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Question Sheet 2

MATH40003 Linear Algebra and Groups Term 2, 2020/21

This is the problem sheet for the problem classes in week 3. All questions can be at-
tempted with the material in lectures 1-5. Solutions will be released after the classes on
Friday of week 3.

Question 1 Let n € N, n > 2. Suppose D : M,(R) — R is a function on which
elementary row operations have the same effect as they do for det (for example, if B
is obtained from A € M, (R) by interchanging two rows, then D(B) = —D(A), etc.).
Suppose also that D(I,,) = 1. Prove that D(C) = det(C) for all C' € M, (R).

Harder: What if we replace R by an arbitrary field F'?

Question 2 For each of the following linear maps T : V' — V| choose a basis B for V/
and compute [T]g. Hence, or otherwise, compute det(7).
(i) T : R® — R3 defined by T'(z1, z2, 23) = (=21 + To — 3, —4T9 + 613, —379 + 513).
(ii) V' is the vector space of all 2 x 2 matrices over R, and T(A) = M A for all A € V|
1 =2
where M = 1 4
(iii) V is the vector space of polynomials over R of degree at most 2, and T'(p(z)) =
z(2p(x + 1) — p(x) — p(x — 1)) for all p(z) € V.

Question 3 Suppose n > 2 and A € M,(F). The adjugate matrix adj(A) is the
transpose of the matrix of cofactors of A and we showed that adj(A)A = det(A)7l,. Give
an expression for adj(adj(A)) in the case where A is invertible.

Question 4 Suppose F'is a field. Let n € N and ay, ..., a,—1 € F, not all zero. Using
the Vandermonde determinant, prove that the polynomial

f(x)=ay+ax+-+a, 12"

has at most n — 1 distinct roots in F', i.e. there are at most n — 1 distinct a € F' such
that f(«) = 0.

Question 5 Suppose U, V,W are vector spaces over a field F and T : U — V and
S :V — W are linear transformations. Show that the composition SoT : U — W is a
linear transformation. If U, V, W are finite dimensional with bases B, C, D, prove that

p[SoT]s = plSlcc[T]s-



Question 6 Let V be a vector space over a field F and T" : V — V be a linear
transformation. Suppose that A € F' is an eigenvalue of T. Let m > 1 be an integer
and denote by 7™ the composition T o ... o T (m times). Note that this is a linear
transformation V' — V.

i) Show that A\ is an eigenvalue of 7.

ii) If ag,...,a, € F are such that apId +a,T + axT* + ... + a,, 7™ = 0, show that )
is a root of the polynomial p(x) = ag + a1z + ... + a,x™.

Question 7 Suppose that T : V — V is a linear map with the property that T'(T'(v)) =
T(v) forallv e V.
(i) Show that

V =ker(T) 4+ im(T) and ker(7T") Nim(7") = {0}.

Hint: Note that if v €V thenv = (v —T(v)) 4+ T(v).
(ii) Deduce that if V' is of dimension n, then there is a basis B of V such that

_ [s Orxn—s
[T]B B ( On—sXs On—an—s ) ’

where s = dim(im(7")).



