MATHS50001 COMPLEX ANALYSIS 2021
LECTURES

Lecture 1
Section: Syllabus & Historical Remarks

e Holomorphic Functions: Definition using derivative, Cauchy-Riemann
equations, Polynomials, Power series.

e C(Cauchys Integral Formula: Complex integration along curves, Gour-
sats theorem, Local existence of primitives and Cauchys theorem in a disc,
Evaluation of some integrals, Homotopies and simply connected domains,
Cauchys integral formulas.

e Applications of Cauchys integral formula: Moreras theorem, Sequences of
holomorphic functions, Holomorphic functions defined in terms of integrals,
Schwarz reflection principle.

e Meromorphic Functions: Zeros and poles. Laurent series. The residue
formula, Singularities and meromorphic functions, The argument principle
and applications, The complex logarithm.

e Harmonic functions: Definition, and basic properties, Maximum modu-
lus principle. Conformal Mappings: Definitions, Preservation of Angles,
Statement of the Riemann mapping theorem, Rational functions, Mobius
transformations.

Course website: http://www2.imperial.ac.uk/~alaptev/CA21
see also Blackboard



Section: Complex numbers

The complex number i = v/—T1 ie associated with solutions of the equation
x2+1=0
that does not have real solutions. However, historically complex numbers
came through the cubic equation
x> —ax—b=0.

In 1515 Scipione del Ferro (1465-1526, Ttalian) found but not published the
solution
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It was interesting that even if Z—z — ‘21—; < 0 the equation has real solutions for

a,b real. This formula was published by Girolamo Cardano (1501-15-76,
Italian) in 1545.

In 1572, Rafael Bombelli (1526-1572, Italian) published a book which spelled
out rules of arithmetic for complex numbers and used them in Cardanos
formula for finding real solutions of cubics.

Key later work is by John Wallis (1616 - 1703, English) and Leonhard
Euler (1707-1783, Swiss). In particular, Euler clarified complex roots of
unity and found the multiple roots. He used complex numbers extensively.
He introduced i as the symbol for v/—1 and linked the exponential and
trigonometric functions in the famous formula

e = cost+isint.

Carl Friedrich Gauss (1777-1855, German), who gave a proof of the Funda-
mental Theorem of Algebra in 1799.

It took almost another century before mathematicians as a community fully
accepted complex numbers.
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The founding fathers of complex analysis are Augustin-Louis Cauchy, Karl
Weierstrass and Bernhard Riemann.

e To A.-L. Cauchy - the central aspect is the differential and integral
calculus of complex-valued functions of a complex variable. Here the fun-
damentals are the Cauchy integral theorem and Cauchy integral formula

Augustin-Louis Cauchy (1789 -1857) - French

e To K. Weierstrass - sums and products and especially power series are
the central object.

Aeies fﬁ%

Karl Weierstrass (1815-1897) - German

e To B. Riemann - conformal maps and associated geometry.

S ==

Bernhard Riemann (1826-1866) - German



Modern state of art:

e The Mandelbrot set, Complex dynamics:

Benoit Mandelbrot, (1924, Warszawa, - 2010, Cambridge)

The Mandelbrot set is the set of complex numbers 1 for which the function
f,(z) = 2% +1
does not diverge when iterating from z = 0 so that the sequence
£4(0), F(£4(0)), Ty (£ (Fa0))), ...

remains bounded

n=1 p prime

This series converges if Rez > 1.

If z is a complex number then in the above sum there some cancellation. In
particular the Riemann Hypothesis states

((z)=0 = Rez=1/2.



Section: Basic properties

A complex number takes the form z = x + iy, where x and y are real,
X,y € R, and i is an imaginary number that satisfies i* = —1. We call x
and y the real part and the imaginary part of z, respectively, and we write

x =Re(z) and y=Im(z).

The real numbers are complex numbers with zero imaginary parts. A com-
plex number with zero real part is said to be purely imaginary.

The complex conjugate of z = x + iy is defined by

z=x—1y.

The complex numbers can be visualised as the usual Euclidean plane:
z =x+ 1y € C is identified with the point (x,y) € R?.
e in this case 0 corresponds to the origin,
e 1 corresponds to (0,1).
e the x and y axis of R? are called the real axis and imaginary axis respec-

tively.
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e Polar coordinates.

z=x+1y, r=lzl=vVX*+y:=vz-z

X = T1cos 0, y =r71sinb,
where N
cos = — sinezg.
T T
and thus

z=r1(cos0 +1isin0).



z =r(cosf + isinh)

Example. Let z=1—1i. Then r = /2 and sin® = —1/v/2. Then
9:—§+27tk, K =0,41,42,....

So argz = —m/4 + 271k.

Definition. Argz = 0 such that —mt < 0 < 7t is called the Principal value of
the argument of z.

Example.

Arg (1—1) :—g.

Theorem. Let z; = r1(cos0y +1isin0;) and z; = r2(cosO; + 1sin 0,). Then
z1 -z = 1112(C08(07 + 02) +isin(6; + 6;)).

Proof. Use elementary trigonometric formulae.

Corollary. ( De Moivres formula)

2" =1"(cosmB +1isinnd), n=1,2,3,....

Abraham De Moivres (French, 1667-1754)



Remark. Theorem implies
argz) + arg z; = arg (z1 - z3),

however,
Argz; + Argz, # Arg(z1 - z;).
WHY 777

Section: Sets in the complex plane

Definition. Let zy € C and r > 0. Define the open disc D,(z)
D.(zo) ={z€C: |z—2z)| < T}
The boundary of the open or closed disc is the circle
Ci(zo) ={z€C:lz—zo| =71
The unit disc is the disc centred at the origin and of radius one
D={zeC: |z <1}
Given a set QO C C, a point z; is an interior point of Q if there exists r > 0
such that D,(zo) C Q. The interior of Q consists of all its interior points.

Definition. A set Q is open if every point in that set is an interior point of
Q). This definition coincides precisely with the definition of an open set in
R?.

Definition. A set Q is closed if its complement Q¢ = C \ Q is open.

A set is closed if and only if it contains all its limit points. The closure of

any set Q is the union of Q and its limit points, and is often denoted by Q.

Definition. The boundary of a set Q is equal to its closure minus its interior,
and is often denoted by 0Q).

Definition. A set Q is bounded if there exists M > 0 such that |z| < M
whenever z € Q.

Definition. If Q is bounded, we define its diameter by

diam (Q) = sup |z —wl|.
zZ,we

Definition. A set Q is said to be compact if it is closed and bounded.
Arguing as in the case of real variables, one can prove the following.

Theorem. The set Q C C is compact if and only if every sequence {z,,} C Q
has a subsequence that converges to a point in Q.



8

An open covering of Q is a family of open sets {U,} (not necessarily count-
able) such that
Q C UyUy.

In analogy with the situation in R?, we have the following equivalent for-
mulation of compactness.

Theorem. A set Q is compact if and only if every open covering of QQ has
a finite subcovering.

Another property of compactness is that of “nested sets”.

Theorem. If Q; D Q; D --- D Q... is a sequence of non-empty compact
sets in C with the property that diam (Q,) — 0 as n — oo, then there
exists a unique point w € C such that w € Q,, for all n.

Proof. Choose a point z,, in each Q,. The condition diam (Q,) — 0 says
that {z,} is a Cauchy sequence, therefore this sequence converges to a limit
that we call w. Since each set Q),, is compact we must have w € Q,, for all
n. Finally, w is the unique point satisfying this property, for otherwise, if
w’ satisfied the same property with w’ # w we would have [w’ —w| > 0
and the condition diam (Q,) — 0 would be violated.

Definition. An open set Q is connected if and only if any two points in Q
can be joined by a curve y entirely contained in Q.
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Lecture 2
Section: Complex functions

Definition. Let Qq,Q, C C.
f: Q] — Qz

is said to be a mapping from Q; to Q, if for any z = x + iy € Q; there
exists only one complex number w = u+ iv € Q; such that

w = f(z).
We use notations:
w = f(z) =u(x,y) +iv(x,y),
where u and v are two real functions of two real variables.
Example. Let w = f(z) = 22 = x> —y? +1i2xy, z € C. Then
u(x,y) =x*—y* and v(x,y) = 2xy.

Example. Let w = f(z) = 1/z = z/|z], z € C\ {0}. Then

_ _ Y
u(X,y) —m and V(X,y) ——X2+yz.
Example. Mobius transformation
b
w:f(z):%, a,b,c,deC, cz+d#0.

Definition. Let f be a function defined on a set O C C. We say that f is
continuous at the point zy € Q if for every € > 0 there exists & > 0 such
that whenever z € Q and |z — zg| < 6 then |f(z) — f(z¢)] < ¢.

Definition. The function f is said to be continuous on Q if it is continuous
at every point of Q.

Section: Complex derivative
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Definition. Let Q;,Q, C C be open sets and let f: Q7 — Q,. We say that
f is differentiable (holomorphic) at zy € Q; if the quotient

f(zo +h) — f(zo)
h

converges to a limit when h — 0. Here h € C, h £ 0 and zo+h € Q. The
limit of this quotient, when it exists, is denoted by f’(z), and is called the
derivative of f at zg:

. f(zo +h) —f(zo)
/ —
f'(zo) —}LIE}% o .

This means that for any ¢ > 0 there is & > 0 such that as soon |h| < & we

have
f(zo + h) — f(zo)
h

— f,(Zo) < €.

. f(zo +h) —f(z0)
/ p—
f'(z0) —}lgr(l) h .

It should be emphasised that in the above limit that h = h; +1ih, € Cis a
complex number that may approach 0 from any direction.

Remark. The word ”holomorphic” was introduced by two of Cauchy’s stu-
dents, Briot (1817-1882) and Bouquet (1819-1895), and derives from the
Greek (holos) meaning "entire”, and (morphe) meaning ”form” or ”appear-
ance”.

Definition. The function f is said to be holomorphic on open set Q if f is
holomorphic at every point of Q .

If C is a closed subset of C, we say that f is holomorphic on C if f is
holomorphic in some open set containing C. Finally, if f is holomorphic in
all of C we say that f is entire.

Example. The function f(z) = z is holomorphic on any open set in C and
f'(z) = 1.

Example. If f(z) = z" then f'(z) = nz™'. Indeed we use induction to find:

e Ifn=1then (z)' =1.

—1

e Assuming (z")' = nz"' we obtain

"' =(z-2")' =2 z2"+z- (") =z"+z-nz" ' = (n+1)z".



Example. Any polynomial
p(z)=ay+aiz+ -+ az"t

is holomorphic in the entire complex plane and
pz)=a;+ - +naz".

Example. The function 1/z is holomorphic on any open set in C that does
not contain the origin, and f'(z) = —1/22.

Proof it.
Example. The function f(z) = z is not holomorphic. Indeed, we have

f(Zo + h) - f(Zo) . FL

h TR
which has no limit as h — 0, as one can see by first taking h real and then
h purely imaginary.

Proposition. A function f is holomorphic at zy € Q if and only if there
exists a complex number a such that

f(zo + h) — f(zo) — ah = h(h),
where \ is a function defined for all small h and
}lg(l)lb(h) = 0.

In this case
a = f/(Zo).

Proof. The proof follow directly from the Definition. Indeed, dividing by h

we have
f(zo +h) — f(zo)

h —a=1yP(h)—>0 as h—0.

Corollary. If a function f is holomorphic then it is continuous.
Proposition. If f and g are holomorphic in Q then:

(i) f+ g is holomorphic in Q and (f+g)’' =1+ g’.

(ii) fg is holomorphic in Q and (fg)’ = f'g + fg’.

(iii) If g(zo) # 0, then f/g is holomorphic at zy and

f/ —f /
(f/g)'z%.
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(iv) Moreover, if f: Q — U and g : U — C are holomorphic, the chain rule
holds

(gof)(z) =g'(f(z))f'(z), VzeQ.
Proof. Arguing as in the case of one real variable, use the expression
f(zg + h) — f(zg) — ah = h(h).
Section: Cauchy-Riemann equations

Consider first

. Flzo + 1) — f(z0)
/ —
frl=m=

assuming that h = hy (namely that h, = 0). Then if

h = h; + ihy,

f(zo) = f(xo + 1yYo) = ulxo,yo) + iv(xo, yo),

we have
. f(zo +h) —f(z0)
/ —
Flzo) = lim, h
~ lim u(xo + hi,yo) + tv(xo + hi, Yo) — w(x0, Yo) — iv(xo, Yo)
N hy—0 h]
ou Y .
= a(Xo,yo) +1i a(xmyo) = u(x0,Yo) + V. (%0, Yo)-

Let now h = ih; (namely that hy = 0). Then

f(25) = lim f(zo +h) — f(zo)

h—0 h
— fim u(x0, Yo + h2) + iv(xo, Yo + h2) — u(xo, yo) — iv(xo, Yo)
hy;—0 lhz
1 ou ov 1
=7 @(Xo)yo) + @(meo) = {U{J(Xo»yo) + vy (%0, Yo)

= —iu; (x0, Yo) + vy (X0, Yo)-
Thus the function u and v satisfy the following
ou dv ou  0v

— and —

&:ay ay__&

- Cauchy-Riemann equations.
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Example. Let f(z) = z%. Then u(x,y) = x* —y? and v(x,y) = 2xy. Then

u, =2x=v, and u,=-2y=—v, —0'K.

Example. Let f(z) = z. Then u(x,y) = x and v(x,y) = —y.
u =1#-1=v.

This means that f(z) = zZ is not differentiable.

The Cauchy-Riemann equations link real and complex analysis.

Definition.
o 1 0 +1 0
dz 2 \dx 1idy

0 1,0 10
=20 1ay)

and

Theorem. Let f(z) = u(x,y) +iv(x,y), z = x + iy. If f is holomorphic at

Zp, then
of of ou

5(20) =0 and f'(z) = a—Z(Zo) = Za(lo)o
Proof. Using the Cauchy-Riemann equations u, = vy and uy = —v; we
obtain
of . 1 / 1 / i / 1 AN 1 / s s/ AN
a_i = z (ux—zuy> —|—Z (VX—€VU> = z (ux—f—luy +1VX—VU) =0.
and
of o 1 / 1 / i / 1 AN 1 / s s/ /
5= 2 (ux—i- iu”) + 7 (vx-i— iv9> =5 (uy — tuy +ivg +vy)
1 ) 1 ou
= z(Zu,Q—tZul’J) :u,’(Jr{u; :26—2.
The fact that f'(z9) = g—;(zo) follows from our computations before. Indeed,
we have seen that
. . ou
'(z0) = wy(x0y Yo) + vy (X0, Yo) = g (x0,Yo) — tury (X0, Yo) = 2 E(XO’HO)'

The proof is complete.

The next theorem contains an important converse.

Theorem. Suppose f = u + iv is a complex-valued function defined on
an open set Q. If u and v are continuously differentiable and satisfy the



6

Cauchy-Riemann equations on Q, then f is holomorphic on Q and f'(z) =

of(z)/0z.
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The next theorem contains an important converse.

Theorem. Suppose f = u + iv is a complex-valued function defined on
an open set Q. If u and v are continuously differentiable and satisfy the
Cauchy-Riemann equations on Q, then f is holomorphic on Q and f'(z) =

of(z)/0z.
Proof. Assuming h = hy + ih; we have
u(x +hi,y +hy) —ulx,y) = w(x,y) i +uy(x,y) hy + [hipi (h),
where Py(h) — 0 as h — 0. Indeed,
u(x+hy, y+hy)—u(x,y) = u(x+hy, y+hy)—u(x, y+hy)+ul(x, y+hy)—u(x,y)
= (%, y + ha)hy + hi@i(h) + ) (x,y)hs + ha@(h).
Since u),(x,y + hy) is continuous we have
u (x,y +hy) —u.(x,y) = @3(h) -0 as h; =0
and thus
u(x 4+ h,y +hy) —ulx,y) = wilx,y) h +ug(x,y) ha
+ hi(@s3(h) + @1(h)) + haga(h) = [Rfp(h),
where 1 (h) = [h|7! (i (@3(h) + @1(h)) + hy2(h)) — 0, h — 0.
Similarly
v(x +hi,y + o) = v y) = vi(x,y) ha + vy (%, y) ha + (R (h),
where P,(h) - 0as h — 0.



2
Using the Cauchy-Riemann equations vi = —u; and v, = u,, we find

f(z+h)—f(z) =u(x+hi,y+hy) +iv(x+hi,y +hy) —ulx,y) —iv(x,y)
= (%, y) hi + (%, y) ha + (v (%, y) ha + vy (%, y) ha) + [hip (h)
= w (%, y) h +uy (x,y) hy —iug (x, y)hy +tughy + (R (h)
= (u, —iu)) (hy + thy) 4 [hib(h),

where P(h) = Py(h) + iP(h) — 0, as h — 0. Therefore f is holomorphic
and 3 of
u
f'llz) =2 — = —.
(2) 0z 0z

Section: Cauchy-Riemann equations in polar coordinates
Usual Cauchy-Riemann equations for a holomorphic function f = uw+1iv as
they were defined before are:

/A o
W =V, u, =—v
Introduce polar coordinate
x=T1cos0, y=rsind, r=+/x*+y% 0O =arctany/x.

Then
or X or y

&:\/Tyzzcose, @:\/Tyz:snle,
@—;(_])1__81119 @_;l_COS@
1+ (y/x)? x2 1’ 3y 1+ (y/x)?x T

Therefore
. ! , —sin® / o , cos 0
Uy = Uy cos O+ g ) vy =V, sin0 + vy )
T T
Uy = Uy sin @ + ug co:,e) v, =V, cos9+vé_81ne

Multiplying uy by cos 6 and u, by sin 0 and adding the results we find

u/ =/ cos’ @ +u sin? @ = u/ cos + 1, sin 6.

Using uy = v, and u; = —v; we conclude

uy cos O + 1y sin@ = v, cos @ — v, sin0

cos O

in 0 1
:(vﬁsine—kvé )cos@—(vﬁ cose—vésm >sin9:vé;.



Then
1 1

= —v) and similarly v/ =——u}.
u rve and similarly v, rue
Example. Let
f(z) = ulx, y) + iv(x,y) = In(x* +y?) + Ziarctan%
=In|z]* + 2iArg (z) = 2(InT + i0),

where z = 1r(cos 0 + isin0). Then

2
u’z;:%l:%vé and Ozvr’:—}ue’,zo.

Section: Power series

Definition. A power series is an expansion of the form

o0
E anz",
n=0

where a, € C.

N n

The series is convergent at z if the partial sum Sn(z) = )_,_, anz

has a limit
S(z) = lim Sn(z).
N—oo

In this case we write S(z) = Y o, anz™.

For its absolute convergence we consider

(o]
> lanlizl™
n=0

Proposition. If S(z) = 3 anz™, then limy_00(S(z2)—Sn(z)) =
0.

Theorem. Given a power series Y ~° anz", there exists 0 <
R < oo such that:

(1) If |z| < R the series converges absolutely.



(ii) If |z| > R the series diverges.

Moreover, R is given by the formula

:
— = limsup |a,y|"/™
n—oo

The number R is called the radius of convergence of the power
series, and the domain |z| < R the disc of convergence.

Example. The complex exponential function, which is defined
by

X _n

z
e* = E —
n!

n=0

converges absolutely for any z € C and R = oo.
Example. The geometric series
1 (0]
= Zn
11—z Z
n=0
converges absolutely |z| < 1 and its radius of convergence R = 1.

Proof. Let L = 1/R and suppose that L # 0,00. If |z| < R,
choose ¢ > 0 so that

(L+¢)lzl=r< 1.

By the definition L, we have |a,|'/™ < L + ¢ for all large n,
therefore

|anllz™ < ((L+e)lz)™ ="

. . . . (e%e] n o) n
Comparison with the geometric series )~ , 7™ shows that ) =~ anz
converges.

If |z| > R, then a similar argument proves that there exists a
sequence of terms in the series whose absolute value goes to
infinity, hence the series diverges.
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Remark. Prove the above result for R=0 and R = o0 (L = o0
and L = 0 respectively).

Remark. On the boundary of the disc of convergence, |z| = R,
one can have either convergence or divergence.

Power series provide an important class of holomorphic func-
tions.

Theorem. The power series

f(z) = i anz"
n=0

defines a holomorphic function in its disc of convergence. The
derivative of f is also a power series obtained by differentiating
term by term the series for f, that is,

f'(z) = Z naz""’
n=I1

Moreover, f has the same radius of convergence as f.
Proof. Indeed, note that

lim n'/™ =
n—oo n—oo

Therefore

(00] o0
E a,z"! and E na,z"
n=1 n=1

have the same radius of convergence and thus this is also true
for > °°,anz™ ! and Y na,z .

It remains to show that g(z) = ) 7, nayz"
f'(z).

—1 coincides with
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Let R be the radius of convergence of f, |zg| < r < R and let

N o0
Sniz) = Z anz", En(z) = Z anz".
n=0

n=N+1
Then if h is chosen so that |zg + h| < r we have

f(Zo + h})t— f(Zo) —g(Zo) _ (SN (Zo —+ h}‘)L— SN (Zo) B S{\I (Zo))
8{lz0) — glz)) + (MRELZENE]),
We find that
En(zo + h}i— En(zo) - i o (zo + 12“ — 28

n=N+1

< Z lag ™ =0, as N — oo.
n=N+1
Given € > 0 there is Ny such that for any N > N; we have
En(zo +h) — Ex(zo)
h <€

Since imn_00 S{(20) — g(2zo) there is N; such that for any
N > N, we have

SN (z0) — glzo)l < &
Finally for any fixed N > max(Nj, N,) we choose 6 > 0 such
that if |h| < 6

S h)—S
h
We now conclude
f h) —f
(ZO + })L (ZO) — Q(Zo) < 38, |h| < d.




The proof is complete.

Corollary. A power series is infinitely complex differentiable
in its disc of convergence, and the higher derivatives are also
power series obtained by termwize differentiation.
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Section: Elementary functions.
1. Exponential function.

Definition. We define exponential e* (z = x 4+ iy € C) as:
e* = e*cosy + ie*siny.
Properties:
a) If y = 0 then e* = e*.
b) e* is entire (holomorphic for any z € C)

Indeed, for that we check the C-R equations. Since uw = Ref = e*cosy and
v =Imf = e*siny, we have

u; =e‘cosy=v, and u,=e*(—siny)=—v,.
c)
ae"‘— 0 e* cos —Ha e*siny = e*
0z 0x Y 0x y=c.
d) Let g(z) be holomorphic. Then

0
a_z ed®) — o9(2) g'(z).

e) Let z; = x; + iy and z; = x; + iy,. Then
ef1 72 — e"1+"2(cos(y1 +y2) + isin(y; +yz))

= "2 (cosyj cos Yy, — sinyg siny; + i(siny; cosy, + cos Yy siny,))

= €2 (cosyy + isinyi)(cosys + isiny,) = e*' ™.

f) |e] = |e*||e®¥| = e* \/cos?y + sin’ y = e*.

The function e is 27t-periodic with respect to y.



2) Applying the De Moivres formula

(cosy +1isiny)™ =cosny +1i sinny
<ei‘~4>n — e,

= arctan(tany) =y + 2k, k=0,£1,£2....

we obtain

h) Since arg z = arctany/x
e* sin

arg e = arctan
e* cosy

Definition. If f is holomorphic for all z € C then it calls entire.
Clearly the exponential function e is entire.
2. Trigonometric functions.

=

: .. (i, o—i0
e® = cos0 +1isin0 0059—§<e +e >
e ® =cos®—isind sinf = L (eie — e—w).

Definition. For any z € C we define

1 /. . 1/ . .
sinz = — (eIZ — e’“), cosz =5 (eIZ + e*“).

21
Properties:
a) sin z and cos z are entire functions
b) a% sinz =cosz and a% cosz = —sinz.
¢) sinz 4 cos’z = 1.
Indeed:
1 ( iz iz>2+ 1 ( iz+ iz)z 1
— |e*—e — (e e =...=1.
4 4
d)

sin(z; &+ z;) = sinzy cos z; & cos zy sinzy,
cos(zy £ zy) = coszy cosz, F sinzg sin z,.

3. Logarithmic functions.
Letz = 1(cos0 +isin0) = ret®.
Definition. logz = In|z| + targz = logr + (0 + 27tk), z #0,

where k=0,4+1,4+2,....



Clearly:
elogz — i (04+2mk) — 3 o1 (0+27K) — 1 (cos @ 41 5in0) = x + iy = z.
Remark. The function log is a multi-valued function.
Definition. We define Log z as the singe-valued function:
Logz = In|z| + 1 Argz,
where Arg z is the principal value of the argument, namely, —7t < Argz < 7.
Remark. The function Log is a single-valued function.

Examples.

Log (—1) =im,

Log (2i) =1In2 + im/2,

Log (1 —1i) = Inv/2 —in/4.
Properties:

a) log(zy - z;) = log(zy) + log(z;). Indeed

log(z1 - 2) = In|z1z5| + iarg (z1 - 2)
=1Inl|z)| +In|zy| +iargz; +iargz, = logz; +logz,.
Remark.  Log(z - z;) # Logz; + Logz;, because Arg (z; - z;) # Argz; +
Argz;.
b) The function Log z is holomorphic in C \ {(—o0, 0]}.
Indeed, we have already checked that the C-R equations are satisfied:

Logz=InT4+10 =u+ v, —n<0 <
Therefore we have

au_1 1_16\) av_o_ 1 ou

or r  rod® or  roe’

Exercise. Compute (Logz)’.

4. Powers.

Definition. For any o € C, we define z* = e*!°¢? as a multi-valued function.
Example. it = ellogt = gt (i/2+ink) — p=m/2 g=2nk '} — 0 41 42 ...
Definition. We define the principal value of z*, « € C, as

Zoc — echogz-

Property:



a) Z% L g% — eoqLogz eochogz — e(oq +az)logz Z% +ocz-

Section: Parametrised curve.

Definition. A parametrised curve is a function z(t) which maps a closed interval
[a,b] C R to the complex plane. We say that the parametrised curve is smooth
if z/(t) exists and is continuous on [a, b], and z'(t) # 0 for t € [a,b]. At the
points t = a and t = b, the quantities z’(a) and z’(b) are interpreted as the
one-sided limits

2(a) = lim z(a+h)—z(a) 2(b) = lim z(b+h)—z(b)-
h—0, h>0 h ’ h—0, h<0 h
Similarly we say that the parametrised curve is piecewise - smooth if z is con-
tinuous on [a, b] and if there exist a finite number of points a = ay < a; <
-+ < ap = b, where z(t) is smooth in the intervals [ay, ay1]. In particular,

the righthand derivative at ay may differ from the left-hand derivative at a, for
k=12,...,n—1.

Two parametrisations,
z:[la,b] = C and Z: [c,d] — C,

are equivalent if there exists a continuously differentiable bijection s — t(s)
from [c, d] to [a, b] so that t’(s) > 0 and

Z(s) = z(t(s)).

The condition t’(s) > O says precisely that the orientation is preserved: as s
travels from c to d, then t(s) travels from a to b.

Given a smooth curve y in C parametrised by z : [a,b] — C, and f a continuous
function on y we define the integral of f along y by

b
J f(z) dz :J f(z(t)) 2’ (t) dt.
y

a

In order for this definition to be meaningful, we must show that the right-hand
integral is independent of the parametrisation chosen for y. Say that Z is an
equivalent parametrisation as above. Then the change of variables formula and
the chain rule imply that

d

b
J f(z(1))Z'(t) dt = J f(z(t(s))) z'(t(s)) t'(s) ds

a C



This proves that the integral of f over y is well defined.

If 7y is piecewise smooth, then the integral of f over y is the sum of the integrals
of f over the smooth parts of y, so if z(t) is a piecewise-smooth parametrisation
as before, then

1 ragy
J f(z) dz = ZJ f(z(t)) 2/ (t) dt.
Y k=0 ¥ 9k

We can define a curve Yy~ obtained from the curve y by reversing the orienta-
tion (so that vy and v~ consist of the same points in the plane). As a particular
parametrisation for y~ we can take z~ : [a, b] — C defined by

z (t) =z(b+ a—t).
A smooth or piecewise-smooth curve is closed if z(a) = z(b) for any of its

parametrisations. A smooth or piecewise-smooth curve is simple if it is not self-
intersecting, that is, z(t) # z(s) unless s = t, s, t € (a,b).

A basic example consists of a circle. Consider the circle C,(zy) centred at zy and
of radius T, which by definition is the set

Cilzo) ={z€C: |lz—zo| =71}

The positive orientation (counterclockwise) is the one that is given by the stan-
dard parametrisation

z(t) =zo +re', where te (0,27,
while the negative orientation (clockwise) is given by

z(t) =zo+1e ', where te[0,2m].

Section: Integration along curves.

By definition, the length of the smooth curve y is
b b

2/(t)] dt = J VRO WO dt.

a

length (y) = J

a
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Section: Integration along curves.

By definition, the length of the smooth curve y is
b b

2/(t)] dt = J VRO T 07 dt.

a

length (v) = J

a

Theorem. Integration of continuous functions over curves satisfies the following
properties:

L(ocf(z) +Bolz)dz—a |

v

f(z)dz+ J g(z) dz.

v
e If v~ is y with the reverse orientation, then

J f(z) dz:—J f(z) dz.
2% v
e (ML-inequality)

‘ J f(z) dz‘ < sup,., [f(z)] - length (y).
N

Proof. The first property follows from the definition and the linearity of the
Riemann integral. The second property is left as an exercise. For the third one,
we note that

b
| 20| < supic (a0 | 20001 dt = sup.c, I(2)] - tength ()
)

a

Section: Primitive functions.

Definition. A primitive for f on QO C C is a function F that is holomorphic on QO
and such that F'(z) = f(z) for all z € Q.
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Theorem. If a continuous function f has a primitive F in an open set (), and 7y is
a curve in () that begins at w; and ends at w;, then

J f(z) dz = F(w,) — F(wy).

Proof. If -y is smooth, the proof is a simple application of the chain rule and the
fundamental theorem of calculus. Indeed, if z(t) : [a,b] — C is a parametriza-
tion for 7y, then z(a) = w; and z(b) = w,, and we have

b

b
J f(z)dz = J f(z(t)) z'(t) dt = J F'(z(t))z'(t) dt
N

a a

v a
_ J F(2() dt = F(z(b)) — Flz(a),

If 7y is only piecewise-smooth then arguing the same as we did we have

= F(z(an)) — F(z(ao)) = F(z(b)) — F(z(a)).

Corollary. If vy is a closed curve in an open set ), f is continuous and has a
primitive in €, then

SB f(z)dz=0.
Y

Proof. This is immediate since the end-points of a closed curve coincide.

For example, the function f(z) = 1/z does not have a primitive in the open set
C \ {0}, since if C is the unit circle parametrized by z(t) = e't, 0 < t < 27, we
have

27 i eit
#f(z)dz:‘[ —dt =2mi £ 0.
c o €'
Corollary. If f is holomorphic in an open connected set Q) and f' = 0, then f is
constant.

Proof. Fix a point wy € Q. It suffices to show that f(w) = f(wy) for allw € Q.
Since Q) is connected, for any w € Q, there exists a curve y which joins wy to
w. Since f is clearly a primitive for f’, we have

J f'(z) dz = f(w) — f(wy),
N
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By assumption, f = 0 so the integral on the left is 0, and we conclude that
f(w) = f(wy) as desired.

Section: Properties of holomorphic functions.

Theorem. Let O C C be an open set and T C Q) be a triangle whose interior is
also contained in Q, then

whenever f is holomorphic in Q.

Proof. Let T be our original triangle (with a fixed orientation which we choose
to be positive), and let d© and p'® denote the diameter and perimeter of T,
respectively. At the first step we find middle point of each side of T”) and intro-

duce four triangles Tm, sz, T_,E]), Ti” that are similar to the original triangle as

follows:
T(0) /Tl(l) \\ TQ‘TZ:/ o \
Then
S&T(O) f(z)dz = #T{” f(z) dz + #T(” f(z) dz + i“’ f(z) dz

2 3

+ CJ;Y f(z) dz.
T

4

There is some j € {1, 2, 3,4} such that (WHY?)

F{JT(O) f(z)dz é{}Tm f(z) dz|.

j
We choose a triangle that satisfies this inequality, and rename it T!"). Observe
that if A" and p" denote the diameter and perimeter of T, respectively. Then

<4

1 1
a4 = 1 4@  and pm:zpm)_

2
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We now repeat this process for the triangle T("). Continuing this process, we
obtain a sequence of triangles

1 1 2
T T @ T

with the properties that

and
d™ =27 and pM = 2 pO)

where d™ and p™ denote the diameter and perimeter of T,
Let Q™ be the closed triangle such that 0Q™ = TM™  Clearly we have a
sequence of compact nested sets

QY50 5.5 5

whose diameter goes to 0. Then there exists a unique point z, that belongs to all
triangles Q™. Since f is holomorphic then

f(z) = f(z0) + f'(20)(z — 20) + (2 — 20) P(2),
where {(z) — 0 as z — z,.

Since the constant f(zy) and the linear function f(zy)(z — zo) have primitives, we
can integrate the above equality over T™ and obtain

é{j f(z)dz = éﬁ P (z)(z — 2z0) dz.
T T(n)

Since z, belongs to all triangles we have |z — zy| < d™ and using the ML-
inequality we arrive at
?]3 f(z) dz
TM)

where &, = sup, .t [\P(z)] = 0 as n — oco. Therefore

< end™pm,

r

) f(z)dz
JT(M)

< e, 40 pO),

and thus finally we obtain

?ﬁ f(z) dz
T(0)

<4n <&, dYp® 50, as n— oo.

j} f(z) dz
T(nl

j




5

Corollary. If f is holomorphic in an open set € that contains a rectangle R and
its interior, then

S['],zf(Z) dz =0.

Proof. This immediately follows from the equality

F]\ij(z) dz = 3[;; f(z)dz + f{jT f(z) dz.

S

8 N
7, N
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Section: Properties of holomorphic functions.
In Lecture 5 we have proved the following

Theorem. Let QO C C be an open set and T C Q be a triangle whose interior is
also contained in Q, then

whenever f is holomorphic in Q.

Corollary. If f is holomorphic in an open set € that contains a rectangle R and
its interior, then

if(z) dz=0.

Proof. This immediately follows from the equality

if(z) dz = #T f(z) dz + #T f(z) dz.

—_—

~ b
T

——

Section: Local existence of primitives and Cauchy-Goursat theorem in a disc.

Theorem. A holomorphic function in an open disc has a primitive in that disc.

Proof. We may assume that the disc D is centered at the origin. For any z € D
we consider y, given by



Define

F(z) J f(w) dw.

Consider the difference

F(z+h) —F(2) :J

Yz+h

f(w) dw —J f(w) dw
The function f is first integrated along <y, with the original orientation, and
then along 'y, with the reverse orientation.

z+h Zz+h

7/

/
7y

—

-—

—

—

(a) (b) (©) (d)

Using the fact that the integration over the triangle and the rectangle equal zero
we obtain

F(z+h) —F(z) = J f(w) dw,

n
where 1) is the straight line segment from z to z 4+ h. Since f is continuous at z
we can write

flw) = f(z) + b(w),
where P(w) — 0 as w — z. Then

r

F(z+h) —F(z) =

J

Finally we note that usin

f(z) dw + J P(w) dw.

n

P(w) dw = f(z) h+J

n n

g the LM-inequality

< [h|sup [ (w)]

Lll)(W) dw‘

wen



Since P (w) — 0 as w — z we obtain

}111{}% F(z + h})t— F(z) _ f(2).

Corollary. (Cauchy-Goursat theorem for a disc)
If  is holomorphic in a disc, then

3& f(z)dz=0

for any closed curve y in that disc.

Corollary. Suppose f is holomorphic in an open set containing the circle C and
its interior. Then

4;2 f(z) dz =0.

Proof. Let D be the disc with boundary circle C. Then there exists a slightly
larger disc D D D and so that f is holomorphic on D. We may now apply
Cauchy-Goursat theorem in D to conclude that SEC f(z) dz = 0.

Section: Homotopies and simply connected domains.

Let v, and y; be two curves in an open set (Q with common end-points.
That is if vy and y; are two parametrizations defined on [a, b], we have

Yo(a) =vi(a) = and vyo(b) =vy:(b) = B.

Definition. The curves vy, and y; are said to be homotopic in Q) if for each
0 < s < 1 there exists a curve Yy, C Q, parametrized by y,(t) defined on [a, b],
such that for every s

YS(Q) = o and Vs(b) = B)
and for all t € [a, b]
Ys(t)ls=o = vo(t) and y,(t)ls=1 = v1(t).
Moreover, y;(t) should be jointly continuous ins € [0, 1] and t € [a, b].

Theorem. If f is holomorphic in €, then

J f(z)dz = J f(z) dz.

Y1

Proof. We first show that if two curves are close to each other and have the same
end-points, then the integrals over them are equal.
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Due to definition, the function F(s,t) = 7y,(t) is continuous on [0, 1] x [a, b].
Then the image of F denoted by K is compact.

Then there is ¢ > 0 such that every disc of radius 3¢ > 0 centred at a point in
the image of F is completely contained in Q).

WHY ??7? Show it.
Since F is uniformly continuous we choose 6 such that

sup |ys, (1) —vs,(t) < & whenever [s; — s < 0.

tela,b]
We now choose discs {Do, . .., Dy} of radius 2¢, and points {zy, . . ., zn1} on v,
and {wy, ..., Wn41} on Y, such that the union of these discs covers both curves,

and
Ziy Zit1, Wiy Wiy € Di.

Here zo = wp = vs,(a) =;,(a) and

Zn4+1 = Wnil = Y, (b) =7%Ys, (b)

On each Dy, let F; be a primitive of f.

In D; N Dy, the primitives F; and F; 4

are two primitives of the same function, so they must



differ by a constant.
Therefore

Fip1(zis1) — Filzig) = Fia(wi) — Fi(wiga),

or
Firi(zig) — Fisr(winr) = Fi(zis) — Filwig).

Finally we have

J f(z) dz—J f(z) dz

n+1 n+1

=Y (Filzip) —Fi(zi)) = ) (Filwipr) — Fi(wy))
=0 i—0
n-+1
Z (Fi(ziz1) — Filwipr) — (Fi(zi) — Fi(wy)))
-0

= Fn(zng1) — Fn(Wny1) — (Fo(zo) — Fo(wo)) = 0.

By subdividing the interval [0, 1] into subintervals [sy, sx1], k = 0,...m, of
length less than 6 and using the above arguments for each pair y,, and vy, ,, with
Yso = Yo and ys, ., =y7 we complete the proof.

Definition. An open set Q) C C is simply connected if any two pair of curves in
Q) with the same end-points are homotopic.

Example. A disc D is simply connected. Indeed, let y,(t) and y;(t) be two
curves lying in D. We can define y,(t) by vs(t) = (1 — s)yo(t) + sy;(t). Note
that if 0 < s < 1, then for each t, the point y(t) is on the segment joining y,(t)
and y;(t), and so is in D.

The same argument works if D is replaced any open convex set.
WHY ?7?? - show it

Example. The set C \ {(—oo, 0]} is simply connected.
WHY 777 - show it

Example. The punctured plane C \ {0} is not simply connected.

Theorem. Any holomorphic function in a simply connected domain has a primi-
tive.
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Proof. Fix a point z; in ( and define
F(z) = J f(w) dw,
Y

where the integral is taken over any curve in () joining z, to z. This definition is
independent of the curve chosen, since Q) is simply connected. Consider

F(z+h)—F(z) = J f(w) dw,
n
where 1 is the line segment joining z and z 4 h. Arguing as in the proof of the
Theorem where we constructed a primitive to a holomorphic function in a disc,

we obtain K h) - F(2)
. zZ+ —F(z
am h = f(z).

The proof is complete.
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To remind:

In the previous lecture we introduced homotopic curves:

and proved

Theorem. If yo and y; are homotopic in Q) and if f is holomorphic
in Q, then

J f(z) dz :J f(z) dz.
Yo

Y1

Besides, we had
Definition. An open set ) C C is simply connected if any two pair
of curves in () with the same end-points are homotopic.

The next theorem is about holomorphic function in a simply con-
nected domains:

Theorem. Any holomorphic function in a simply connected domain
has a primitive.



2

Proof. Fix a point zy in  and define
F(z) = J f(w) dw,
Y

where the integral is taken over any curve in () joining zy to z. This
definition is independent of the curve chosen, since () is simply
connected. Consider

F(z+h)—F(z) = J f(w) dw,
n

where 1 is the line segment joining z and z + h. Arguing as in
the proof of the Theorem where we constructed a primitive to a
holomorphic function in a disc, we obtain

. Flz+h)—F(z)

lim

h—0 h

= f(z).

The proof is complete.

Corollary. (Cauchy-Goursat theorem)
If f 1s holomorphic in the simply connected open set Q, then

for any closed, piecewise-smooth, curve y C Q).

Theorem. (Deformation Theorem)

Lety; and vy, be two simple, closed, piecewise-smooth curves with
72 lying wholly inside 'y and suppose f is holomorphic in a domain
containing the region between y; and y,. Then

4} f(z)dz = 3['! f(z) dz.
i Y2

Proof.



WA X

N

"2

Example. Lety ={z € C: |z— 1| = 2}. Then

1 1 1 .
dz = dz = - - dz.
£ZZ—4 - Ck(z—zxzu) - 4?&(%2 z+2) -

Since 1/(z + 2) is holomorphic inside and on vy, then

1
i’j dz =0.
yz+2

On the other hand

1 1
{j dz = ? dz = 27mi.
v £ 2 (z:|z—2/=1} £ — 2

Therefore

=1

1
dz =1-—.
F]}yzz—él 2

Example. We show that if ¢ € R then
o0
e—m‘,z _ J e—nxz e—Znix& dx.
—0o0

This gives a proof of the fact that e~™" is its own Fourier transform.

If & = 0, the formula is precisely the known integral

1= J e ™ dx.

—0o0
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Now suppose that & > 0, and consider the function f(z) = e_mz,
which is entire, and in particular holomorphic in the interior of the
contour YR

—R+i¢ R+it

R 0 R
The contour yg consists of a rectangle with vertices R, R + 1§,
—R + 1§, —R and the positive counterclockwise orientation.
By the Cauchy-Goursat theorem theorem

# f(z)dz =0 (%)
YR
The integral over the real segment is simply
R 2
J e ™ dx
—R

which converges to 1 as R — oo. The integral on the vertical side
on the right is

g & .
1(R)] = H R+ ty) tdy| = J e TR 2Ry
0 0
&
< e—ﬂRz J |e—ﬂ(2iRy—y2)| dy < e—nRz Ee”az 0,
0

as R — oo.

Similarly, the integral over the vertical segment on the left also goes
to 0 as R — oo for the same reasons.



Finally, the integral over the horizontal segment on top is

—R R
J' e~ x—HE, dx = _J e x+1£ dx
R —R

R
_ enaz J e—mcz e—meE dx
—R
Therefore, in the limit as R — oo we obtain that (x) gives

o
2 2 .
0=1—¢™% J e T e 2XE g

—00

Section: Cauchy’s integral formulae.

Theorem. Let f be holomorphic inside and on a simple, closed,
piecewise-smooth curve y. Then for any point z; interior to y we

have | ]
f(z0) = =— 3[7 2) dz.
2nti [, z— 2z

Proof. If zy is interior to y then for any r > O such that y, = {z :
|z — zo| = r} lying wholly inside vy, using the deformation theorem

we obtain
f
(Jj (z) dz = <J; fz) dz.
yZ—Zo L2 20

1 1 1 f(z) — f(zo)
= —f dz4-— @ ——%4
(ZO) iﬁ}/r - gﬁYr -

Z— Zp

1 4\; f(z) — f(zo0)

Z— 2y

dz.
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Since f is holomorphic it is continuous at zy. Therefore for a given
¢ > 0 there is & > r > 0 such that as soon |z — zg| < 6 we have

If(z) — f(z0)] < e.
Then, by using the ML-inequality we have
1 f(z) — f(
‘_.FJ}—() Zod’<——27tr—s
271 zZ—Zp
So we have proved that for any ¢ > 0

‘ngfizio dz — f(Zo)‘ <e

1 # f(z) dz = f(zo).

2nti [, z— 2z
The proof is complete.

and hence
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Section: Cauchy’s integral formulae.

Theorem. Let f be holomorphic inside and on a simple, closed,
piecewise-smooth curve y. Then for any point z; interior to y we

have | ;
f(zo) = j} z) dz.
2nti J, z— 2z
Example.
1 e”
— d
2 Jys 2=z +1)
1 1 e” e”
= — = — d
i A J, (z—i Z—H) z

:2l1<ei—e_i> =sin 1.

Theorem. (Generalised Cauchy’s integral formula)

Let f be holomorphic in an open set (), then f has infinitely many
complex derivatives in (). Moreover, for simple, closed, piecewise-
smooth curve Yy C () and any z lying inside y we have

d"f(z) n! f(n)
dzn - 271 n+1 dT]
z i J, (n—2z)
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Proof. The proof is by induction on n. The case n = 0 is simply the
Cauchy integral formula. Suppose that f has up to n — 1 complex
derivatives and that

(n—1) . (TL— 1)’ f(ﬂ)
() = g{im_z)nan.

Let h € C be small enough, so that z + h is lying inside 'y. Then

= (z 4+ h) — f=1(2)
h

_ (m=1)! 1 1 1
o 2mi éljyf(n)ﬂ ((n—z—h)“ B (n—z)“) an.

Recall
A" —B"'=(A—B)(A" '+ A" B+ ...+ AB" 24+ B

and apply it with A =1/(n—z—h)and B = 1/(n —z). Then we
obtain as h — 0

1 1 1
E<(n—z—h)n_(n—z)n)

1 h
- _ An—] An—ZB L ABn—Z Bn—]
Rz mm g TAT B AR BT

. 1 n
Mm—2z)2 (n—z)™!
This implies
f D (z 4+ h) — f"1)(z)
h
(n—1)! S[" 1 n
— . f(n) — dn
2ni M-z Mm—z)!

_nl 45 f(n) an
2ni J, (n—z)nt

The proof is complete.
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Corollary. If f is holomorphic in €, then all its defivatives
f', £, ..., are holomorphic.

Exercise:

Let f be continuous on a piecewise-smooth curve y. At each point
z ¢ 7y define the value of a function F by

f
F(z) = J ) dn.
yn—2
Show that F is holomorphic at z ¢ y and

Flz) = J (f(—“)z dn.
Y

n—z)
Section: Applications of Cauchy’s integral formulae.
Corollary. (Liouville’s theorem)

If an entire function is bounded, then it is constant.

Proof. Suppose that f is entire and bounded. Then there is a con-
stant M such that

f(z)] <M, vz e C.
Letzg € Candlety, ={z: |z—zg| = r}. Then

1! f M
If'(z,)| = Znij’j z (Zz) )de gTHO as T — oo.
yr T A0

Therefore for any zg € C we have f’(zy) = 0 and thus f is constant.
Theorem. (Fundamental theorem of Algebra) Every polynomial of

degree greater than zero with complex coefficients has at least one
Zero.

Proof. Assume that

p(z) =anz™+ an 2V 4 =0.
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has no zeros. Then 1/p(z) is entire. Clearly |1/p(z)] — 0 as
|z] — o0o. Indeed, given € > O there is R such that

’ﬁ‘<e, Vz: |z| > R.

Since 1/p(z) is entire it is also continuous and therefore there is a
constant M > 0 such that

1
}E‘SM) z:|z| <R

and thus |1/p(z)| is bounded in C. This implies 1/p is constant and
this contradicts the fact that p(z) is a polynomial of degree greater
than zero.

Corollary.
Every polynomial
P(z) =anz"+- -+ ap

of degree n > 1 has precisely n roots in C. If these roots are
denoted by wy,...w,, then P can be factored as

P(z) = an(z—wi)(z—w3)...(z—wp).
Proof. We now know that P has at least one root, say w;. Then

writing z = (z—w7)+w;y. Substituting this in P(z) = a,z"+... ag
and using the binomial formula we get

P(z) =bn(z—wi)" + -+ b1(z—wq) + by,
where b, = a,. Since P(w;) = 0 we have by = 0 and thus
P(z) = (z—w1)Q(z).
Repeating this we find

P(z) = an(z—wi)(z—w3)...(z—wp).

Theorem. (Moreras theorem)



5

Suppose f is a continuous function in the open disc D such that for
any triangle T contained in D

then f is holomorphic.

Proof. We have proved before that f has a primitive F in D that
satisfies F' = f. Then F is indefinitely complex differentiable, and
therefore f is holomorphic.

Section: Sequences of holomorphic functions.

Theorem. If {f,}2°, is a sequence of holomorphic functions that
converges uniformly to a function f in every compact subset of (),
then f is holomorphic in Q.
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Section: Taylor and Maclaurin series.

Theorem. (Taylor Expansion theorem)
Let f be holomorphic in an open set Q) and let zy € Q). Then

(z0)
2!

f(z) = f(z0) + f'(20)(z — 20) + (z—2z)%....,

valid in all circles {z : |z — zo| < T} C Q.

Proof. Lety ={n:m—zol =71} C Qandletz: |z—zo| <.

1 f(n) 4 1 f(n)

f(z) = 5— = 5= d
() 2im J,n—z d 2im J, (N —2zo) — (z—z0) d
1 f 1
:_T_# m) __an
2im ], —zo 1—1?£
1 f — — 20\ ?2
S I S W\ S
24 J,m—zo n—2z0 \n—2z

z—zp\"! (%)

e e
=% )

Using Cauchy’s generalised integral formula applied to the first n terms we ob-

tain

1 (2)

!(Z—ZM”4+Rm

f(z) = f(zo) + f'(z0)(z—20) + -+ + ——"
(n—1)

where




2

Let M = max,¢y |f(1)| and let |z — zy| = p. Then by using the ML-inequality

we obtain
p" M ™ /p\m"
Rn — (2 = Ll I
| |_27T( )r”(ﬂr) r—p(r>

Since p < r we conclude that R, — 0 asn — oo.

Definition. The expansion

"(20)

o1 (z—z0)%. ...,

is called the Taylor series of f about zy. The special case in which zy = 0

f(z) = f(zo) + f'(z0)(z — 20) +

is called the Maclaurin series for f.

Example.
f(z) = e* fW| =1. Therefore
z=0
— 1 !
=Y —z'  R=lim D
n! n—oo n!
n=0

Example
flz) =5 =2 ld < TR=1).
Example.

Log (1 — z). Note that

(Log (1 —z))’:—] 12 =—> 2"
n=0

Integrating both sides we arrive at
= 1 =1

Log(1—z):—Zn+1 ““+C——ZEZ“+C,

n=0 n=1
where C = Log (1 —0) = 0.

Example.



f(z) = 117 about zo = i.

1 1 1 1
1+z:1+i+z—i:1+i'y_<_zﬁ

R - P LT PN .
141 Z(_” (1+1)n—Z( 1) W(Z im.

n=0

where R is defined by the inequality
lz—1

<1 or |z—1il< V2.
1T+ 1

Section: Sequences of holomorphic functions.

Theorem. If {f,}°2, is a sequence of holomorphic functions that converges uni-
formly to a function f in every compact subset of (), then f is holomorphic in
Q.

Proof. Let D be any disc whose closure is contained in () and T any triangle in
that disc. Then, since each f,, is holomorphic, Goursats theorem implies

45 fu(z)dz =0, for alln.
o

By assumptionf,, — f uniformly in the closure of D, so f is continuous and

Sﬂ;fn(z) dz = (l[ny(z) dz.

SBTf(z) dz=0.

Using Morera’s theorem we find that f is holomorphic in D. Since this con-
clusion is true for every D whose closure is contained in (), we find that f is
holomorphic in all of Q.

Therefore

Remark. This is not true in the case of real variables: the uniform limit of con-
tinuously differentiable functions need not be differentiable. WHY ??

Remark. Consider

Flz) =) fulz)
n=1
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where f,, are holomorphic in 3 C C. Assume that the series converges uni-
formly in compact subsets of €, then the theorem guarantees that F is also holo-
morphic in Q.

Theorem. Let {f,,}2°; be a sequence of holomorphic functions that converges

uniformly to a function f in every compact subset of (). Then the sequence of

derivatives {f, }°° ; converges uniformly to f’ on every compact subset of Q).

Proof. For any Q C Qsuchthat Q c Q and given > 0 we define Q;c O by
Qs ={z€ Q: Ds(z) C Q.

By the previous theorem it is enough to show that {f] }°° ; converges uniformly

to f’ on Q5. For any holomorphic function F in Q5 we have

o | ] F(z)
“: (Z)’ N ﬁi#ﬂzl—é (ﬂ - Z’)z

1 1 1
< — max [F(n)|  2md < - max [F(n)|.
2T et 62 8 ned
Applying this inequality to F(z) = f,, — f we conclude the proof.
Corollary.
Let each f,, be holomorphic in a given open set (O C C and the series

F(z) .= Z fu(z)
n=1

converges uniformly in compact subsets of (). Then F is holomorphic in Q).
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Last time:
Section: Sequences of holomorphic functions.

Theorem. If {f}°; is a sequence of holomorphic functions that
converges uniformly to a function f in every compact subset of (),
then f is holomorphic in Q.

Corollary.

Let each f,, be holomorphic in a given open set ) C C and the
series

F(z) :== Z fn(z)
n=1

converges uniformly in compact subsets of (). Then F is holomor-
phic in Q.

Section: Holomorphic functions defined in terms of integrals.

Theorem. Let F(z,s) be defined for (z,s) € Q x [0,1] where
Q) C Cis an open set. Suppose F satisfies the following properties:

e F(z,s) is holomorphic in Q for each s.
e Fis continuous on QO x [0, 1].
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Then the function f defined on Q) by

1
f(z) = L F(z,s) ds

is holomorphic.

Proof. To prove this result, it suffices to prove that f is holomorphic
in any disc D contained in (). By Moreras theorem this could be
achieved by showing that for any triangle T contained in D we have

1
4,’7 J F(z,s) dsdz = 0.
TJo

The proof would be trivial if we could change the order of integra-
tion that is not clear. In order to go around this problem we consider
for each n > 1 the Riemann sum

fo(z) = :—1 > F(z,k/n).
k=1

Then by the first assumption f,, is holomorphic in Q.

We can now show that on any disc D such that D C Q, the se-
quence {f,}°° ; converges uniformly to f .

Indeed, since F is continuous on Q x [0, 1] for a given ¢ > O there
exists & > O such that as soon |s; — S2| < & we have

sup [F(z,s1) — F(z, s2)| < e.
zeD

Thenif n > 1/6 and z € D we find

n o ok/n
Flz,k/n) — F(z,5)) d
D |, Fek/m) —Flzs) ds

n o k/n n €
< ZJ Flz,k/n) — F(z, )| ds < 21 S
k=
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By the previous theorem we conclude that f is holomorphic in D
and thus in Q.

Section: Schwarz reflection principle.

In this section we deal with a simple extension problem for holo-
morphic functions that is very useful in applications. It is the
Schwarz reflection principle that allows one to extend a holomor-
phic function to a larger domain.

Let QO C C be open and symmetric with respect to the real line,
that is

ze Q iff ze Q.
Let

Qt={zeQ:Imz>0}, QO ={zcQ:Imz<0}
and I={z€ Q:Imz=0L

The only interesting case of the next theorem occurs when I is non-
empty.

Theorem. (Symmetry principle)

If f* and f~ are holomorphic functions in Q" and Q~ respectively,
that extend continuously to I such that

ff(x) =f (x) forall x €I,
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then the function f defined in Q) by

T (z), ze QT
f(z) =M (z) =1 (z), zel,
f~(z), ze Q-

is holomorphic in Q.

Proof. We only need to prove that f is holomorphic at points of I.
Suppose D is a disc centred at a point on I and entirely contained
in (). We prove that f is holomorphic in D by Moreras theorem.
Suppose T is a triangle in D. If T does not intersect I, then

SETf(Z) dz = 0.

Suppose now that one side or vertex of T is contained in I, and the
rest of T is in, for ex., the upper half-disc.

If T, is the triangle obtained from T by slightly raising the edge or
vertex which lies on I

then we have
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since T, is entirely contained in the upper half-disc. Letting ¢ — 0,
by continuity we conclude that

SETf(z) dz = 0.

If the interior of T intersects I, we can reduce the situation to the
previous one by splitting T as the union of triangles each of which
has an edge or vertex on I

By Moreras theorem we conclude that f is holomorphic in D.
Using the notation introduced before we prove the Schwarz reflec-
tion principle.

Theorem. (Schwarz reflection principle)

Suppose that f is a holomorphic function in Q7 that extends con-
tinuously to I and such that f is real-valued on 1. Then there exists
a function F holomorphic in Q such that F|g+ = f.
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Last time:

Theorem. (Schwarz reflection principle)

Suppose that f is a holomorphic function in Q7 that extends con-
tinuously to I and such that f is real-valued on 1. Then there exists
a function F holomorphic in Q such that F|g+ = f.

Proof. Let us define F(z) for z € Q™ by

F(z) = f(Z).

To prove that F is holomorphic in O~ we note that if z,zy € Q™
then zZ, Zo € QT and since f is holomorphic in Q" we have

Therefore

n=0
and thus F is holomorphic in Q™.
Since f is real valued on I we have f(x) = f(x) whenever x € I
and hence F extends continuously up to L.



Section: The complex logarithm.

We have seen that to make sense of the logarithm as a single-valued
function, we must restrict the set on which we define it. This 1s the
so-called choice of a branch or sheet of the logarithm.

Theorem. Suppose that () is simply connected with T € ), and 0 ¢
Q. Then in Q there is a branch of the logarithm F(z) = log(z) so
that:

(1) F 1s holomorphic in Q,
(i) ef® =2z, Vz € Q,
(iii) F(r) = log r whenever 7 is a real number and near 1.

In other words, each branch log(z) is an extension of the standard
logarithm defined for positive numbers.

Proof.
We shall construct F as a primitive of the function 1/z. Since 0 ¢

Q, the function f(z) = 1/z is holomorphic in Q. We define

logalz) = Flz) = | (z) dz

v
where vy is any curve in () connecting 1 to z. Since Q) is simply
connected, this definition does not depend on the path chosen. Then
F is holomorphic and F'(z) = 1/z for all z € Q. This proves (i).

To prove (ii), it suffices to show that ze T2 = 1. Indeed,

4 (ze_F(Z)) =e T _2F/(2)e ¥ = (1 —zF'(2))e T = 0.
dz

Thus ze™
must be 1.

F(z) is a constant. Using F(1) = 0 we find that this constant



Section: Zeros of holomorphic functions.

Definition. We say that f has a zero of order m at zy € C if
£ (z5) = 0, k=0,1,...m—1,
and ™ (zy) #£ 0.

Theorem. A holomorphic function f has a zero of order m at z if
and only if it can be written in the form

f(z) = (z—z0)™ g(2),
where g is holomorphic at zy and g(zo) # 0.

Proof.
(m) (m+1)
f(z) = f m(!ZO) (z—zo)™ + f(m—Jr(]Z)O!) (z—2zo)™" + ...
m (F™(z0) M (z)
= (z —zo) ( — ! (z—zo)+...>.

Then f(z) = (z — zo)™ g(z) where g is defined by
M (z0) M) (z0)

m! (m+1)!
The above series converges and thus g is holomorphic at z,.

g(z) = (z—2z0)+....

Conversely, if f(z) = (z — zp)™g(z), where g(zy) # 0, then
fM(zo) =0,k =0,1...,m—1and f™(z5) = m! g(zo) # 0.

Corollary. The zeros of a non-constant holomorphic function are
isolated; that is every zero has a neighbourhood inside of which it
is the only zero.

Proof.

If zy is a zero of f of order m, then f(z) = (z—z¢)™ g(z), where g is
holomorphic at zy and g(zo) # 0. This means that g is continuous
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and therefore there is a neighbourhood of zy in which g(z) # 0.
Thus f(z) # 0 except for z = z,.

Section: Laurent Series.
Definition. The series

fz) =) anlz—z))"=---+aalz—z) *+ai(z—z)"

+ap+ aij(z—zp) + az(Z—Zo)2+
is called Laurent series for f at zy where the series converges.
Example.

2

e]/Z: —_—
Zn!z”

n=0 n=—oo

M-
L
2
N
R
N
N
o

Theorem. (Laurent Expansion Theorem) Let f be holomorphic in
the annulus D = {z: r < |z — zo| < R}.
Then f(z) can be expressed in the form

f(Z) = Z an(Z_ZO)n>

where

o = SE g,
To2mi J, =zt

and where vy is any simple, closed, piecewise-smooth
curve in D that contains z in its interior.
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Section: Laurent Series.

Definition. The series
fz) =) anlz—z)"=-+aa(z—z) +ai(z—2z)"

+ao+ar(z—2z0) + @z —2z0) 2 +...

is called Laurent series for f at z; where the series converges.

Theorem. (Laurent Expansion Theorem) Let f be holomorphic in the annulus
D={z:r<|z—2z)| <R}
Then f(z) can be expressed in the form

flz)= Y anlz—z)",

n=—oo

where

o - 1 ?[5 f(n) dn
"o Sz Y
and where y is any simple, closed, piecewise-smooth
curve in D that contains z, in its interior.

Proof. Let us for simplicity assume that zy = 0 and consider
Yi={z:zZl=R' <R} and v,={z:|zl=7">71}
and such thatz € D’ ={z: 1’ < |z] < R’}. Then

1 f 1 f
flz) = M) gy - (n)
2nti J,n—z 2ni J,,n—z

dn:=1 — L.
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If | € y; then [n| > |z| and we have

1 f(n) o f(n)
L =-— —dn = >—
2ni J,, m—z 2ni J, (1 —2z/n)
1 4} f(n)
= — —5 dn z".
2mi % v,
1 f(n) 1 J f(n)
flz) = — ¢ n—— ¢ ——dn:=1,—1L.
(z) Zﬂikjwnz 1l 27t )an—z 1l b
If n € vy, then n| < |z| and thus
o f(n) 1 f(n)
—Lh=—5= dn = 5—
2ni J,n—z 2ni ], z(1 —n/z)

1 & 1 4)
==Y o ttan =1 =i
2mi é FAL

—1

1 f(n) k
=5 Z 4} nkJr]dnz.

k=—00 Y7Y2

Finally we obtain

f(z) = Z a,z",
where
1 f(n)
tn =5~ e dn, n=-1,-2,...,
and
1 4} f(n)
an = =—— ——=dn, n=0,1,2,....
i g nn_H ) y Iy <y
It remains to show that
1 f(n)
n:ﬁ’ ynn+] dT]) TlZO,:l:],:]:Z,....

Indeed,

1orfm 1 ¢ nc o
i ﬁnm n=53 k;o L S[Znnﬂ dn = an.

Example.



Find Laurent series at zy = O for f(z) =1/(z—1) forz: |z| > 1.

1 1T& 1 &
z—1 (1—1/z _Z;_n ZE‘

k=1

This series converges for |z| > 1.
Example.

Find Laurent series at zy = 0 for f(z) = z(++2) for 0 < |z| < 2.

1 1

1 1 /1 1
=2 G52 =2

T 1 1 I\ — et 20 11
:z'z—zg(—ﬁ RPN =

Section: Poles of holomorphic functions.

Definition. A point z is called a singularity of a complex function f if f is not
holomorphic at z,, but every neighbourhood of z, contains at least one point at
which f is holomorphic.

Definition. A singularity z, of a complex function is said to be isolated if there
exists a neighbourhood of z; in which zj is the only singularity of f.

Example_ f(z) — %z’ Zo = ]’ f(Z) — 61/12’ Zy = O; f(Z) = —2.

1 —
1 7 20 =

Definition. Suppose a holomorphic function f has an isolated singularity at z

and
= Y anfz—z)"

n=—oo
is the Laurent expansion of f valid in some annulus 0 < |z — zo| < R. Then

e If a, =0foralln < 0, z; is called a removable singularity

e If a,, = 0 for n < —m where m a fix positive integer, but a_,, # 0, zg
is called a pole of order m.

e If a, # O for infinitely many negative n’s, z, is called an essential sin-
gularity.
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Example.

f(Z) = si%z; f(Z) = e]/z; f(Z) = 13(21-5—2)2'

Theorem. A function f has a pole of order m at z; if and only if it can be written
in the form
9(z)
(z—zo)™’
where g is holomorphic at zy and g(zy) # 0.

f(z) =
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Section: Poles of holomorphic functions.

Definition. Suppose a holomorphic function f has an isolated singularity at z
and

flz)= ) anlz—z)"

n=—00
is the Laurent expansion of f valid in some annulus 0 < |z — zo| < R. Then

e If a, =0 foralln < 0, z; is called a removable singularity

e If a,, = 0 for n < —m where m a fix positive integer, but a_,, # 0, zg
is called a pole of order m.

e If a, # O for infinitely many negative n’s, z, is called an essential sin-
gularity.

Example.
flz) =25 flz)=e" flz) = 5

z z3(z+2)%"

Theorem. A function f has a pole of order m at z, if and only if it can be written
in the form

(e = 22
(z—zo)™

where g is holomorphic at zy and g(zy) # 0.
Proof. If g is holomorphic at zy and g(zy) # O then for some R > 0

g(z) =ap+ai(z—2z0) + ..., |z — zo| < R,
where ay = g(zy) # 0. Then
f(z) = do + a +.oay 0<|z—2zy <R.

(z—zo)™  (z—zo)™!

This implies that z, 1s a pole of order m.
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Conversely, if f has a pole of order m at z,, then the Laurent expansion of f about
zy equals

A_m A _m+1
flz) = + +...
(z) (z—2zo)™  (z—zo)™
a
+ +ao+ai(z—z) +...
Z— 2

1

:m<a_m+a_m+1(z—zo)+...>.

Section: Residue Theory.

Definition. Let

f(z) = Z an (z—2z0)", 0<|z—2z9 <R.

be the Laurent series for f at zy. The residue of f at zg is

Res [f, Zo] =a_g.

Theorem. Lety C {z: 0 < |z — 29| < R} be a simple, closed, piecewise-smooth
curve that contains zy. Then

1
Res [f, zo] = — 45 f(z) dz.
2mi ],

Proof. Let 0 < r < R. By using the Deformation theorem we obtain

1 1
ﬁ 4{/]“(2) dz = % S%Z_ZO_T f(Z) dz

-l (o)
a, (z—2z9)" dz

T 2

lz—zol=" 1— o

1 0 27 . .
=5 J a, " e™?ire!®d0 =a ;.
T 0
n=—oo

Theorem. Let f be holomorphic function inside and on a simple, closed,
piecewise-smooth curve y except at the singularities z;,...,z, in its interior.
Then

CJ} f(z) dz = 2mi iRes [f, z;].
y

=1
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Proof. Lety; ={z: |z—z;| = rj} C Q. Then by using the Deformation theorem

we find N
Qﬁ f(z)dz = Z 4;? f(z) dz.
Y j=1 Y

Example. Evaluate §, , e'/* dz.

Clearly
1z _ 1 1 1 1
e’ "=1+ Z + 2'—22 + 3|—3 +
Therefore
j'; e/ dz = 2mi.
|z|=1
Let

f(z) =am(z—20) ™+ amu(z—2z0) ™ +...
and let g(z) = (z — zo)™f(z).

m = 1. Then g(z) = a1 + ao (z — z0) + ... and therefore

Res [f,zo] = a_; = lim ¢(z) = lim (z — z,) f(z).
Z—Z0

Z—2Z0
m=2.Theng(z) =a_,+a_(z—z) + as(z—2z)*+... and
d

.o d
Res|[f,zo) = a1 = d—zg(z) - = 2152) 5((2—20)2 f(z)).

1 dm
Res [f, zp] = lim

zozo (M — 1) dzm— ((z—2z9)™f(2)).
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Section: Residue Theory.
Definition. Let

f(z) = Z an (z—zo)", 0<l|z—1zo <R.

be the Laurent series for f at zy. The residue of f at zg is

Res [f,z)] = a_;.

Theorem. Lety C {z: 0 < |z — zo| < R} be a simple, closed, piecewise-smooth
curve that contains z,. Then

1
Res [f, zo] = — CJ; f(z) dz.
2mi v

Theorem. Let f be holomorphic function inside and on a simple, closed,
piecewise-smooth curve y except at the singularities z;,...,z, in its interior.
Then

F[J f(z) dz = 271 ZRes [f, z;].
Y

=1

Let

f(z) = am(z—20) ™+ a_mir(z—2z0) ™ + ...
and let g(z) = (z — zo)™f(z).
m = 1.Then g(z) = a_; + ap (z—z0) + ... and therefore

Res [f,zo] = a_; = lim g(z) = lim (z — z¢) f(z).
Z—Zo Z—Zo
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m = 2. Then g(z) = a_ + a_1(z— zo) + ap(z — z0)* + ... and

d d
Res[f,zol = a_; = d—Zg(Z) - = Zlgl;() E((Z_Zo)z f(z)).
m.
Res [f, zo] = lim ] - ((z—2z0)™ f(2))
VT (m—1)! dzm! 0 '
Example.
Evaluate |
bamdn  v=lzil=1/2
v 2 —z
Clearly

1 1

D25 Blz—1)(z+1)
Since z = 41 is outside 'y we obtain

Z5 _ Z3 ' z—0

-I " —2Z /
= (ﬁ) =i (m)

—2(22 = 1) —(=22)2(z*—1) 2z _ o
Z 1) )——711.

1
g{; 1 dz = 2miRes [f, 0] = 27i lim(z3 f(z))”
Y

=7 lim (

z—0

Example.

Evaluate

1
<E(Hs)(zz_n dz,  y={z:lzd =2}

Because the integrand has singularities at z = —5 and z = +1 only the last two
are interior to 'y, we have

1
?ﬁmsxzz—n 4
. 1 1
=2mi {Res {(Z—I—S)(ZZ—U’_]] + Res {(Z+5)(Z2_]),1}}.

1
£(2+5)(zz—1)dz’ v =izl =2




Now z = 1 is a pole of order 1 and therefore

1
Res {(z+5)(z2—1)’1}
z—1 . 1 l

— i fim— = —,
i Z-1) Szt5ez+r) 12

Similarly, z = —1 is a simple pole and

1
Res {(z—l—S)(zz—l)’_]]
z+1 . 1

:zl—i>n—l1 (z+5)(z2—1) :zliEl] (z+5)(z—1) T

Fﬁ 1 dz—Zm(]—]>——m
L z+5)(Z2—1) 12 38 12

Section: The argument principle.

Co| —

Thus,

Theorem. (Principle of the Argument)

Let f be holomorphic in an open set Q) except for a finite number of poles and let
Y be a simple, closed, piecewise-smooth curve in () that does not pass through
any poles or zeros of f. Then

f(z)

where N and P are the sums of the orders of the zeros and poles of f inside y.

4} P2 4, — 2N —P),
g

Remark. Why Principle of the Argument?

Indeed, let v be a closed curve. Then

1 [ flz 1
£ 2= — logf
szﬁ flz) ¥~ 27113L log f(z I o8tz

— %1 (ln|f(Zz)| —In|f(z)| + i(arg f(z2) — argf(zﬂ)) = %Aargf(z)_

z2

Z1

Example. Let f(z) = z3 and lety = {z: z = ¥, 0 € [0, 27}, then f(z) = e'°
and %T Ay, argf = 3.

Example. Let f(z) = 1/zandlety = {z : z = ¢®,0 € [0,2n]}. Then
L Ayargf=—1.
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Example. Let f(z) = z+2andlety = {z : z = e¥, 0 € [0,27]}. Then
S Ayarg f =0.
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Section: The argument principle.

Theorem. (Principle of the Argument)

Let f be holomorphic in an open set () except for a finite number of poles and let
Y be a simple, closed, piecewise-smooth curve in () that does not pass through
any poles or zeros of f. Then

f(z)

where N and P are the sums of the orders of the zeros and poles of f inside y.

4y @) 42— 2mi(N—P),

Remark. Why Principle of the Argument?
Indeed, let y be a closed curve. Then

z2

1 f'(z) . 1 d ]
Fk dz = 7 {,’;d—z log f(z) dz = 71 log f(z)

2mi f(z) i 7

— # (lnlf(zz)| —In|f(z1)] + i(arg f(z) —argf(zﬂ)) = %TAargf(z).

Proof of Theorem.
Step 1. If z; is a zero of order n, then
f(z) = (z—z1)"g(z),
where g is holomorphic at z; and g(z;) # 0. Consequently
f'(z) =n(z—2z)""g(z) + (z—21)" ¢'(2)

and




2

Since g(z1) # 0 it follows that g(z) # 0 in some neighbourhood of z;. Therefore
there is v > O such that g’(z)/g(z) is holomorphic for z : |z — z;| < r and we
have

/ /
3& Flz) dz = 3[} n dz + 3[7 9'(z) dz =2min.
|z—z1|=r f(Z,) lz—zq|=r & — Z1 |z—z1|=r Q(Z)

Step 2. 1f z, is a pole of order p at z,, then

~_g(2)
f(z) = [CEpE

where g is holomorphic at z, and g(z;) # 0. Consequently

—pg(z) 9'(z)

O = Y ey

and

f'iz)  —p | g'(2)

flz) z—z g(z)°
Since g(z;) # 0 it follows that g(z) # 0 in some neighborhood of z,. Therefore
there is v > 0 such that g’(z)/g(z) is holomorphic for z : |z — z;| < r and we
have

f'(z) 4; —p 4; g'(z) .
——dz= dz + =——dz=-2mip.
S[WZ—ZZ—T f(Z) |z—2z5|=r Z—Z lz—z5|=r g(Z) P

Finally we complete the proof by locating finite number of zeros and poles and
using the Deformation theorem.

Example. Let f(z) = (14+2)/z =14+ 1/z, wherey = {z: z = 2¢®, 0 ¢
[0, 27t]}. Then N — P = 0. Indeed,

T o 1 i,
w—f(z)—1+ze —1—1—20056 zsme

and finally we have %{ Ay argf =0.

Example. The same problem with vy = {z : |z| = 1/2} implies w = f(z) =
1+2cos0 — 2isin6. Thus .- A, arg f = —1.
Theorem. (Rouche’s Theorem)

Let f and g be holomorphic in an open set () and let y C Q) be a simple, closed,
piecewise-smooth curve that contains in its interior only points of ().

If |g(z)| < |f(z)], z € 7y, then the sums of the orders of the zeros of f + g and f
inside y are the same.



Proof.
Let us consider the function
fi(z) = f(z) + tg(z), te[0,1].

Clearly fo(z) = f(z) and f1(z) = f(z) + g(z). Let n(t) be the number of zeros
of f; inside 'y counted with multiplicities. The inequality |f(z)| > |g(z), z € v,
implies that f; has no zeros on y and hence

fi(z)
F = &
t(z) fe(2)
has no poles on y. Therefore the argument principle implies
1 1 fi(z)
t F dz=-— (¢ =
MU= ¢ RE =0 ¢ Rl

Since n(t) € Z, in order to prove that N(f) = N(f + g) it is enough to show
that n(t) is continuous.

Indeed, from [f(z)| > |g(z)| we obtain that there is & > O such that |f,| =
If +tg|l > 0,z € vy, t € [0,1]. Thus for any t, t, € [0, 1] we have

LJ (f()+t29/() f'lz)+tig'(z )) dz'
2mti f(z) +t2g(2) f(z) +t1 g(z)
(t2 — t1)(f(z)g'(z) — f'(z)g(z))

(f(z) + t2 g(2))f((2) + t1 g(2))

n(t) —nlt)] = ‘

‘ - lengthy

1
< C§|tz—t1|-
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1. THE ARGUMENT PRINCIPLE

Theorem 1.1 (Principle of the Argument). Let f be holomorphic in an open set
Q except for a finite number of poles and let 'y be a simple, closed, piecewise-
smooth curve in Q) that does not pass through any poles or zeros of f. Then

f'lz) ., .
ﬁf(z) dz = 2mi(N — P),

where N and P are the sums of the orders of the zeros and poles of f inside y.

Remark 1.1. Why Principle of the Argument?
Indeed, let y be a closed curve. Then

1 #‘) f’ # 1 f B 1 10 f( ) z)
2ni ], f(z) T 2mi 08 = o 08lE .
1 . 1
= 5= <1n|f(22)| —In[f(z)| + i(arg f(z,) — argf(zﬂ)) = ZTAarg f(z).

Example 1.1. Let f(z) = Z2 andlety = {z : z = €%, 0 € [0,2n]}, then
f(z) = e® and - A, arg f = 3.

Example 1.2. Let f(z) = 1/zandlety = {z: z = e, 0 € [0,2n]}. Then
L Ayargf=—1.

Example 1.3. Let f(z) = z+2andlety = {z: z = €®, 0 € [0,27]}. Then
S Ayarg f =0.

Proof. Step 1. If z; is a zero of order n, then

f(z) = (z—z1)"g(2),
where g is holomorphic at z; and g(z;) # 0. Consequently
1

n—

f'(z) =n(z—2)"" g(z) + (z—z1)" ¢(2)



and

fllz)  n . g'(z)

flz) z—z1 g(z)°
Since g(z;) # 0 it follows that g(z) # 0 in some neighborhood of z;. Therefore
there is v > 0 such that g’(z)/g(z) is holomorphic for z : |z — z;| < r and we
have

/ /
SE Flz) dz = SE n dz + ?ﬁ 9'(z) dz =2min.
|z—z1|=r f(Z) lz—zq]=r & — Z1 lz—z1|=r g(Z)

Step 2. 1f z, is a pole of order p at z,, then

g(z)
(z—zp)P’

f(z) =

where g is holomorphic at z, and g(z;) # 0. Consequently

—p g(z) g'(z)

e = Y ey

and

f'(iz)  —p L g'(z)

flz) z—z, g(z)°
Since g(z;) # 0 it follows that g(z) # 0 in some neighborhood of z;. Therefore
there is v > 0 such that g’(z)/g(z) is holomorphic for z : |z — z;| < 1 and we
have

/ . /
3[;7 fz) dz = S[J L dz + ?ﬁ 9'(z) dz = —2mip.
lz—z5|=r lz—z;|=r |

f(z) z—2) ozl 9(2)
Finally we complete the proof by locating finite number of zeros and poles and
using the Deformation theorem. U

Example 1.4. Let f(z) = (1 +z)/z=1+1/z, wherey ={z: z=2¢% 0 ¢
[0, 27t]}. Then N — P = 0. Indeed,
w—f(z)—1+§e —1+§cos9—z sin©

and finally we have %{ Ay argf =0.

Example 1.5. The same problem withy = {z: |z| = 1/2} implies w = f(z) =
14 2cos® — 2isin 0. Thus %T Ayargf =—1.
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Theorem 1.2. (Rouche’s Theorem) Let f and g be holomorphic in an open set
Q and let y C Q be a simple, closed, piecewise-smooth curve that contains in
its interior only points of Q. If |g(z)| < |f(z)|, z € v, then the sums of the orders
of the zeros of f 4+ g and f inside y are the same.

Proof. Let us consider the function
fulz) =f(z) +tg(z), tel0,1l.

Clearly fo(z) = f(z) and f1(z) = f(z) + g(z). Let n(t) be the number of zeros
of f; inside 'y counted with multiplicities. The inequality [f(z)| > |g(z)|, z € v,
implies that f; has no zeros on y and hence

fi(z)
F = -
t(Z) ft(Z)
has no poles on y. Therefore the argument principle implies
1 T [ filz)
t)==— @ Fi(z)dz==— P = :
n(t) 2mi [, W(z)dz 2mi [, fi(z)

Since n(t) € Z, in order to prove that N(f) = N(f + g) it is enough to show
that n(t) is continuous.

Indeed, from [f(z)| > |g(z)| we obtain that there is & > O such that |f,| =
If +tg| > 0,z €y, t € [0,1]. Thus for any ty,t; € [0, 1] we have

1 [ (R 4bge) PR+t
m{tz) —n{t)| = ‘z_m J ( fz)+tglz)  f(z)+tgz) ) d""
1 =) (f(2)g'(2) — F(2)g(2)
S 2 " T+ Le@IH(@ + 6 9(2) ‘ lengthy
< Céhz—tl’-

g

Example 1.6. Show that N(z° + 3z% + 6z + 1) = 1 inside the curve |z| = 1.

Proof. Let f(z) = 6z + 1 and g(z) = z° + 32%. If |z| = 1, then |g(z)| < [f(z)|.
Indeed
g(z) = |2° + 32%| < |2°] 4 3|°| = 4.
f(z)| =l6z+ 1] > 6|z =T =5 >4 > [g(z]|.
Since 6z + 1 = 0 has only one zero z = —1/6,then N(f) = N(f+g)=1. O
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Example 1.7. Show that all roots of w(z) = z” — 2z + 8 = 0 are inside the
annulus 1 < |z| < 2.

Proof. 1. Consider first y = {z : |z| = 2}. Let f(z) = 2z’ and g(z) = —22* + 8.
If |z| = 2, then |[f(z)] = 27 = 128 and

g(z)| = | —22% + 8/ < 22|+ 8 =22+ 8 =16 < 128 = |f(z)|.

Since [f(z)| > |g(z)], |z| = 2, then the number of roots of w inside the curve
|z| = 2 coincides with the number of roots of f(z) = z/ = 0 and equals 7.

2. Letnowy ={z: |z| = 1} and let f(z) = 8 and g(z) = z’ — 2z%. Then

12 — 22 < |Z/| + 2z < 3 < 8.
The equation f(z) = 0 has no solutions. This implies that all zeros of f 4 g are
outsidey ={z: |z|] = 1}. O

2. OPEN MAPPING THEOREM AND MAXIMUM MODULUS PRINCIPLE

Definition 2.1. A mapping is said to be open if it maps open sets to open sets.

Theorem 2.1. (Open mapping theorem) If f is holomorphic and non-constant in
an open set () C C, then f is open.

Proof. Let wy belong to the image of f, wy = f(zy). We must prove that all
points for while near wy also belong to the image of f.
Define g(z) = f(z) —w. Then

g9(z) = (f(z) —wo) + (wo — W) =F(z) + G(z).

Now choose 6 > 0 such that the disc {z : |z — zo| < & is contained in Q) and
f(z) # wy on the circle |z — zo| = 6.

(WHY is it possible??)

We then select ¢ > 0 so that we have |f(z) — wy| > € on the circle C5 = {z :
|z — zo| = 8}. Now if [|w —wy| < ¢ we have |F(z)| > |G(z)| on the circle Cs, and
by Rouchés theorem we conclude that g = F 4+ G has a zero inside C; since F
has one. O

Remark 2.1. Note that if f is open, then |f| is also open.



Theorem 2.2. (Maximum modulus principle)
If f is a non-constant holomorphic function is an open set ) C C, then f cannot
attain a maximum in Q).

Proof. Suppose that f did attain a maximum at zy C (). Since f is holomorphic
it is an open mapping, and therefore, if D C () is a small open disc centred at
2y, its image f(D) is open and contains f(z). This proves that there are points
z € D such that |f(z)| > [f(z0)], a contradiction. O

Corollary 2.1. Suppose that is an open set QO C C with compact closure Q. Iff
is holomorphic on Q) and continuous on () then

sup [f(z)| < sup [f(z)].
z2€Q) zeQ\Q

Remark 2.2. The hypothesis that Q is compact (that is, bounded) is essential
for the conclusion.

WHY ??? Give an example.
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Section: Evaluation of Definite integrals.

Example. Evaluate

<
J_OO T dx.

Solution. Consider

1
dz,
CPY 1+ z2

where y = vy Uvy;.

Y1 ={z: z=x+10, —R < x < R},
and v,={z:z=Re®, 0<0<m, R>1.
The integrant (1 + z?)~" has simple poles at +i and only the pole at 1 is interior

to y. Therefore

5] =2milim S < omi s =

1+ 2z z—>i1+22 21

SB Ldz:27tiRes[
, 1422

Then

R 1
T = —zdx+ —2dz.
rIT+x v, 1 +2z

Note that by using the ML-inequality we have

1
‘Jyz]+zzdz‘§ﬁR7T—>0, R — oo.

Finally we have

R 1 © 1
_= 1 — .
m Rl—>nc}o<JR1+X2 dX+LZ1+z2 dz) Jm1+x2 dx




2

Example. Evaluate
<
[
0 1 + x3

Solution. Consider

1
dz Y=v1Uv2UY3
&y -I + Z3 ) )
where

vi={z:z=x+1iy,x € [O,R;y=0}, R>1T,
v={z:z=Re"0<0 < 2m/3},
v3={z:z=71e"" rc [R,0]}

The function 1 4 z3 has three zeros

7 = em/S’ Z; = e™ and z3 = 65171/3,

of which only z; is internal for y. Therefore

1 1 .
4} dz:ZniRes[ ,em/ﬂ
1423 1+ 23
_ ,im/3
—2mi lim 2—%

zein/3 1423

1 1 2 13
—Zlelleg/sg—Zﬂlge _§ﬂ1<_5_17>
3 3

Note that

R oo
limJ 1 dz = lim J LdX:J de.
R—oo |, 1423 R—oo Jo 14+ %3 o 1+%3

Moreover by using that |1 + R3e%®| > |R? — 1| and the ML-inequality we have

J~ 1 27/3 1 0
dz‘:” ' iRé de‘
LT+ s 11 REed®

R 2
§R3—] -%%O, as R — oo.




The integral over y3 equals

1 0 1 ,
- dZ — - 6127'(/3 dr
LS 1+2° JR T4 13 i2m/3

:_(—1+i\/—§>r ] dr—><1—i£)ro ] dr,

2 2 01"‘1’3 2 2 0 ]+T3
as R — oo.

Finally we obtain

< 1
Jo 1+T3dr

3 .V3\ (™ 1 V3 o[ 1
_<Z—17> JO ]+X3dX—7(\/§—l) L —]+X3dx.

This implies

Example. Evaluate

oo
COS X
J' 1 o dX.
e +e
Solution. Let introduce the contour
-R + @i M R+ i
-R > R

Y=v1Uy2Uvy3UY4
= [-R,RIU[R,R + i U [R + im, —R + ird U [-R + i, —R]

Let f(z) = e'?*/(e* + e#). The singularities of f are solutions of the equation
ec+e*=0,or

e el = 1.

Solutions of this equation are x = 0,y = /2 + km, k = 0,+1,£2,.... The
only singularity of f in the interior of the counter vy is at zy = i7t/2 and
(Z _ .'Lﬂ/z)efﬂ/z ei(iﬂ/l)

it/ Z—}irTIrl/Z ez + ez 2i

iz

Res

e +e”?



4

Therefore

oz eilim/2)
ﬂ; —  dz=2mi- = e ™2,
ye*t+e* 21

The integral over v, can be estimated as follows

ez eiR ey
_ dz‘ < TTmaxg<y< - -
‘ JYZ eZ + e—Z - _y_T[ eR e'l.y + e—R e—ly
< e’ < 1 0
S TTmaXop<y< - — S —
SV eRlely + e Re~W| — eR(1 —e X)) T 7
as R — oo.
A similar argument proves the same result for the integral of f over y,.
i —R ix—m
e'* e
J z —z dz = J X417t —x—1im dx
v; €T € R € +e
—R ix R ix
_ e _ e
—e J T ax—e J AN
R —ex—ex re+e™
R
_ e Ccos X
_pe¥+e
Therefore
o0
_ CcOS X _
(1+eﬂ)J ﬁdxzﬂeﬂ/z
o Xt
and finally
> cosx 7T
X = .
o ex + ex 67'[/2 + efn/Z

Example. Evaluate

> (log x)?
J'O 1 +X2 dx.

Solution. Introduce the following function

—im/2)?
flz) = (log?+lz72t/ )

and take the branch of the logarithm given by the cut —7t/2 < 0 < 37t/2.




Consider vy = yg Uy Uy, Uvyz, where

vk =Re®, R>>1 0¢€0,nl,
vi={z: z=x+10, x € [-R, -]}, r<<l,
Yr=T1€", 0 € [m, 0],
Y2={z:z=x+10, x € [r,R]}.
The only singularity of f which is internal for y is zo = 1 and
Res [(log z— i7t/2)2, ] _ 2(logi - irm/2)
1+ 22 2ii
This explains why we have the strange constant i7t/2 in the definition of f. So
(logz —im/2)?
iﬁ 1+ 22

Note that logz — int/2 = In|z| + 1(60 — 7t/2), where 0 € (—mt/2,37/2].
By using the ML-inequality we obtain

=0.

dz =0.

i 2 2 2
J’ (logz — irt/2) dz’ < (InR)* + 7 AR 0,
Ve 1+ 22 RZ—1
as R — oo.
The integral over y, equals
s 2 2 2
” (logz — imt/2) dz) < (InT)* + 71 r 0,
ve 1+ 22 1 —1?

asT — 0.

dx

(logz — im/2)? " (In|x| + imt/2)? R (In|x| + im/2)?
dz = dx =
v 1+ 2?2 R 1+ x?2 v T+ x?
and

dx.

J (logz —im/2)* JR (In|x| — i7t/2)?
Y2 T 1 + XZ
Letting R — oo and r — 0 we get

[e’e] 2 2 [ee)
zj (In x| dx—ZT[—J dx__.

o T+x? 4 Jo X241
Therefore
Joo (logx)* dx = 71—2 J~oo _ax = ﬂ—z arctanx’Oo = 71_3
o 1+x2 4 |, x¥2+1 4 0 8"
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Section: Harmonic functions.

Definition. Let @ = ¢@(x,y), X,y € R? be a real function of two variables. It

said to be harmonic in an open set Q C R? if
0% (0

Acp(x,y) = (Xay)‘i_w

=33 (% Y) = @a(xy) + @4y (x,y) =0.

Usually A is called the Laplace operator.

Theorem. Let f(z) = u(x,y) + iv(x,y) be holomorphic in an open set Q C C.
Then u and v are harmonic.

Proof.
Since f = u + iv is holomorphic it is infinitely differentiable. In particular, the
functions u and v have continuous second derivatives that allows us to change
the order of the second derivatives and using the Cauchy-Riemann equations to
obtain

= (u/)/ — (V/)/ _ (V/)/ — (_u,), _ —u//

"
u Y yy*

XX
Therefore
" "o
Wy + Uy, = 0.
Similarly we find that Av = 0.

Theorem. (Harmonic conjugate)

Let u be harmonic in an open disc D C C. Then there exists a harmonic function
v such that f = u + iv is holomorphic in D. In this case v is called harmonic
conjugate to .

Proof.

We can assume that D = Dy = {(x,y) € R?: |z| < R}, R > 0. Let (x,y) € Dg
and let y = y; Uy,, where

vi={(t,;s) eR*: t € (0,x), s =0},
Y2 :{(t,S) tt=x,8¢€ (O)y)})



We now define

ou ou *ou(t,0) Y ou(x,s)
v(x,y) :J (——dt+—ds) :—J —dt+J —— ds.
’ , \ dy 0x o Oy o 0x
Using w,;, = —u,, we obtain

Y az y az
0 X 0 0s

= —u)(%,0) + 1} (x,0) = 1 (%, ) = —uy(x,y).
Differentiating v with respect to y we have
0 *ou(t,0) Y ou(x,s)
vé(x,y):@(—L ay) dt—l—J‘O ax) ds | =0+ ul(x,y).

Thus the C-R equations are satisfied and we conclude that f(z) = u(x,y) +
iv(x,y) is holomorphic inside D.

Remark.

In a simply connected domain O C R? every harmonic function u has a har-
monic conjugate v defined by the line integral

ou ou
v(x,y) = J (—@ dx + I dy) ,

v
where the path of integration 7y is a curve starting at a fixed base-point (xo,Yo) €
Q with the end point at (x,y) € Q. The integral in independent of path by
Green’s theorem because u is harmonic and Q) is simply connected.

We leave this statement without the proof because it requires Green’s theorem
that we did not have in our course.

Example. Let u(x,y) = In(x? + y?) defined in R? \ {0} and let
Q=C\{z=x4+1y: x € (—00,0], y =0}
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Find in Q) a harmonic conjugate v to u and thus a holomorphic function f =
u+ iv.

Step 1. We first check that In(x? 4 y?) is harmonic in R \ {0}. Indeed,

W 2x s 2 4x?
T x4 y? Tyl (2 y2)?
and
o 2y N S |
v X2y W24yl (x4 y2)2
Thus Au = 0.

Step 2. In order to find u’s harmonic conjugate we use the Cauchy-Riemann
equations.
a) v = w, = 2x/(x* +y?) implies

2
v(x,y) = Jﬁxyzdy = 2arctan% + C(x).
b) u; = —v, implies
2y 2

X2 +y? :_1+y2/x2'7+c(") — Cx) =0

and thus C(x) = C € R.

Solution: v =2 arctan% 4+ C and hence

El
X

f(z) = In(x* + y?) + 2iarctan Z +1iC = 2(In |z| + iArgz) + iC.
Example. Let u(x,y) = x> — 3xy? + y.

i. Verify that the function u is harmonic.

ii. Find all harmonic conjugates v of u.

iii. Find the holomorphic function f, Re f = u, as a function of z, s.t.
f(H)=1+1

Step 1. For u = x3 — 3xy? +y we have u, = 3x* — 3y%, u/, = 6x and
ué =—6xy + 1, u;’y = —6%. Thus we have

Au(x,y) = ug, +u, = 6x —6x = 0.

Step 2. Cauchy-Riemann equations imply

/A 2 2
vy =, =3x" —3y°.
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Integrating the latter w.r.t. y we find
v =3x"y —y® + F(x),
and differentiating it w.r.t. x we have
v, = 6xy + F'(x) = —u; = 6xy — 1.
So F/(x) = —1 and F(x) = —x + ¢, ¢ € R. This implies
v=3x"y—y —x+c,
f=u+iv=x—3xy’+y+3ixy — iy’ —ix +ic
= (x +iy)® —i(x +1iy) +ic.

Step 3.
We find f(z) = z* — iz + ic. Solving the equation
f)=1+i= (2 —iz+ic)_, =1—i+ic

we find ¢ = 2.

Section: Properties of real and imaginary parts
of holomorphic functions.

Theorem.
Assume that f = u+ 1iv is a holomorphic function defined on an open connected
set O C C. Consider two equations

a) u(x,y) =C and b) \)(X,y) =K,
where C, K are two real constants.
Assume that the equations a) and b) have the same solution (xg,Yo) and that
f'(zo) # 0 at zy = Xo + iyo. Then the curve defined by the equation a) is
orthogonal to the curve defined by the equation b) at (x¢,Yo).

Proof. 1t is enough to show that the gradient Vu and Vv are orthogonal at z,.
We use C-R equations and obtain

Y /N A B I 0
Vu- Vv =uwv +uvy =vyv, — vy, =0.

Example. Let f(z) = In(x? +y?) + 2iarctan 3. Consider

h(x*+y’)=C = x*+y>=¢"

This is a circle whose radius is e</2.



The second equation

Y Y

2arctan= = K — i tan(K/2) = y = tan(K/2) - x

X
and this equation describes a straight line going through the origin.

Example. Let f(z) = z2 = x> — y* + 2ixy. Then we have

L
IR
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Conformal mappings.
Section: Preservation of angles.

Let us considers a smooth curve y C C parametrised by z(t) = x(t) + iy(t),
t € [a, b]. For each t; € [a, b] there is the direction vector

L, ={(z(to) + t2'(to) : t e R}
= {(x(to) + tx"((to) + 1 (y(to) + ty'(to)) : t € R}.
Consider now two curves y; and y; parametrised by the functions z;(t) and

z,(t), t € [0, 1], respectively intersecting in the point t = 0, namely, z;(0) =
Zz(O).
We then define the angle between the curves y; and y; to be the angle between
the tangents, namely

arg z5(0) — arg z1(0).

We have the following result:

Theorem. (Angle preservation theorem)

Let f be holomorphic in an open subset set O C C. Suppose that two curves y;
and vy, lying inside Q are parametrised by z;(t) and z;(t), t € [0, 1]. Assume
that zop = z;(0) = 2z,(0) is their intersecting point and z;(0), z5(0) and also
f'(zo) are all non-zero.

Then the angles between the curves (z;(t), z;(t)) and (f(z;(t)), f(z2(t)) att =0
satisfy

argz;(t) —arg Z{(t)’ = arg (f(z2(t)))" —arg (f(z:(t))")|  mod (27).

t=0 t=0

Proof. Indeed,

(f(z: (1))
(f(z2(t)))’

o F1(22(0))25(0) F/(20)25(0) 2(0)°
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This implies
arg (foz;))'(0) —arg (foz;)'(0)) = arg z5(0) — arg z{(0) mod (27).

Remark.

The condition f’(zy) # 0 in the Theorem is essential. For example, consider the
holomorphic function f(z) = z? at zy = 0. The positive x-axis maps to itself,
and the line ® = 7t/4 maps to the positive y-axis. The angle between the lines
doubles.

Remark.

The theorem states that it is not only the value of the angle is preserved by f but
also its orientation. Consider for example of a (nonholomorphic) f preserving
the value of the angle but not the orientation

f(z) =z

One can think of this mapping geometrically as reflection in the x-axis.

Definition. We say that a complex function f is conformal in an open set ) C C
if it is holomorphic in Q and if f'(z) # 0, Vz € Q.

For example, the function f(z) = z? is conformal in the open set C \ {0}.

The angle preservation theorem tells us that conformal mappings preserve an-
gles.

Definition. A holomorphic function is a local injection on an open set ) C C if
for any zg € Q there exists D ={z: |z —z¢| < v} C Q such that f: D — f(D)
is injection.

Theorem.

If f: QO — Cis alocal injection and holomorphic, then f’(z) # 0 for all z € Q.
In particular, the inverse of f defined on its range is holomorphic, and thus the
inverse of a conformal map is also holomorphic.

Proof. We argue by contradiction. Suppose that f'(zo) = 0 for some zo € Q.
Then for a sufficiently small r > O thereis D = {z: |z — zo| < 7}, D C Q, such
that

f(z) — f(zo) = a(z—z0)* + g(z), z€D,
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where a # 0, k > 2 and g(z) = O(|z—z/*""). For sufficiently small 0 # w € C
denote

f(z) — f(z0) —w =F(z) + G(z),
where
Fiz) =a(z—z0)*—w, G(z)=g(z2).
If r > 0 and |w| are small enough then we have
G(2)l <[F(z)l, ze€fz:lz—z| =T}

Rouche’s theorem implies that f(z) — f(zy) — w has at least two zeros in D.

Note that since the zeros of holomorphic function are isolated and f’(zy) = 0
then for a sufficiently small r it follows f'(z) # 0, z # z,. Therefore the roots of
#(z) = f(z) — f(z9) — w are distinct. Indeed, ¢(zy) = w # 0. Hence if s(z)
has a root of degree at least two at some z; then s'(z;) = f’(z;) = 0 which is
impossible.

This finally implies that f is not injective and gives contradiction.

Let g = f~! denote the inverse of f on its range, which we can assume is V C C.
Suppose wy € V and w is closed to wy. Assuming w = f(z) and wy = f(zo)
with w 2 wy we find

glw) —glwo) _ 1 1

_ W—Wo f(z)—f(zg) *
W= Wo gw)—g(wo) .

Since f’(zy) # O then letting z — zo we conclude that g is holomorphic at wy
and g'(wo) = 1/f'(g(wo)).

Section: Mobius Transformations.

Definition.

A Mobius transformation (that is also called a bilinear transformation) is a map

b
f(z):fz_td, where a,b,c,d € C and ad—bc #0.

The condition ad — be # 0 is necessary for the transformation to be non-trivial.
Indeed, ad — bc = 0 gives a/c = b/d = const and the transformation reduces
to f(z) = const.
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It is clear that a Mobius transformation is holomorphic except for a simple pole

at z = —d/c. Its derivative is the function
, a(cz+d) —c(az+b) ad —bce
(cz+b)? (cz+ d)?

and therefore the mapping is conformal throughout C \ {—d/c}.

Theorem.

The inverse of a Mdobius transformation is a Mobius transformation. The com-
position of two Mobius transformations is a Mobius transformation.

Proof. 1t is easily to verify, that the Mobius transformation
(w) = dw—b
I = T T a

is the inverse of f(z) = 222 Indeed,

A2 —b  d(az+b)—blcz+d)
—c L 4 q  —c(az+b)+alcz+d)
adz + db —bcz— db
=z
—caz—cb+acz+ ad

g(f(z)) =

Composition of two Mobius transformations.

Given two Mobius transformations

aiz + by az + b,
f = — d f = —
1(2) iz + d an 2(2) oz + d;
an easy calculation gives
Az+B
fiof =fi(f = —
10 fa(z) 1(f2(2)) Cz+D’

where
A =aqa; +bicy, B=a;b, +bydy, C =cya; + dicz, D =c¢1by + dyd,.
Thus f; o f; is a Mobius transformation. A simple computation gives
AD — BC = (a;dy — bycy)(azd; — baey) # 0.



Remark.

The composition of Mobius transformations in effect corresponds to matrix mul-

tiplication. Indeed,
A B (o b, a; by
C D) c1 dy c; dy)°

a b 1 d —b
c d/ ad—bc \—¢ a /)’
az+b

This is essentially the matrix of the inverse mapping f(z) = ¢Z-;, since multi-

plication of all the coefficients by a non-zero complex constant does not change
a Mobius transformation.

Besides,

Special Mobius transformations.

Let
az+b

f(z) =
(2) cz+d

and consider the following cases:
M1) z—az (b=c=0,d=1);

if [a] = 1, a = €', then this is a rotation by 0. If a > 0 then f corresponds to a
dilation and if a < 0 the map consists of a dilation by |a| followed by a rotation
of 7t.

M2) z—z+4+b (a=d=1,c=0—translationbyb);

M3) z+— % (a =d=0,b=c=1—inversion).
In (M1), if a = re'?, the geometrical interpretation is an expansion by the factor
T followed by a rotation anticlockwise by the angle ©.
Theorem.

Every Mobius transformation
az+b
f(z) =
< cz+d
is a composition of transformations of type (M1), (M2) and (M3).
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Section: Mobius Transformations.

Definition.

A Mobius transformation (that is also called a bilinear transformation) is a map
az+b

f(z) = ot d where a,b,c,d € C and ad—bc #0.

Special Mobius transformations.

Let
az+b

f(z) =
(2) cz+d

and consider the following cases:
M1) z—az (b=c=0,d=1);

if |a| = 1, a = €%, then this is a rotation by 0. If a > 0 then f corresponds to a
dilation and if a < O the map consists of a dilation by |a| followed by a rotation
of 7.

M2) z—z+b (a=d=1,c=0—translationby b);

M3) z+— % (a =d=0,b=c=1—inversion).

In (M1), if a = re'?, the geometrical interpretation is an expansion by the factor
T followed by a rotation anticlockwise by the angle 0.

Theorem.

Every Mobius transformation
az+b
f(z) =
(z) cz+d
is a composition of transformations of type (M1), (M2) and (M3).

Proof.
1. If c =0 and d # 0, then




where
b

g1(z) =  z, g:(z) =z + 4

a
d
2.1f ¢ # 0, then f(z) = g5 0 g4 0 g3 0 g2 0 g1(z), where

1
g1(z) = cz, g2(z) = z+d, gs = )

1
(bc —ad)z gs(z) =z+ a

94(2)25 -
Indeed,
1
g1(z) = cz, g20401(z) =cz+4d, ggogzog1(z)zcz+d,
64300, 0 (z)—M
g4©9g3© 92040 _C(Cz—l—d)’
a bc — ad az+b
g509g4s0g309g200;(z) = —+ = = f(z).

c clecz+d) cz+d

Corollary.

A Mobius transformation transforms circles into circles, and interior points into
interior points. (Here we mean that straight lines are also circles whose radius

equal infinity).

Proof. Each of the transformations (M1), (M2) and (M3) transform circles into

circles.
Section: Cross-Ratios Mobius Transformation.

Theorem.

If w = f(z) is a Mobius transformation that maps the distinct points (z1, z3, z3)

into the distinct points (wq, Wy, w3) respectively, then
zZ— 2z Z) — 23 W — Wy Wy — W3
= , forall z.
Z—1Z3 Z) —Z1 W — W3 Wy — Wy
Proof.

The Mobius transformation

0-(22) (=)
g - Z—Z3 Z) — Z1




maps z1, 2y, z3 to 0, 1, oo respectively. Similarly the Mdbius transformation

w—w wy; —w

W — W3 W) — Wq
maps Wi, Wi, ws to 0, 1, co respectively. Therefore h™! o g maps (z1, z,, z3) into
(Wl y W2, W3)-

Example. Find a Mobius transformation w = f(z) that maps the points 1, i, and
—1 on the unit circle |z| = 1 onto the points —1, 0, 1 on the real axis. Determine
the image of the interior |z| < 1 under this transformation.

Proof. Letz; =1,z =1,2z3 = —1 and wy = —1, w; = 0, w3 = 1. The the
mapping w = f(z) must satisfy the Cross-Ratios Mobius Transformation

z—1 i—(=1) w—(=1) 0-1
z— (1) i-1 ~ w—1 0—(-1

z—1 i+1 w+ 1 z—1, w41

T I i A v, |

— WwW-=-1Nz-—1i=w+1)(z+1)
= w(z—1)i—(z+1)=z—-1Di+(z+1)
iz—i+z+1 zZ(T+1)+ (1 —=1) z—1
Zi—i—z—1i—1 z0+i)—(+1) iz—1
Note that if z = 0 then f(0) = 1i.

—

:}W:

Example. Find a linear fractional transformation w = f(z) that maps the points
z; = —1, z; = 1, and z3 = oo on the line y = x — 1 onto the points w; = 1,
w; = 1, and w3 = —1 on the unit circle [w| = 1.

Proof. Note that
z+1 11—z .ooz+1 11/t

lim =11 .
e z—23 T4+1 z—1/t 1+t

z4+1 tl—1 z+1
= lim . — = -,
tmotz—1 T+1 141
Therefore in this case the cross-ratio could be written

z-l—i_w—1 i+1 z—i—i__,w—]
T+i w41 i—1 T+i w1
—z—1
—

LA TR



Section: Conformal mapping of a half-plane to the unit disc.

The upper half-plane can be mapped by a holomorphic bijection to the disc, and
this is given by a Mobius transformation.
Let
H={Zz=x+iyeC: Imz=y >0}

A remarkable surprising fact is that the unbounded set H is conformally equiva-
lent to the unit disc. Moreover, an explicit formula giving this equivalence exists.
Indeed, let .

1—z
itz

(w)—i]_w
9 14w’

w = f(z)

Theorem. Let D = {z : |z| < 1}. Then the map f : H — D is a conformal map
with inverse g : D — HL

Proof. Clearly both functions are holomorphic in their respective domains. If
z=x+1y,y > 0, then

S -
itzl 24+ (y+12 7
Letw =u+1iv, (w| < 1. Then

T—u—1iv (T—u—iv)(1+u—1iv)
mg(w) e<1+u—|—iv) e( EEnEET
ol —u = >0
(0 +upR+v T

Finally
: s 1-w
1i—1 +w—1+
fo gw) T 1 +Fw—=1+w

AR ThwT—w

Similarly we also have g o f(z) = z.

Note that f is holomorphic in C \ {—i} and, in particular, it is continuous on the
boundary of 0(H) = {z = x + 10 € C}. Clearly
1—x
i+x
Thus f maps R onto the boundary of the unit disc 0[D. Moreover,

f(z)

F(Demrrio = [ | = 1-

_i—x_1—x2+i 2x
i x 14x2 14+ x2°




Ciex  T—=x2 0 2x

f = = .
(2) i+x 1+X2+l1+x2
Let x = tan © with 0 € (—7t/2,7t/2). Since
1 —tan? 0 2tan©
20 = —— d sin20 = ——
cos 1+ tan?0 ancé s 1+ tan?0

we obtain ‘
f(z) = cos20 +1i sin 20 = e*°.

f(z) = cos 20 +1i sin 20 = €%, 0 e (—m/2,m/2).
Therefore the image of the real line is the arc consisting of the circle omitting
the point —1. Moreover, if the value of x changes from —oo to oo, f(x) changes
along that arc starting from —1 and first going through that part of the circle that
lies in the lower half-plane. The point —1 on the circle corresponds to “infinity”
of the upper half-plane.

Section: Riemann mapping theorem.

Definition. We say that QO C C is proper if it is non-empty and not the whole of
C.

Theorem.

Suppose Q) is proper and simply connected. If zy € Q, then there exists a unique
conformal map f : (O — I such that

f(zo) =0 and f'(zy) > 0.

Corollary
Any two proper simply connected open subsets in C are conformally equivalent.

Thank you and good luck with the exam



