

repeats
. 2 2> 2’
f(z) =sin(z) =z y—i-y W—i_
o " p2n+1
B n:O(_l) (2n + 1)'
Example 2
f(@)=¢*= fB(z)=¢eie fR0O) =1
. e " 2 :II3
e :Zﬁz1+x+§+§+

16.1 Taylor’s theorem with remainder

We have left an important detail out! In sending the sum to oo, we assume that there
is convergence, and the convergence is to the function f(z). We have the following:

7

Theorem 1 (Taylor’s) Let f be a function defined on a closed interval between
two numbers zg and x. Assume that the function has n + 1 derivatives on the
interval and that they are all continuous. Then

@) (5
£(@) = Flaolt o)~ z0) + T @~ zg) + .

f(n) (z0)

n!

+ (x —xo)" + R,

where the remainder R, is given by

R, = /z Mf(n‘f'l)(t) dt.

|
0 n:

Proof. Use integration by parts. From the fundamental theorem of calculus we have

@) = o) + / " Pat.
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Now /z: f(tydt = /x: F'(#) d(=(z = 1))

and use integration by parts.

[ o= re-oro), - [e-aro

0
T

= (z —20) f'(20) +/ (z — ) f D ()dt.

Zo

One more

[@-or2wa=-L o0+ [[ES o0

0 zo 2

= Lm0 ey 4 / w0 o eyat

Repeat n times to get the result. O

Alternative form of the remainder

R, = /1; Mﬂ”"‘”(t)dt.

0 n!

Use the Integral MVT - Problem 10, sheet 3.

Sincex —t >0, g¢(t):= >0

= R, = f(n+1)(c) /:v (l'—t)ndt

Zo

Where ¢ is a number between xy and x.

Sincex —t >0, g(t):= (@ ;'t) > 0.
~ R, = f("“)(c)/ (-t
zo

dt.

n!

Convergence to f(z) if R, — 0 as n — oo.

16.1.1 Summary and link with power series

(1) If f(z) = Y02 yan(z — zo)™ is a convergent power series on an open interval
centered at zg, then f(z) is infinitely differentiable and

_ f(n) () '

n!

an,

i.e. We get Taylor’s formula.
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(2) If f is infinitely differentiable on an open interval centered at zg, and if R,, — 0
as n — oo for all z in the interval, then the Taylor series of f converges an equals
the function, i.e.

) (y
fy =3 T
n=0

Here is a very useful alternative of Taylor’s theorem that we use in Numerical Anal-
ysis. Put x = z¢ + h (and after that 9 — z if you want)

2 n
Flao +h) = F(zo) + hf (@) + o Fwo) -+ o F) (o) + R0, )

zo+h _\n
R [ e

0 n!
p(n+1)

BICESANNG

where c is between zg and zg + h.

16.2 Examples, bounding the remainder, estimates

Will do this with zp = 0 (Maclaurin), other cases follow. Use form

_ f(n—H)(C) n+1
" "

¢ is a number between 0 and . If | £+ (2/)| < M, 1 for all 2’ between 0 and z. Then

|x|n+1
Ry < Mpy1———
Hinl < Miir 57y,
Example 3
) LU3 " x2n+1
f(x):sm(x):x—g—i—---—i—(—l) m—FRznm
f(2n+3) (I‘) S ‘x’2n+3
here |R = | gt —_—
where | Ran-a ‘ (2n +3)! = (2n 1 3)!
Hence sin(0.1) ~ 0.1 — 106%3 with an error which is less than
(0.1)" 1077 L0-10
7 5040 '

Example 4 Compute sin(% + 0.2) to an accuracy of 1074

Solution Even though sin(z) = x — %? + 5‘5—? + ... will converge if we take enough terms,
since g + 0.2 is not small, we will need a lot of terms to get to the required accuracy.
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It is much better to expand about § using the formula

h? hn
fla+h) = f@) +hf' (@) + 5 f'(2) + oo+ fO ) + Ry
_ f(n+1) n+1
where R, = (n 1)
Now h = 0.2, f("*1) = sin or cos.
(0.2)n+1 024 16 x 1074 4
L < L < = 1
:>|R‘_(n—|—1)! = sy a0
(T T (™ (0.2)? (T (0.2)3 i
= sin(g +0.2) ~sin (G ) + 02008 () S50 (=sin() ) + - (= eos(§))

16.3 Exponentials and logarithms. Binomial theorem

16.3.1 The exponential e*
562 n eC
x
=1 O A .
e +x+2!+ +n!+(n+1)!x
| S ——

remainder

n+1

If x <0 then ¢ < 0 and |R,| < (nrlr)l,

If x > 0 and such that z < b, say. Then
n+1

b
( +1)|—>Oasn—>oo
n !

|R,| < eb

Example 5 Compute e to 3 decimals. Showed earlier (see chapter on logarithms) that
2 < e < 4. From results above, |R,| < n+1)' < (nfl)!.

Need =Sy +1)' to be less than 1073,
4 1 1
T =4,5,6 = =_—>103
R E RS T S T Ex3x2 30
4 1 1 .
— = = >10°
6! 6x5x3x2 180>
107,

Bel < o = T x5 x3 %2~ 1260

So

11 1 1 1
~141 R
exltlestatptatat B
<103
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16.3.2 The Logarithm

Expansion of log(1 + ) = = — 7 + L — 4 (=)™ 2 + R, 1y, Need to show this.
One way is Taylor’s theorem - exerczse Another way is fo use the identity (telescoping
product)

(LI—t+ =+ ()" (1 +t) = 1+ (1) "
aeerin (1—t+t2— 4+ (=)l + (—1)"(1ti 5 (*)

In the interval —1 < 2 <1 (why?). Integrate (*) between 0 and x.

r? 23 12"
1og(1+x)_x—3+§—---+(—1) B
x tn
here R,, = (—1)" dt
where R, = ( )/01+t

Need to estimate this:
(i) Consider 0 <z <a <1. Here 14+t >1= {5 <"

n+1 n+1
— 0asn — oo.

X
R, < <
| ”'*n+1*n+1

(ii) Now take —1 < a < 0 and consider x in the interval a < z < 0. Hence
1+t >14a>0since t is in the interval (z,0).

d ! \ [,
T 1 1 {
— a X 0
‘ 1 ‘ < TFa (t < 0 remember)
0 (_t>n B (—x)"+1 ’a‘nJrl
S0 |l </x e T () S )(iga) 08T

Exercise: Calculate log| - | to 3 decimals.

16.3.3 Binomial Expansion

If |z| < 1 we have (for any real «)

ala—1)
2!
Z (a—1)...(a —=n+1) o

I4+2)*=14+ax+ A N

Can prove |R,| — 0 as n — oo for |z| < 1, hence convergence.
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16.3.4 Alternatives to L’Hopital
Sometimes easier to use Taylor’s theorem instead of differentiating many times.
Example 6

sin(x) —x . sin(z)cos(x) — x cos(x)
z>oo tan(x) —x  2—0  sin(z) — x cos(x)

(a:—%g—i-...)(1—%24-...)—3:(1—%24-...)

= lim - ;
x—0 x_%_i_..._x( _%_’_“‘)
=24, 1
:hm1 -
x—0 §x3+- 2
Example 7
1
lim og(2) putz=1+4+y
r—1 et —e
2 3
log(1+y) .. -L+ 54
= JiIm —— = l1m
y—0 e(e? —1) y=0e(l+y+---—1
1
e

16.3.5 L’Hopital’s Rule derived from Taylor’s Theorem

Consider F(x) = % and consider lim,_,, F'(z) in cases where f(a) = g(a) = 0. Assume
that the first (k — 1) derivatives of f and g also vanish at = a. i.e.

D) =¢W(a)=0 i=1,..., k-1
k—1 k
Then fla+h) = (o) + f'@h+ -+ F(a) sy + e 7
hE-1 hF

_ / e (k—1) (k) o
gla+h)=gla)+g(a)h+ -+g (a)(k_l)! +97(er) 4
where ¢1, co are numbers between a and a + h.

f¥(er)
= F(a+h)= send h — 0, ¢1,co — a so get result.

An example of a function that does not have a Maclaurin series. Consider

B e~ 1/ x#0
f(m)_{o z=0.
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f(x) and all its derivatives are continuous everywhere. (You have shown this in the
problem sheets). In addition, f(™(0) = 0 for all n. So the (Taylor) Maclaurin expansion
is

£+ o)+ %2
The approximating polynomial
(m)
Pu(e) = £(0) + 2f'(0) + -+ 1 n!(O)xn-

But this is exactly zero for all n. Hence the remainder R,, cannot go to zero. In fact
it must be equal to exp(—l /x2) | Reason: e /" 2 complex is not analytic. In fact,

z =iy gives f = el v 5 00 as y — 0. You will see more in Complex Analysis.
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Fourier Series
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Chapter 17

Orthogonal and orthonormal
function spaces

Will see how to represent fairly arbitrary functions (e.g. they can be discontinuous) with
approximations of smooth functions.

Definition 1
If f, g are real values functions that are Riemann integrable on [a,b], then we
define the inner produce of f and g, denotes by (f,g), by

b
(f.9) = / f(@)g(z)dz
‘ 1/2

b
Note (f, )2 = ( / dex> = Il >0.

Definition 2
Let S = {o, 1, P2, ...} be a collection of functions that are Riemann integrable
on [a,b]. If

(¢n, dm) =0 whenever m # n

then S is an orthonormal system on [a,b]. If in addition, ||¢n|| =1, i.e.
f; ¢2dx = 1, then S is said to be orthonormal on [a,b].

J

Note: Can easily go from orthogonal to orthonormal by considering Hi—zll The or-
thonormal trigonometric system will be used

S = {0, b1, P2,...} where
s sin(nz)
2n —

NG

1 cos(nx)

do(x) = —=, a1 = N (n=1,2,...)

129
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i.e. the system is

S defined above is orthonormal on any interval of length 27, e.g. [0,2x], [—m, 7] etc..
(You have already shown this in HW sheet 3).



Chapter 18

Periodic functions and periodic
extensions

A function f(z) is periodic with period T' if
fle+T) = f(z)
for all values of x. It follows that a T periodic function is also m7 periodic for any

integer m, i.e.
f(a£mT) = f(x).

e.g. sin(x) is 2m-periodic but also 47, 67 etc. Geometrically f(z) is T' periodic if a shift
by T units reproduces the shape of the function.

i
1
]
]
i

0 T t b Tt

\ B

Start with any continuous function f(z) in an interval a < x < b. Can extend this
periodically to have period T'=0 — a.

Figure 18.1: Function on [a,b) extended periodically and the new function is discontin-
uous at x = a + mT for any integer m.

131
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Example 1 Extend f(z) = x defined on [0, 1) periodically.

&

This is known as f(z) = [z] + .

Example 2 Extend periodically f(z) = cos(z) on [-5,5].

From the examples, we see that the function can be discontinuous at some points
x=E, te.

lim f(z)# lim f(x).

x—=Ey T—E_

Definition
At points of discontinuity define

£(6) = 5 [7(E) + F(E-)].

e.g. for f(z) =[z]+z, f(n) = % for all integers n.

Conclusion: Given a function defined on a closed interval [a, b], extend it periodically
and at points of discontinuity prescribe the value 1 (f(a) + f(b)).

eg. y=z 0<zx<1
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18.0.1 Integrals over a period

For a periodic function f(x) of period T' and for arbitrary values of a, we have

/T;a f(z)dx = /OT f(z)d.

/a 7 e = /a " ).

+T

In fact,

Proof.

/j f(z)dz = /j+T fly—T)dy = /jJrT fly)dy = /j+T flz)d

+T
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Chapter 19

Trigonometric polynomials

Start with an oscillation sin(wx). Here w is the frequency. The period is T = %77 This is
a “pure” harmonic oscillation. Signals - e.g. sound, electromagnetic waves, water waves,
are not pure oscillations, they contain higher harmonics.

Lets add another oscillation of frequency 2w, i.e. sin(2wz), whose period is Ty =
;—g = 7. This is called the 1st harmonic.
Signal could be
Sa(x) = Aj sin(wzx) + Az sin(2wz).

Sy(z) has period T' = %’r overall. 1st harmonic has period % Can add more and more
higher frequencies and in fact can produce a wave (oscillation) that is a trigonometric
polynomial defined by

1 . .
Sp(z) = Jao0+ kz:l lay, cos(kwx) + by sin(kwz)] .
The constant 1ao is included (3 is useful as we will see later.)

Note: Went from w; = w to wy = 2w ete. i.e. all the frequencies have ratios that are
rational. If g—; is irrational, we get quasi-periodic oscillations.

19.1 Euler’s relation

Useful to use Euler’s relation

cos(0) + isin(h) = e?
and since
cos(#) —isin(f) = e~ (take complex conjugate)
cos(f) = % (ew + e_w)
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So, can represent everything as complex and find real expressions by taking real or
imaginary parts. e.g.

d
—ae

dx

iw(z—a¢) _ aiweiw(mfdﬂ )

Can also integrate

/ e dy = / (cos(nz) + isin(nz)) do

[sin(nw) i cos(na)

19.1.1 Orthogonality

/ in 0 n#0
e dx = .
. 2r n=20

For any integers m, n we have

T
. . 0
/ eMte MY = { n#m (easier than HW3.)

— 2r n=m

19.2 Complex notation for trigonometric polynomials
Start with the polynomial (have set w = 1).
1

Sp(x) = 540 + Z (ag, cos(kx) + by, sin(kx)) .
k=1

Use the relations found earlier

1 zkx —ikx eikx o e—ikcc

1 S ik kx
:2(10—}-; (ap —ibg) e —l—Z (ar +ibg) e .

Can now write this as a single complex series as follows

n .
= ) we*” (19.1)

k=—n
where .
Yo = 300
Yk Z%(ak—ibk) k=1,2,...,n.
V-t = % (ag, + iby)

Notice that v, = v, (or 75 = 7y—k), where * denotes complex conjugate. This is not
accidental. Sy (x) in equation (19.1) is real. Hence it must equal its complex conjugate.
Calculate
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n

Sn(:li): Z ,ykeikz’ Sn(x)*: Z ,y];kefikx.

k=—n k=—n

Change indexing, put £k = —I to find

-n n
Sule) = 3ol = 3 e
l=n

l=—n

n
_ * tkx
= E VK€
k=—n

In the last step above, I just changed the dummy [ to k. Comparing the two, we see
that they are equal iff

Yk =71 1le. Y =~_k, identical statements.
Conversely, if we are given a complex form
n .
f(l‘) _ Z ,ykezkac’
k=—n
then f(x) is real if and only if v, = 77, i.e.

Ve + Y-k =Yk + 7 = real

and Y, — Y-k = Yk — 7% = pure imaginary.

Example 1 Take S, (z) = cos(z) + 3

metric series

sin(x) 4+ 3 cos(2z). Express as a complex trigono-

eix _ e—i:r:) + g (€2ix + 6—22':(:)

_ 1 i T 1 i —iT 3 2ix 3 —2iz
—(2 4>e +(2—|—4>e +26’ +26’

where

)
[

Il
| .

Y% =0

2

[N}

I
CYROCNCNe
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Chapter 20

Fourier series

Consider the trigonometric polynomial

N
f(z) = Sn(z) = %ao + Z an cos(nz) + by, sin(nx).
n=1

There are 2N + 1 coefficients to determine. Use orthogonality on the interval [—m, 7] for
sin(mz), cos(nz) etc.

Find for all n (including n = 0) (See HW3)

ap = % _7; f(x) cos(nz)dx
by, = L/ f(x)sin(nz)dx.
™ J—x

Big question is: starting with fairy arbitrary functions f(z) (e.g. they are discontinuous),
can we represent them by Sy by letting N — 0o?

Orthogonality properties:
If m, n are integers, then

™ 0
/ sin(mz) sin(nx)d:c:/ 7 cos(mz) cos(nx)dr = {77 ?ijn#O

—Tr

/ " sin(ma) cos(nz) = 0.

—T

Complex form
/ﬂ 6imz€finzd$ _ 0 m 7& n
— 21 m=n.

139
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Theorem 1

The Fourier series ag + Yooy (ay cos(nz) + by sin(nz)) (or S0° a,e™?),
formed by the Fourier coefficients a, = 2 [* f(z)cos(nz)dz and b, =

L[ f(z)sin(nz)dz converges to the value f(z) for any piecewise continuous
function f(x) of period 27 which has piecewise continuous derivatives of first and
second order.” At any discontinuities, the value of the function must be defined

by f(z) = 3 [f(a*)f(z7)]-

“Can relax the assumption of the second derivative. It is enough to have f’(z) be piecewise
continuous, i.e. the function is piecewise smooth. If f(z) is continuous, the convergence is
absolute and uniform. If it is discontinuous, absolute and uniform convergence everywhere except
at the discontinuity.

For the proof we will need some additional Lemmas.

20.1 Fourier series theorem, Riemann-Lebesgue Lemma

20.1.1 A trigonometric formula

We will prove the following - needed later

cn(x) = % + cos(x) 4 cos(2z) + - - - + cos(nw)

B sin(n + %)x
B 2sin(%az)
Clearly 1z # 0, £, £2m, ... i.e. @ =0, £2m, +dm, ... If we define ¢, (z) at these

points by n + %, then the function is continuous everywhere (show this?).

Use cos(kz) = 5 (e + e=2) to re-write

o
3
—
8
SN—
Il
DN =
o
-
>
33
Il
N =

(e—inz + eize—inz + (eiz)Qe—mx 4t einr)

k=—n

i.e. a geometric progression with ratio r = €™ = cos(x) + isin(x). Now r = 1 only if

x =0,£27,..., i.e. the exceptional points that we excluded (treated separately). Sum
it up to find
1 i 1 _Iu2n+1 1 . ( +1) 1

Multiply top and bottom by e~3T

. [efi(nJr%)x _ ei(nJr%)x}

= Cn(CC) - 5 e—%iz _ e%im
sin((n + 1)z
= cp(z) = —(( 1)7)

2sin(%x)
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Integrate from 0 to m we find

ww B T 1 n _E
/o 2sin(5t) dt_/o (2"’_;005(]“”) dt_2'

Lemma 1 (Riemann-Lebesgue)
If the function g(x) is integrable on [a, b], (e.g. it is piecewise continuous), then

b
IA:/ g(z) sin(Az)dx

tends to zero as A — oo.

Proof. (Will do it when ¢' is also piecewise continuous. For the general case see HW
problems).

Can use integration by parts

I = / b g(x) sin(\z)dz = [—COS(A”) g(:c)ILJr / " cos(Aa) J(z)dx

b
— % [g(a) cos(Aa) — g(b) cos(Ab) + / cos(Ax) + g/(aﬁ)dx]
= | < %M

for some constant M, and the result follows. O

/ sm(z)dz _7
0 z 2

Proof. Show improper integral exists, i.e.

Lemma 2

M gin(z)

I = lim dz exists.

M—oo 0 z

(Note z = 0 is not a problem. Why?) Consider 0 < M < N and calculate

N N N
In — Iy :/ sm(z)dz _ ~ cos(2) / Cosgz)dz
M M M 7

_ cos(M)  cos(N) /N COS(Z)dz.

M N M z

= |I I ]<i+i+ N% 2
NTIMI= TNy 2 M

hence convergence since |Iy — Ips| can be made arbitrarily small (Cauchy).
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In fact, letting N — oo, we see that | — Ipy| < % so Ip; approaches its limit

algebraically. Now take p > 0 arbitrary and pick M = Ap.

Ap o 2=AT pp
I = Iy :/ sm(z)dz,./:\/ sin(Az) (\dz)
0 z 0 AL

_ [P sin(Az)
- ——=d
Jy e

where we have now fized the integration range to [0,p]. As M — oo, A\p — o i.e.
A — 00, and by the estimate above

I
‘I—/ sm(/\:r)dx‘§2:2
0 M

X
.
ie. lim / sinhe) g (20.1)
0

A—00 T

for all p sufficiently big. Cannot apply Riemann-Lebesgue directly. Consider the function

1 1
h(z) = z  Zsin(z/2) T 70
0 z=0.

Fact: h(z) is continuous and also has a continuous first derivative for 0 < z < 2w. (Proof
see HW5). Now we use the Riemann-Lebesgue Lemma 1 to see that for 0 < p < 27

P 1 1
A Sln()\l‘) <,’L’ — 23111(1’/2)) dl’ — 0 as A — 0.

Note: The convergence is uniform for 0 < p < = since |h(z)| and |h'(z)| are both
bounded in this interval. From (20.1) we have immediately,

S
lim sin(Ax)

SAY) g — 1.
=00 Jo 2sin(:c/2)dx

Pick A\=n+ % and p = w, we have shown already that

™ sin((n + %)x) om
/0 2sin(z/2) LT3

independent of n. Hence we have proved:

7 :/ sin(z) Ay =
0

T
z 2"
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20.1.2 Proof of Theorem 1

Start with nth “Fourier polynomial”

Sp(x) = %ao + Z (ag cos(kx) + by sin(kx))

k=1

and substitute the formulas for ay, by, change order of summation and integration (finite
sum, so ok), to find

% + Z (cos(kt) cos(kz) + sin(kt) sin(kaz))] de
k=1

% + En: cos(k(t — a:))] dt
k=1

4 sin[(n+ 1)t — =«
_ i/_ﬂ () 2[S(in(z(2t)(—t:c)) g
substitute { =t —ox = = i/ﬂx flz+ 52)5;11((1(2)4- %)f) d¢
—T—x 3
T sin((n + 1
:% f(“g)mdg (20.2)
o !

by using properties of integrals of periodic functions discussed earlier. Note that x is a
fixed number. We will prove that (and this proves the Theorem):

lim / 3 flx sm(( )é) ————=2d¢ = f(x).

n—oo T ( 2};‘ )
At all points x € [—m, 7], even points of discontinuity, we have

fla) = 5 [Fh) + F).

We have proven already that

/w sin((n + $)t) A
o 2sin(3t) 2

and by change of variables t = ¢’ we also find
/0 sin((n + %)t’) W
—x  2sin(3t) 2

Hence

& sin SlIl +1
f(x)zl/o @) ;im Jar+ X /f 281n( ))t)dt.
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Using this identity gives

=t [ _ ety Sl £ 3)9)
Sule) 1) = [ [+ €)= g ) T e ae
0 : 1
w2 [ e+ -16) de
What is left to do is to prove the following: (see HW)
(i) Prove

fla+&) — fa™)
sin(%f)

is piecewise continuous and so is the 1st derivative, on 0 < & < 7.

(ii) Prove
fle+8) - flz7)
sin(%f)

is piecewise constant along with its 1st derivative on —m < & < 0.

Then by Riemann-Lemma, S,, — f(x) as n — oo, i.e. convergence (uniform away from
discontinuities).

20.2 Examples, sine and cosine series

Will consider f(x) to be 2m-periodic.
(i) If f(z) is even, i.e. f(—z)= f(x), then
1

= i f(z) sin(nz)dz = b, = 0.

So f(x) has only a cosine series. If f(z) is odd, f(—x) = —f(x) then a, = 0 and
f(z) has a sine series.

(ii) If a function is defined on [0, 7] by an expression f(x), then it can be extended as
an even or odd function on [—m, 7. e.g.

fley=m—2z 0<z<m

(A) Extend to an even function

T—z 0<z<m
f(z) =
T+x —n7m<x<0.

ey
.,F,”?Tff?‘ e
booooar .

' cve
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(B) Extend to an odd function, f(—x) = —f(x)

T™T—x O<z<m
fle)=S-7m—2 —-7<z<0

0 x=0,7,—.

Consider the second function on [—m, 7]. It is

T— x>0
f(x) =140 z=0

—m—x x>0.

Aside: General result for odd functions f(z):

2

an=0 b,=— i f(z)sin(nz)dr = — /TF f(x)sin(nz)dx (show this!)
0

™

—Tr

bp=0 ap,=— /7T f(z) cos(nz)dx.
0

145

(20.3)
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Hence for (20.3),

by = % /0 "(r — 2) sin(na)dz
]
_: { {_ . Cosibna:) ) smgm)}:}
- % [%] - % convergence is uniform as long as ¢ < |z| < 7
= ) :2< () + 20 +Sin§’w) +>

This now gives us for free the Fourier series of the function

plx)=2 —m<z<m.

This is also odd of course, but we get ¢(z) from f(x) by (i) shifting the latter to the
right by 7 (ii) reflecting about z = 0.

= o) = f(=(z—m)) = f(x — )

—9 [sin(w — )+ Sin@(g —2) Sin(?)(g =) ]
—9 [+ sin(z) — S022) Sin;?m) — .. ]

o
_ 22 k‘-l—l Sll’l )
k=1

Convergence is uniform as long as |z| < m — € for any small € > 0. In particular, putting
r = 5 we recover the Leibnitz series

71' 11 1
Too(1—c+——+...
2 ( 3T5 77 )

Note: Cannot differentiate - d o3 [(—~1)k+! Sm(’m) and get a convergent series. Rea-
son: derivative of ¢(x) does not satisfy condltlons of Fourier Theorem.
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Example 2

Function is now continuous but has discontinuous derivatives at a set of finite points
+n.

1
Even function =  f(z) = 200+ ) an cos(nx)
n=1
and
2 s
an = / x cos(nx)dx
T Jo
2 [ sin(nx)|™  cos(nz)|"
=—3z
™ no n? |,
2 1
S —1)=
7T(cos(mr) )n2
0 0
S = ) n even n #
——% mnodd
™
2 s
ag = / zdx =7
T Jo
1 4 3 )
= |z| = 5T (cos(a:) + COS?)(Q z) + 008;2 ?) +. ) .

Convergence is uniform at all . Put z = 0 we find a formula for 72, i.e.

o0

I S ST S
(2n +1 32 52
nO

Example 3

-1 for —m<2<0

f(z)=sgn(z) =<0 2=0
+1 O<z<m
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Clearly f(z) is odd = f(z) = >_ by, sin(nz)

2 ™
by, = / sin(nz)dx =
0

™

[ Cos(na:)} ™

n

™ L podd

s v,

Check: function f(x) = 0 at x = nm, uniform convergence elsewhere. Putting z = 7

again gives
1 1 1
2:2<1_3+5—7+...). Leibnitz

Note: d ~|z| = sgn(x) two series agree everywhere except at discontinuities. Ques-
tion: Why can I differentiate |z| series but not ¢(x)? Former is sectionally or piecewise
continuous.

2
7r

2 (1 — cos(nm)) { n even
z) |

Sln

= sgu(e) = ( n(z) +

20.3 Complex form of Fourier series

Have already shown that for f(x) real

f(z) = 1ao + Z (an cos(nx) + by sin(nx))

2
n=1
Z e, —m<r<m
n=-—oo
where )
== (a, —1b
n ?(n n> forn=1,2,...
“n = 5 (an +iby)

=5 (@ —it) =5 [ (7(a) costne) = i (o) sin(re) do

= / f(z)e ™ dz.
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Similarly
1 p
. = nz ..

Vn = 5o f (z)e™" d

(Clearly ~;; = v—_p, since f(z) is real).
Hence,
f(z) = Z Ve —p<x<w

where

1 (7 .
Yn = / f@)e™™dx n=0,£1,+£2,...
2 J_,

Note: If the period is 2L instead of 27

%) L
. 1 e
x) = %’ynem”/ﬂx\ <L, v,= 2L/_Lf(sc)e mnme/lqy p=0,+1,42,...

20.4 Fourier series on 2L—periodic domains

The set of functions

1 cos(mm> i n=12

are orthonormal on [—L, L] (and in fact on any interval [a, a + 2L] since the function is
periodic). In addition,

L

/_I;sin(nzx) sin(?)d: /_L cos(n—zw) cos(?)dx
_JL m=n
N {O m#n

and /LL sin(ﬂLx) cos(?)dx =0

= f(z) = %ao—kz [ancos<T>+b sm(nzxﬂ

n=1

where a, = 1/L f(z) COS(T>
/ f(x)sin %x)

flx) = i ez < L (20.4)

n=—oo

3

dz.

The complex form is

1 [f ,
Yn = 2L/ f@)e ™™/ bdr n=0, £1, £2, ... (20.5)
-L
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20.5 Parseval’s theorem

If f(z) is represented by its Fourier series

1 o o .
f(z) = 540 + Z + Zan cos(nz) + by sin(nz), —-rm<z<mw

n=1 n=1

then we have

(™ L > )
— fodr = - a, +b;)
T J_x 2 ngl
Proof. Easier to use complex notation
1 .
Tn = §(an - an)
Z e ™ where Vep = §(an +iby) = fy;;
n=—oo
1
Yo = §a0
o0 ) o )
@ = (35 ) (35 wee).
n=—oo m=—0o0o

Integrate and use orthogonality - see earlier
/ (= dx_zﬂzﬂm n_zﬂzw
—T
l 29, — 1 2 2 2
= fda:—2a0+2(an+bn)
- n=1

as needed. O
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Example 4 Compute the Fourier series of cos(z/2) over (—m, 7]. Use Parseval’s theorem

i :
2_1)2°
—= (4n? —1)

to deduce the value of

Function is even =

1 oo
Cos(g) = 50 + Zan cos(nr) —nm<z<m

n=1

2/7r x 4
ag = — cos(—)da: = —
) 2 0

™

an = 2 /07T cos(%) cos(nz)dx

A= 3|

1 | cos(nm)  cos(nm) (=) 2 2
T n+ 3 _n—él_ ™ [2n+1_2n—1]
(=n" -4
T r A1

8 16 1
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20.6 Fourier transforms as limits of Fourier series

We discussed 27 periodic functions in detail. Consider now f(z) periodic on [—L, L]
with L arbitrary. We have shown that

f(.’B) — Z ,yneinﬂx/L —L<z<L

n=—oo

1 [F ,
where %ZQL/ Fe M Edr n=0,41,42,...
—L

Put ~,, into the sum to find

o0

f(.f) — Z {1/L f(t)e'mﬂ't/Ldt} einﬂx/L
oL |, '

n=—oo
This is exact, we want to send L — oo.
1 & L . .
f(l’) h (/ f(t)e_mhtdt> emhm
L

"~ or

where h = 7. In the limit L — oo, h — 0 but nh := w, = O(1).
1 & L . .
f(a:):%nz_:ooh</Lf(t)e ”dt>e .
This is of the form Y 2 G(wp)h. Now h = wpy1 —wp = (n+ 1)h — nh = dw

= Riemann sum Z G(wn)ow — Z G(w)dw.

n=—oo

This gives, sending L — oo,

@) = % /_ Z { /_ Z f(t)eiwtdt} REN

where f(x) is defined on R.

This gives the Fourier Transform pair

f@ =5 [ " fk)etear
fuo = [ " fe)e*eda

Very useful in many applications. You will use them a lot to solve differential equa-
tions.
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APPENDIX: List of Asynchronous Recordings mapped to chapters and sections

—

[N N N N L N N L e e e e e e e e
© 00 N O Ot R W NN R, OO Ny Ut W Ny = O

© »® N e ok W N

Recording 1 - Chapter 1
Recording 2 - Chapter 2.1
Recording 3 - Chapter 2.2
Recording 4 - Chapter 2.3
Recording 5 - Chapter 3
Recording 6 - Chapter 4

Recording 7 - Chapter 5.1, 5.2
Recording 8 - Chapter 5.3, 5.4

Recording 9 - Chapter 5.5

. Recording 10 - Chapter 6

. Recording 11 - Chapter 7

. Recording 12 - Chapter 8

. Recording 13 - Chapter 9

. Recording 14 - Chapter 10

. Recording 15 - Chapter 12

. Recording 16 - Chapter 13.1
. Recording 17 - Chapter 13.2
. Recording 18 - Chapter 13.3
. Recording 19 - Chapter 13.4
. Recording 20 - Chapter 13.4
. Recording 21 - Chapter 13.5
. Recording 22 - Chapter 14.1
. Recording 23 - Chapter 14.2
. Recording 24 - Chapter 14.3
. Recording 25 - Chapter 14.3
. Recording 26 - Chapter 15.1
. Recording 27 - Chapter 15.2
. Recording 28 - Chapter 16.1
. Recording 29 - Chapter 16.2
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30. Recording 30 - Chapter 16.3

31. Recording 31 - Chapter 17

32. Recording 32 - Chapter 18

33. Recording 33 - Chapter 19.1, 19.2
34. Recording 34 - Chapter 20.1

35. Recording 35 - Chapter 20.2

36. Recording 36 - Chapter 20.2

37. Recording 37 - Chapter 20.3, 20.4
38. Recording 38 - Chapter 20.5

39. Recording 39 - Chapter 20.1

40. Recording 40 - Chapter 20.6

41. Recording 41 - Chapter 20.7



