Mathematics Year 1, Calculus and Applications I
D.T. Papageorgiou
Problem Sheet 4
(a) Show that Y7 42 = 2 HDEHD Hing: Consider Y7, [(i + 1)3 — i3]

(b) Find the integral fol x?dx using upper Riemann sums and an equipartition of
[0,1].

. In approximating the integral fol e®dr with an upper Riemann sum, we used the
result lim, o0 > iy %ei/” = e — 1. Show this.

. Show that the function

fz) = 0 if x is rational
)T 1 if ¢ is irrational

is not Riemann integrable. [Hint: Take any partition of [0, 1] and consider the lower
and upper Riemann sums.]

. Show that %(se(m + tanx) = secz(sec x + tanz). Hence show that
/ sec zdx = log(sec z + tan ).

Note that the integral derived above makes sense only if (i) cosz # 0, and (ii)
secx + tanx > 0. Determine an interval where such an interval can be applied.

. Calculate
1 1 3+ 1 /2 COS T
———du, —dx, —duz, 22\ 22 + 1dx, / _—
/(:p2+1)3 /x3—1 /x?’—l / x/6 sinx +sin®z

. Let I, = [ md.@ where n > 1 is an integer (what is the integral when n = 17)

Starting from I,,_1 use integration by parts to establish the recursion formula

T

2(n—-1I, = W

+(2n — 3) 1.

(a) Show that for any two integers m, n

™ vy :
. . . 0 ifm#n
/ sinmzx cosnxdr = 0, / sinmz sin nxdx = { 7 ,

—r r m ifn=m

and find an analogous formula for ffﬂ cos mx cos nxdx.

(b) Suppose that f is defined on [—m, 7] and it is a 27— periodic function, i.e. f(x+
2m) = f(x). If we approximate f(x) by the series f(z) ~ ag + Z]kvzl ay cos kx +
by, sin kx, use the results above to find formulas for ag, ax, b, k=1,... N.



(c) Now take f to be defined on [—7, 7] as follows

() = { 1 if x| <7/2

0 otherwise

Using the trigonometric approximation of part (b) above, calculate the a’s and
b’s and confirm that b, = 0 for all k. Could you have anticipated this result by
considering the symmetries of f7

Congratulations! You have just computed a Fourier series.

8. Using comparison tests for improper integrals, determine convergence or divergence
of the following integrals

/oo e~ dz /OO 7133 dx /OO 71 dx
0 7 o (1422277 0o Vax+ad
1 .2 1 1 o)
/ o :I;dx, / —duz, / sin(z?)dz.
0 1 + s 0 log(l + fL') 0

/2 ..
/ x— /2 s
o 2+cosw

10. Prove the integral mean value theorem which generalizes a bit the theorem proved in
class: Let f and g be continuous on [a,b] with g(x) > 0 for « € [a,b]. Then there
exists a ¢ between a and b with

9. Prove that
2

s
< —.
— 16

1 3
T 1
———dz < —log 2 and
/0 2 —sintz — 4 &

/ ' Fa)g(e)dz = £(c) / " g(w)da.

Show by finding an example that the conclusion of the theorem is wrong if the
assumption g(z) > 0 is dropped.

11. Let u be the average of the function f defined on a closed interval [a, b]. The average
value of (f(z)—p)? is called the variance of f on [a,b], and the square root of
the variance is the standard deviation of f on [a,b] and is denoted by o. Find the
average value, variance and standard deviation of each of the following functions on
the specified interval:

z% on [0,1], xze® on [0, 1], sin 2z on [0, 47],
2 on [0,1]
(1 on[o0,1] ) 3 on(1,2]
f(”“")_{ 2 on (1,2 ’ F@ =31 on (23
5 on (3,4]

12. (a) Suppose that f(z) is a step function on [a,b], with value k; on the interval
(xi—1,2;) belonging to the partition (z¢,z1,...,2,). Find a formula for the
standard deviation of f on [a,b].

(b) Simplify your formula for the case when the partition consists of equally spaced
points.



(c) Show that if the standard deviation of a step function is zero, then the function
is a constant.

(d) Give a definition of the standard deviation of a list of numbers ay,aq, ..., a,.

(e) What can you say about the list of numbers if its standard deviation is zero?

13. Given a positive integer n define

[ n for|z| <&
On(x) = { 0 otherwise

Consider also a continuous function g(z) defined on [a, b] where a < 0, b > 0.

(a) Calculate fabg(x)én(x)dx, and prove that lim, o ffg(x)én(x)da: = ¢(0).
(b) Find also lim,—ss f;g(m)én(m)daz for t < 0 and t > 0, respectively.

(c) Given arbitrary numbers 1, to, define fttf d(z)dz by the lim;, oo j;tf o (x)dz.
Use the results of part (b) above to find the former integral for ¢; < t2 < 0,
0<ty <tgandit; <0<ty

(d) The function §(z) is a distribution - it is zero everywhere except at 0 where it
is infinite. What is its anti-derivative? Give an expression and sketch it.

14. Let f(z) = [z]+ 1 and F(z) = [; f(t)dt (recall that [x] means the integer part of ).
Find an explicit expression for F(z) when 0 < z < 2, and show that F'(1) # f(1).
Explain why this does not contradict the fundamental theorem of calculus.

15. By evaluating the integral fln log xdx where n is a positive integer, and comparing
with the upper and lower Riemann sums associated to the partition (1,2,...,n) of
the interval [1, n], show that

(n—1)!<n"e "e<nl

lim <n> =1/e.

n—oo \ N

Hence prove that

16. For any non-negative integer n, let
[e.e] o0
I, = / e “(sinz)"dz, In = / e “(sinz)" cos zdz.
0 0

(a) Show that In =1, Jo=1/2, I, =nJ,—1 and J, = nl,—1 — (n+ 1)[11.
(b) Using the results in part (a), show that I; = 1/2, J; = 1/5 and that for n > 2
we have the explicit recursion formulas

n(n —1)

n m n—2»

n(n—1)

In = 5 JIn-2,
1+ (n+1)27"7?

n > 2.

(c¢) Find explicit expressions in the form of rational numbers for each of I, and J,.
[Note: You need to treat n being even or odd sep separately.] Which is larger,
I, or J,?7 Explain.



