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Part I

Term 1
1 Vector Calculus

1.1 Prelim
Definition 1.1.1 - Einstein Summation Convention

aixi “

3
ÿ

i“1

xi

Definition 1.1.2 - The Kronecker delta

δij “

#

1, i “ j

0, i ‰ j

Definition 1.1.3 - The Permutation Symbol

ϵijk “

$

’

&

’

%

0, if any 2 elements i, j, k equal
1, if i, j, k a cyclic permutation of 1, 2, 3
´1, if i, j, k an acyclic permutation 1, 3, 2

Formula - Relation between Kroenecker Delta and Permutation Symbol

ϵijkϵklm “ δjlδkm ´ δjmδkl

ϵijkϵilm “ δjlδkm ´ δjmδkl

Definition 1.1.4 - Vector Products
Here are some identities:

• a ¨ b “ aibi

• ra ˆ bsi “ ϵijkajbk

• a ˆ b “

∣∣∣∣∣∣
i j k
a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣ ñ raˆ bsi “ ϵijkajbk

• a ¨ pb ˆ cq “ pa ˆ bq ¨ c “ ϵijkaibjck

• a ˆ pb ˆ cq “ pa ¨ cqb ´ pa ¨ bqc ñ ra ˆ pb ˆ cqsi “ pa ¨ cqbi ´ pa ¨ bqci
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1.2 Gradient, Div, and Curl
Definition 1.2 - Gradient, Directional Derivatives
ϕ “ constant, defines a surface in 3D, varying the constant yields a family of surfaces.

n̂
Bϕ

Bn
“ ∇ “ p

δ

δx
,
δ

δy
,
δ

δz
q ñ ∇ϕ “

δϕ

δx
`
δϕ

δy
`
δϕ

δz

Thus, directional derivative towards s = δϕ
δs “ ∇ϕ ¨ ŝ

In cylindrical coordinates r, θ, z parametrized by x “ r cos θ, y “ r sin θ yields ∇ϕ “ r̂ δϕδr ` θ̂
r
δϕ
δθ ` k δϕδz

Definition 1.2.3 - Tangent Plane to ϕpP q

pr ´ rpq ¨ p∇ϕqP “ 0
ˆ

δϕ

δx

˙

P

px´ xP q `

ˆ

δϕ

δy

˙

P

py ´ yP q `

ˆ

δϕ

δz

˙

P

pz ´ zP q “ 0

1.3 Divergence & Curl
Definition 1.3.1 - Divergence and Curl
A a vector function of position

Div A “ ∇ ¨ A “
δA1

δx
`
δA2

δy
`
δA3

δz
where A “ A1î `A2̂j `A3k̂

Curl A “ ∇ ˆ A “ î
ˆ

δA3

δy
´
δA2

δz

˙

´ ĵ
ˆ

δA3

δx
´
δA1

δz

˙

` k̂
ˆ

δA2

δx
´
δA1

δy

˙

Definition - Laplacian Operator

∇2ϕ “ divp∇ϕq “
δ2ϕ

δx2
`
δ2ϕ

δy2
`
δ2ϕ

δz2

1.4 Operations with Grad operator
Resulting Equalities

(i) ∇pϕ1 ` ϕ2q “ ∇ϕ1 ` ∇ϕ2

(ii) div pA ` Bq “ div A ` div B

(iii) curl pA ` Bq “ curl A ` curl B

(iv) ∇pϕψq “ ϕ∇ψ ` ψ∇ϕ

(v) divpϕAq “ ϕ div A ` ∇ϕ ¨ A

(vi) curlpϕAq “ ϕ curl A ` ∇ϕˆ A

(vii) divpA ˆ Bq “ B ¨ curl A ´ A ¨ curl B

(viii) curlpA ˆ Bq “ pB ¨ ∇q A ´ B div A ´ pA ¨ ∇qB ` A div B

(ix) ∇pA ¨ Bq “ pB ¨ ∇qA ` pA ¨ ∇qB ` B ˆ curl A ` A ˆ curl B

(x) curl p∇ϕq “ 0

(xi) curl pcurl Aq “ ∇pdiv Aq ´ ∇2A

(xii) div pcurl Aq “ 0
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1 Integration
Definition 1.4.6 - Scalar and Vector Fields
If at each point of region V , scalar function ϕ defined - ϕ a scalar field over V
Similarly if vector function A defined @v P V , A a vector field.
If curl A “ 0, A is an irrotational vector field. If div A “ 0, A a solenoidal vector field

1.5 Path Integrals
Definition 1.5.1 - Definition of a Path Integral

lim
nÑ8

N
ÿ

n“1

fnδsn “

ż

γ

fds ñ

ż

γ

F ¨ dr
ż

γ

F ¨ t̂ ds where t̂ is the normalized vector tangent to the path

Definition 1.5.3 - Conservative forces

If F “ ∇ϕ for a differentiable scalar function ϕ, F is said to be a conservative field, which has the following
properties:

ż

γ

F ¨ dr “ ϕpBq ´ ϕpAq

Result independent of path joining A and B, in particular for γ a closed curve (B ” A) We have:
¿

γ

F ¨ dr “ 0

Call this a circulation of F around γ
If a vector field F s.t

ű

γ
F ¨ dr “ 0, for any closed curve γ say F a conservative field, if F “ ∇ϕ ùñ F conservative.

If F conservative ùñ can always find differentiable scalar function ϕ s.t F“ ∇ϕ, call ϕ the potential of field F

Definition 1.5.4 - Calculation of Path Integrals

When F “ Fpx, y, zq and the path γ can be parametrized by pxptq, yptq, zptqq, then:

r “ xptqî ` yptq̂j ` zptqk̂ ñ dr “
dx

dt
î `

dy

dt
ĵ `

dz

dt
k̂

ùñ

ż

γ

F ¨ dr “

ż t1

t0

ˆ

F1
dx

dt
` F2

dy

dt
` F3

dz

dt

˙

dt

1.6 Surface Integrals
Definition 1.6.1 - Surface Integral

Consider a surface S,where we find the surface integral of f “ fpP q over S.
Dividing S into small elements of area δSi, with fi the values of f at typical points Pi of δSi
The surface integral of f over S is

ż

S

fdS “ lim
NÑ8

maxpδSnqÑ0

N
ÿ

n“1

fnδSn

f may be a vector or a scalar.
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1.6.2 Types of Surfaces

Figure 1: Closed Surface Figure 2: Open Surface Figure 3: Convex Surface Figure 4: Non-Convex Surface

Definitions

1. Closed Surface - Divides 3D space into 2 non-connected regions; interior and exterior.

2. Open Surface - Does not divide 3D space into 2 non-connected regions - has a rim which can be represented by closed
curve.
Can think of closed surfaces as sum of 2 open surfaces.

3. Convex Surface - A surface which is crossed by a straight line at most twice

1.6.3 Evaluating surface integrals for plane surfaces in x-y plane

dS infinitesimal area ùñ think of as approx. plane.
Vector areal element dS is the vector n̂dS for n̂ the unit normal vector to dS.
For a plane lying in z “ 0, we can say dS “ dxdy

For a rectangle, x “ a, b and y “ c, d circumscribing convex S. We let

y “

#

F1pxq upper half ADB
F2pxq lower half ACB

Area of S “

ż

S

dS “

ż x“b

x“a

ż y“F1pxq

y“F2pxq

dydx “

ż b

a

rF1pxq ´ F2pxqsdx

For fpx, yq a function of position
ż

S

fdS “

ż x“b

x“a

ż y“F1pxq

y“F2pxq

fpx, yqdydx

Equivalently;

x “

#

G1pxq right half CBD
G2pxq left half CAD

Area of S “

ż

S

dS “

ż d

c

G1pyq ´G2pyqdy

ż

S

fdS “

ż y“d

y“c

ż x“G1pxq

x“G2pxq

fpx, yqdxdy

6



1.6.5 Projection of an area onto a plane

Figure 9: Left; Projection of plane area S onto x´ y plane
Figure 9: Right; Projection of curved surface S onto x´ y plane

dS “
dΣ

|n̂ ¨ k̂|

1.6.6 The Projection Theorem

P a point on surface S, which at no point is orthogonal to k
ż

S

fpP qdS “

ż

Σ

fpP q
dx dy

|n̂ ¨ k̂|

For a projection of S onto z “ 0, with n̂ normal to S
For S given by z “ ϕpx, yq

ż

S

fpx, y, zqdS “

ż

Σz

fpx, y, ϕpx, yqq
dx dy

|n̂ ¨ k̂|

Projecting onto x “ 0 or y “ 0

ż

S

fpP qdS “

ż

Σx

fpx, y, ϕpx, yqq
dy dz

|n̂ ¨ î|
“

ż

Σy

fpx, y, ϕpx, yqq
dx dz

|n̂ ¨ ĵ|

Σx, projection onto x “ 0, Σy, projection onto y “ 0

1.7 Volume Integrals
Definition 1.7.1 - Volume Integral
Considering a volume τ , split into N subregions, tδτiu, with tPiu typical points of tδτiu.

ż

τ

fdτ “ lim
NÑ8

maxpδτiqÑ0

N
ÿ

i“1

fpPiqδτi

In Cartesian coordinates, the volume element dτ “ dxdydz

1.8 Results relating line,surface and volume integrals
1.8.1 Green’s Theorem in the plane

R a closed plane region bounded by a simple plane closed convex curve in x´ y plane.
L,M continuous functions of x, y with continuous derivatives throughout R. Then:

¿

C

pL dx`M dyq “

ż

R

p
BM

Bx
´

BL

By
qdxdy,

For C the boundary of R described in the counter-clockwise sense.
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1.8.2 Vector forms of Green’s Theorem

(i) 2D Stokes Theorem
Let F “ Li `M j and dr “ dxi ` dyj. Then

curl F “

ˆ

BM

Bx
´

BL

By

˙

k

Over region R write dxdy “ dS.
¿

C

F ¨ dr “

ż

R

k ¨ curl FdS

“

ż

R

curl F ¨ dS, dS “ k̂dS

(1)

(ii) Divergence Theorem in 2D
Let F “ M i ´ Lj. Then

div F “
BM

Bx
´

BL

By

So we can rewrite Green’s Theorem as
ż

R

div Fdxdy “

¿

C

F ¨ n̂ds

Green’s Theorem holds for more complicated geometries too, if C not convex we can see it as the composition of 2 or more
simple convex closed curves.
Joining A, A1 form C1, C2 enclosing R1, R2 s.t R1 `R2 “ R

Figure 13: A non-convex boundary

¿

C

F ¨ dr “

¿

C1

F ¨ dr `

¿

C2

F ¨ dr “

ż

R

curl F ¨ dS

¿

C1

“

ż

AXA1

`

ż A

A1

¿

C2

“

ż

A1Y A

`

ż A1

A

(2)

8



1.8.4 Green’s Theorem in multiply-connected regions

Figure 14: Left; Doubly- and triply- connected regions

Figure 14: Right; Green’s Theorem in multiply-connected regions

R simply-connected if any closed curve in R can be shrunk to a point without leaving R.
For 2D any region with a hole in it; not simply connected, we say it is multiply-connected
Green’s theorem still holds in multiply-connected regions. C interpreted as the entire inner and outer boundary.

For doubly-connected region, describe outer C0 anti-clockwise, C1 clockwise, and join them via A on C0 and B on C1

R now a simply connected region bounded by pC0 `AB ` C1 `BAq

ż

R

curl F ¨ dS “

¨

˝

¿

C0

`

ż B

A

`

¿

C0

`

ż A

B

˛

‚pF ¨ drq

ż

R

curl F ¨ dS “

¨

˝

¿

C0

`

¿

C1

˛

‚pF ¨ drq “

¨

˝

¿

C

F ¨ dr

˛

‚

Where C “ C0 ` C1

1.8.5 Flux

If S is a surface then the flux of A across S is defined as
ż

S

A ¨ n̂dS

If S a closed surface then by convention draw unit normal n̂ out of S.

1.8.6 The divergence theorem

If τ the volume enclosed by a closed surface S with unit outward normal n̂ and A is a vector field with continuous derivatives
throughout τ , then:

ż

S

A ¨ n̂dS “

ż

τ

divAdτ

9



1.8.7 The Divergence theorem in more complicated geometries

Figure 17: The divergence theorem for a non-convex surface

(i) Non-convex surfaces non-convex surface S can be divided by surfaces(s) σ into 2 (or more) parts S1 and S2 which
together with σ form convex surfaces S1 ` σ, S2 ` σ/
Applying divergence theorem to the convex parts, upon addition yields the same result as before.

(ii) A region with internal boundaries
(a) Simply-connected regions - e.g space between concentric spheres..

Figure 18: Simply-connected regions

Given interior surface Si and outer surface So. A plane Π cutting both So, Si, divides So, Si into open S
p1q
o , S

p2q
o

and Sp1q

i , S
p2q

i respectively.
Apply divergence theorem to τ1, τ2 bounded by closed S

p1q
o ` S

p1q

i ` Π and S
p2q
o ` S

p2q

i ` Π. Upon addition
contribution from Π cancels.

ż

So`Si

A ¨ n̂dS “

ż

S

A ¨ n̂dS “

ż

τ1

divAdτ `

ż

τ2

divAdτ “

ż

τ

divAdτ

(b) Multiply-connected regions
e.g. region between 2 cyclinders.

Figure 18: Multiply-connected regions

Given interior surface Si and outer surface So, linked by plane Π.
Consider the closed surface, enclosing simply connected region τ

Si` side 1 of Π ` So` side 2 of Π

Applying divergence theorem to τ . Once again gives
ż

S0`Si

A ¨ n̂dS “

ż

τ

divAdτ
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1.8.8 Green’s identity in 3D

For ϕ and ψ 2 scalar fields with continuous derivatives. We consider A “ ϕ∇ψ, for which we have

divA “ ϕ∇2ψ ` p∇ϕq ¨ p∇ψq

n̂ ¨ A “ ϕp∇ψq ¨ n̂ “ ϕ
Bψ

Bn

Green’s first identity
ż

S

"

ϕ
Bψ

Bn

*

dS “

ż

τ

ϕ∇2ψ ` p∇ϕq ¨ p∇ψqdτ

Green’s Second identity
ż

S

"

ϕ
Bψ

Bn
´ ψ

Bϕ

Bn

*

dS “

ż

τ

ϕ∇2ψ ´ ψ∇2ϕdτ

1.8.9 Green’s identities in 2D

Divergence theorem in 2D:
ş

F
divFdxdy “

ű

C
F ¨ n̂ds

Giving the following Green’s identities:
¿

C

ϕ
Bψ

Bn
ds “

ż

R

rϕ∇2ψ ` p∇ψq ¨ p∇ϕqdxdy

and
¿

C

„

ϕ
Bψ

Bn
´ ψ

Bϕ

Bn

ȷ

ds “

ż

R

“

ϕ∇2ψ ´ ψ∇2ϕ
‰

dxdy

ş

R
ϕ∇2ψ dxdy “

ű

C
ϕ Bψ

Bnds´
ş

R
p∇ψq ¨ p∇ϕqdxdy - Looks like Integration by parts

1.8.10 Gauss’ Flux Theorem

Let S a closed surface with outward unit normal n̂ and let O the origin of the coordinate system.
A “ r

r3 Then:
ż

S

n̂ ¨ r

r3
“

#

0, if O is exterior to S
4π, if O interior to S

1.8.11 Stokes Theorem

Figure 20: Diagram for proof of Stokes’ Theorem

Suppose S is open surface with simple closed curve γ forming its boundary.
A a vector field with continuous partial derivatives, Then:

¿

γ

A ¨ dr “

ż

S

curlA ¨ n̂dS

This holds for any open surface with γ as a boundary.
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Theorem
For A continuously differentiable and simply connected region:

¿

γ

A ¨ dr “ 0

loooooomoooooon

A conservative

ðñ curlA “ 0, throughout region for which γ is drawn

1.9 Curvilinear Coordinates
1.9.1 Intro + Definition

Consider generally cartesian coordinates: px1, x2, x3q with each expressible as single-valued differentiable functions of the
new coorinates pu1, u2, u3q

xi “ xipu1, u2, u3q

Bxi
Bxj

“ δij “
Bxi
Bu1

Bu1
Bxj

`
Bxi
Bu2

Bu2
Bxj

`
Bxi
Bu3

Bu3
Bxj

With the following matrix equation
¨

˝

Bx1{Bu1 Bx1{Bu2 Bx1{Bu3
Bx2{Bu1 Bx2{Bu2 Bx2{Bu3
Bx3{Bu1 Bx3{Bu2 Bx3{Bu3

˛

‚

¨

˝

Bu1{Bx1 Bu1{Bx2 Bu1{Bx3
Bu2{Bx1 Bu2{Bx2 Bu2{Bx3
Bu3{Bx1 Bu3{Bx2 Bu3{Bx3

˛

‚“ I

Or more succinctly
Jpxuq ¨ Jpuxq “ I

We say Jpxuq the Jacobian matrix for the px1, x2, x3q system.

det pJpxuqq ‰ 0 ùñ Jpuxq exists
detpJpxuqq “ 1

detpJpuxqq

We say pu1, u2, u3q define a curvilinear coordinate system.
With each ui “ constant, defining a family of surfaces, with a member of each family passing through each P px, y, zq

Let pâ1, â2, â3q unit vectors at P in the direction normal to ui “ uipP q, s.t ui increasing in the direction âi

âi “
∇ui

|∇ui|

if we have that pâ1, â2, â3q mutually orthogonal ùñ orthogonal curvilinear coordinate system.

Br

Bui
“ êihi

For which we define hi “ |Br{Bui|. We call these the length scales

1.9.2 Path element

r “ rpu1, u2, u3q path element dr given by

dr “
Br

Bu1
du1 `

Br

Bu2
du2 `

Br

Bu3
du3

“ h1du1ê1 ` h2du2ê2 ` h3du3ê3

For an orthongal system
pdsq2 “ pdrq ¨ pdrq “ h1pdu1q2 ` h2pdu2q2 ` h3pdu3q2

êi “ âi “
∇ui

|∇ui|

1.9.3 Volume Element

dτ “ ph1du1qph2du2qph3du3q

“ h1h2h3du1du2du3

12



1.9.4 Surface element

For u1 constant.
dS “ h2h3du2du3

similarly for u2, u3

1.9.5 Properties of various orthogonal coordinates

(i) Cartesisan coordinates px, y, zq

dτ “ dxdydz dr “ dx̂i ` dŷj ` dzk̂

pdsq2 “ pdrq ¨ pdrq “ pdxq2 ` pdyq2 ` pdzq2

We have h1 “ h2 “ h3

(ii) Cylindrical polar coordinates pr, ϕ, zq

Related to cartesian by
x “ r cos θ y “ r sinϕ z “ z

Br

Br
“ p

Bx

Br
q̂i ` p

By

Br
q̂j ` p

Bz

Br
qk̂ “ pcosϕq̂i ` psinϕq̂j

Br

Bϕ
“ p

Bx

Bϕ
q̂i ` p

By

Bϕ
q̂j ` p

Bz

Bϕ
qk̂ “ ´pr sinϕq̂i ` pr cosϕq̂j

Br

Bz
“ k̂

p
Br

Br
q ¨ p

Br

Bϕ
q “ 0

p
Br

Br
q ¨ p

Bz

Bϕ
q “ 0

p
Br

Bϕ
q ¨ p

Br

Bz
q “ 0

h1 “ |Br
Br

| “ 1

h2 “ | Br

Bϕ
| “ r

h3 “ |Br
Bz

| “ 1

Yielding length and volume elements:

pdsq2 “ pdrq2 ` r2pdϕq2 ` pdzq2 dτ “ rdrdϕdz

(iii) Spherical polar coordinates pr, θ, ϕq

Related to cartesian by:
x “ r sin θ cosϕ y “ r sin θ sinϕ z “ r cos θ

Br

Br
“ psin θ cosϕq̂i ` psin θ sinϕq̂j ` pcos θqk̂

Br

Bθ
“ pr cos θ cosϕq̂i ` pr cos θ sinϕq̂j ` p´r sin θqk̂

Br

Bϕ
“ p´r sin θ sinϕq̂i ` pr sin θ cosϕq̂j ` p0qk̂

p
Br

Br
q ¨ p

Br

Bθ
q “ 0

p
Br

Br
q ¨ p

Br

Bϕ
q “ 0

p
Br

Bϕ
q ¨ p

Br

Bθ
q “ 0

h1 “ |Br
Br

| “ 1

h2 “ |Br
Bθ

| “ r

h3 “ | Br

Bϕ
| “ r sin θ

Volume element:

dτ “ r2 sin θdrdθdϕ

1.9.6 Gradient in orthogonal curvilinear coordinates

Let ∇Φ “ λ1ê1 ` λ2ê2 ` λ3ê3.
In a general coordinate system for λis to be found.

dr “ h1du1ê1 ` h2du2ê2 ` h3du3ê3

dΦ “ p
Bϕ

Bu1
qdu1 ` p

Bϕ

Bu2
qdu2 ` p

Bϕ

Bu3
qdu3

“ p
Bϕ

Bx
qdx` p

Bϕ

By
qdy ` p

Bϕ

Bz
qdz

“ (∇Φq ¨ dr “ λ1h1du1 ` λ2h2du2 ` λ3h3du3

13



hiλi “
BΦ

Bui

ùñ ∇Φ “
ê1
h1

BΦ

Bu1
`

ê2
h2

BΦ

Bu2
`

ê3
h3

BΦ

Bu3

(i) Cylindrical polars pr, ϕ, zq

We have:
h1 “ 1

h2 “ r

h3 “ 1

ùñ ∇ “ r̂
B

Br
`
ϕ̂

r

B

Bϕ
` ẑ

B

Bz

(ii) Spherical polars pr, θ, ϕq

We have:
h1 “ 1

h2 “ r

h3 “ r sin θ

ùñ ∇ “ r̂
B

Br
`
θ̂

r

B

Bθ
`

ϕ̂

r sin θ

B

Bϕ

1.9.7 Expressions for unit vectors

êi “ hi∇ui
Alternatively, unit vectors orthogonal ùñ if we know 2 already then

ê1 “ pê2 ˆ ê3q “ h2h3p∇u2 ˆ ∇u3q

1.9.8 Divergence in orthogonal curvilinear coordinates

Suppose we have vector field
A “ A1ê1 `A2ê2 `A3ê3

ùñ ∇ ¨ A “
1

h1h2h3

"

B

Bu1
pA1h2h3q `

B

Bu2
pA2h3h1q `

B

Bu3
pA3h1h2q

*

So we have divergence in other coordinate systems as follows:

(i) Cylindrical polars pr, ϕ, zq

We have:
h1 “ 1

h2 “ r

h3 “ 1

ùñ ∇ ¨A “
BA1

Br
`
A1

r
`

1

r

BA2

Bϕ
`

BA3

Bz

(ii) Spherical polars pr, θ, ϕq

We have:
h1 “ 1

h2 “ r

h3 “ r sin θ

ùñ ∇ ¨A “
1

r2 sin θ

"

B

Br
pr2 sin θA1q `

B

Bθ
pr sin θA2q `

B

Bϕ
prA3q

*

1.9.9 Curl in orthogonal curvilinear coordinates

curlA “
1

h1h2h3

∣∣∣∣∣∣
h1ê1 h2ê2 h3ê3

B
Bu1

B
Bu2

B
Bu3

h1A1 h2A2 h3A3

∣∣∣∣∣∣
(i) Cylindrical polars

curlA “
1

r

∣∣∣∣∣∣
r̂ rϕ̂ k̂

B{Br B{Bϕ B{Bz
A1 A2 A3

∣∣∣∣∣∣
(ii) Spherical polars

curlA “
1

r2 sin θ

∣∣∣∣∣∣
r̂ rϕ̂ r sin θϕ̂

B{Br B{Bϕ B{Bz
A1 rA2 r sin θA3

∣∣∣∣∣∣
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1.9.10 The Laplacian in orthogonal curvilinear coordinates

From the above grad and div;
∇2Φ “ ∇ ¨ p∇Φq

“
1

h1h2h3

"

B

Bu1

ˆ

h2h3
h1

BΦ

Bu1

˙

`
B

Bu2

ˆ

h1h3
h2

BΦ

Bu2

˙

`
B

Bu3

ˆ

h1h2
h3

BΦ

Bu3

˙*

(i) Cylindrical polars pr, ϕ, zq

∇2Φ “
1

r

"

B

Br

ˆ

r
BΦ

Br

˙

`
B

Bϕ

ˆ

1

r

BΦ

Bϕ

˙

`
B

Bz

ˆ

r
BΦ

Bz

˙*

“
B2Φ

Br2
`

1

r

BΦ

Br
`

1

r2
B2Φ

Bϕ2
`

B2Φ

Bz2

(ii) Spherical polars pr, θ, ϕq

∇2Φ “
1

r2 sin θ

"

B

Br

ˆ

r2 sin θ
BΦ

Br

˙

`
B

Bθ

ˆ

sin θ
BΦ

Bθ

˙

`
B

Bϕ

ˆ

1

sin θ

BΦ

Bϕ

˙*

“
B2Φ

Br2
`

2

r

BΦ

Br
`

cot θ

r2
BΦ

Bθ
`

1

r2
B2Φ

Bθ2
`

1

r2 sin2 θ

B2Φ

Bϕ2

1.10 Changes of variables in surface integration
Suppose we have surface S, parametrized by quantities u1, u2. We can write:

x “ xpu1, u2q, y “ ypu1, u2q, z “ zpu1, u2q

Consider surface to be comprised of arbitrarily small parallelograms, its sides given by keeping either u1 or u2

dS “ Area of parallelogram with sides
Br

Bu1
du1 and

Br

Bu2
du2

“ |J|du1du2

Vector Jacobian J given by J “ dr
du1

ˆ dr
du2

.
Useful in substitution of surface integrals:

ż

S

fpx, y, zqdS “

ż

S

F pu1, u2q|J|du1du2s

F pu1, u2q “ fpxpu1, u2q, ypu1, u2q, zpu1, u2qq

For S a region R in the x´ y plane we can write:
ż

R

fpx, yqdxdy “

ż

R

F pu1, u2q|detpJpxuqq|du1du2

|J| “ |
dr

du1
ˆ

dr

du2
| “ detpJpxuqq “

∣∣∣∣Bx{Bu1 Bx{Bu2
By{Bu1 By{Bu2

∣∣∣∣
For a surface described by z “ fpx, yq. We have x “ u1, y “ u2 and r “ px, y, fpx, yqq

We have:

Br

Bu1
“

Br

Bx
“ î `

Bf

Bx
k̂

Br

Bu2
“

Br

By
“ ĵ `

Bf

By
k̂

| Br

Bu1
ˆ

Br

Bu2
| “

∥∥∥∥∥∥
î ĵ k̂
1 0 Bf{Bx
0 1 Bf{By

∥∥∥∥∥∥
“

a

1 ` |∇f |2

So we have area of surface given by
ż

Σ

a

1 ` |∇f |2dxdy

for the projection of S onto the x´ y plane.
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Part II

Term 2
1 Introduction

1.1 ODEs and initial value problems
Definition 1.2. Ordinary differential equation

Consider d P N an open set D Ă R ˆ Rd and function f : D Ñ Rd Call

9x “ fpt, xq

a d-dimensional (first-order) ordinary differential equation

Differentiable function λ : I Ñ Rd on interval I Ă R a solution to a differential equation if pt, λptqq P D and

9λptq “ fpt, λptqq @t P I

Say ODE autonomous if of form
9x “ fpxq

for f : D Ñ Rd, D Ă Rd
Proposition 1.3.

D Ă Rd open. f : D Ñ Rd with autonomous ODE
9x “ fpxq

ùñ D constant solution λ : R Ñ Rd with a P Rd at λptq “ a ðñ fpaq “ 0@t

Definition 1.4. Initial value problem

d P N open D Ă R ˆ Rd, f : D Ñ Rd.
Call the following pair a initial value problem

9x “ fpt, xq
looooomooooon

ODE

and xpt0q “ x0
looooomooooon

Initial condition

Solutions s.t λ : I Ñ Rd with t0 in interior of I and λpt0q “ x0

1.3 Visualisations
1.3.1 Solution portrait

f : D Ă R ˆ Rd Ñ Rd with 9x “ fpt, xq

Graph of solutions given by

Solution Curve: Gpλq “ tpt, λptqq : t P Iu Ă R ˆ Rd

derivative of curve at point t0 P I is
d

dt
pt, λptqq|t“t0 “ pt, 9λpt0qq “ p1, fpt0, λpt0qq

Vector field a map pt, xq ÞÑ p1, fpt, xqq, defined on D

Solution Curves are tangential to vector field.
Solution portrait given by visualisations of several solution curves in both

pt, xq ´ space
looooooomooooooon

extended phase space

and x´ space
loooomoooon

phase space

16



1.3.2 Phase Portraits

Autonomous differential equations not dependent on time. Visualisations in phase-space alone suffice.

Proposition 1.9.(Translation invariance)

λ : I Ñ Rd a solution to 9x “ fpxq

ùñ @τ P R, µ : Ĩ Ñ Rd where Ĩ “ tt P R : t` τ P Iu

µptq “ λpt` τq, @t P Ĩ also a solution to this differential equation.

2 Existence & Uniqueness

2.1 Picard iterates
Proposition 2.1. - (Reformation as integral equation)

Consider initial value problem 9x “ fpt, xq, xpt0q “ x0
for f : D Ă R ˆ Rd Ñ Rd continuous and pt0, x0q P D
λ : I Ñ Rd a function on interval I s.t t0 P I and tpt, λptqq : t P Iu Ă D
Following are equivalent:

(i) λ solves initial value problem
9λptq “ fpt, λptqq, @t P I
λpt0q “ x0

(ii) λ continuous and

λptq “ x0 `

ż t

t0

fps, λpsqqds @t P I

Higher dimensional derivative
for g : R Ñ Rd

ż t

t0

gpsqds “

¨

˚

˚

˝

şt

t0
g1psqds

...
şt

t0
gdpsqds

˛

‹

‹

‚

Definition 2.2. (Picard iterates)

Consider initial value problem; 9x “ fpt, xq xpt0q “ x0 and chosen interval J s.t t0 P J
Define initial function:

λ0ptq ” x0 @t P J

and inductively the Picard iterates:

λn`1ptq :“ x0 `

ż t

t0

fps, λnpsqqds @t P J @n P N0

If pλnq uniformly convergent sequence with limit λ8 obtain:

λ8ptq “ x0 `

ż t

t0

fps, λ8psqqds @t P J

ùñ λ8 a solution to integral equation ùñ solves initial value problem
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2.2 Lipschitz Continuity
Definition
Space of continuous functions on compact interval J :“ C0pJ,Rdq

This a complete normed vector space under supremum norm. (Banach Space)

Definition 2.4. (Normed Vector Space)

Norm on a vector space V orer R a map ||¨|| : V Ñ R0 s.t

(i) ||| “ 0 ðñ x “ 0

(ii) ||| “| ¨ |||, @a P R, x P V

(iii) |`y|| ď ||| ` |||

Normed vector space V complete if every cauchy sequence converges in V
Call a complete normed vector space a Banach Space

Definition 2.5. (Continuous + Lipschitz continuous functions)

X Ă normed vector space pV, ||¨||V q

Y Ă normed vector space pW, ||¨||W q

We say a function f : X Ñ Y

(i) Continuous if
@x P X, ϵ ą 0, Dδ ą 0, |´x̄||V ă d ùñ |pxq ´ fpx̄q||W ă ϵ

(ii) Lipschitz Continuous if
DK ą 0, |pxq ´ fpx̄q||W ď K|´x̄||V @x, x̄ P X

Call K a Lipschitz Constant

Lipschitz continuous ùñ Continuous

2.2.1 Lipschitz Continuity and MVT

Theorem 2.0. (Mean Value Theorem)

I compact interval, f continuously differentiable
@x, y P I, Dξ P px, yq s.t
fpxq ´ fpyq “ f 1pξqpx´ yq

ùñ f 1 bounded ùñ f Lipschitz continuous

2.2.2 Lipschitz Continuity and Mean Value Inequality

Definition 2.7. (Operator norm of a matrix)

For given matrix A P MnpRq Operator norm:

||| “ sup
xPRnzt0u

|||
|||

“ sup
xPRnzt0u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

A
x

|||

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ sup
xPRn,|||“1

|||

Theorem 2.1. (Mean Value Inequality)

Consider open set D Ă Rn with f : D Ñ Rm continuously differentiable
@x, y P D with rx, ys Ă D

Dξ P rx, ys s.t |pxq ´ fpyq|| ď |f 1pξq|||x´ y||

@x, y P Rn, closed line segment connecting x and y given by

rx, ys “ tαx` p1 ´ αqy P Rn : α P r0, 1su

Lemma 2.9. (Triangle-like inequality for integrals)

I Ă R an interval
f : I Ñ Rm continuous function

ùñ

∣∣∣∣∣∣∣∣ż t

t0

fpsqds

∣∣∣∣∣∣∣∣ ď

∣∣∣∣ż t

t0

||fpsq||ds
∣∣∣∣ @t, t0 P I
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Corollary 2.10. - (Lipschitz continuous and mean value inequality)

U Ă Rn open. f : U Ñ Rm continuously differentiable
Given compact and convex set C Ă U . Restriction is Lipschitz continuous

f |C : C Ñ Rm

Convex C means @x, y, P C closed line segment lies in C i.e. rx, ys Ă C

2.3 Picard-Lindelöf Theorem
Theorem 2.11. (Picard-Lindelöf theorem - global version)

Consider ODE 9x “ fpt, xq

f : R ˆ Rd Ñ Rd continuous, satisfying global Lipschitz condition of the form

||fpt, xq ´ fpt, yq|| ď K||x´ y|| @t P R,@x, y P Rd, K ą 0 a const

Take h “ 1
2K ùñ every intial value problem xpt0q “ x0 admits a unique solution

λ : rt0 ´ h, t0 ` hs Ñ Rd

Definition 2.12.

(i) Globally Lipschitz continuous
if DK ą 0 s.t ||fpt, xq ´ fpt, yq|| ď K||x´ y|| @pt, xq, pt, yq P D

(ii) Locally Lipschitz continuous
if @pt0, x0q P D and D neighbourhood U Ă D of pt0, x0q and DL ą 0 s.t

||fpt, xq ´ fpt, yq|| ď K||x´ y|| @pt, xq, pt, yq P U

Theorem 2.13. (Picard-Lindelöf theorem - local version)

D Ă R ˆ Rd open
Consider function f : D Ñ Rd continuous and locally Lipschitz continuous.
For fixed pt0, x0q P D, we have intial value problem. Following 2 hold

(i) Qualitative version
Initial value problem has locally a uniquely determined solution

Dh “ hpt0, x0q s.t. there is exactly one solution on rt0 ´ h, t0 ` hs

(ii) Quantitative version
For some τ, δ take set W τ,δpt0, x0q :“ rt0 ´ τ, t0 ` τ s ˆ Bδpx0q. For Bδpx0q :“ tx P Rd : ||x ´ x0|| ď δu - Closed
δ´neighbourhood of x0.
Assume W τ,δpt0, x0q Ă D, suppose DK,M ą 0 s.t

||fpt, xq ´ fpt, yq|| ď K||x´ y|| @pt, xq, pt, yq P U

and
||fpt, xq|| ď M @pt, xq P W τ,δpt0, x0q

ùñ there is exactly one solution on rt0 ´ h, t0 ` hs with hpt0, x0q :“ mintτ, 1
2K ,

δ
M u

Proposition 2.14. - (Continuously differentiable & Lipschitz Continuity)
D Ă R ˆ Rd open. Continuously differentiable function f : D Ñ Rd

ùñ f locally Lipschitz continuous w.r.t x
ùñ every intial value problem with differential equation with RHS f solved locally uniquely.

Lemma 2.15. - (Solutions cannot cross)
Let D Ă R ˆ Rd open. f : D Ñ Rd continuous and locally Lipschitz continuous w.r.t x
Given 2 solutions of 9x “ fpt, xq; λ : I Ñ Rd, µ : J Ñ Rd
Either λptq “ µptq @t P I X J or λptq ‰ µptq @t P I X J
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2.4 Maximal Solutions
Definition 2.16. - (Maximal existence interval)

Consider initial value problem 9x “ fpt, xq, xpt0q “ x0 Define

• I`pt0, x0q :“ suptt` ě t0 : there exists solution on rt0, t`su

• I´pt0, x0q :“ suptt´ ď t0 : there exists solution on rt´, t0su

Maximal existence interval:
Imaxpt0, x0q :“ pI´pt0, x0q, I`pt0, x0qq

Theorem 2.17. (Existence of maximal solution + boundary behaviour)

There exists maximal solution λmax : Imaxpt0, x0q Ñ Rd to initial value problem. Having properties:

(i) I`pt0, x0q finite
Either - maximal solution unbounded for t ě t0

sup
tPpt0,I`pt0,x0qq

||λmaxptq|| “ 8

Or boundary: BD of D non-empty and we have

lim
tÕI`pt0,x0q

dist ppt, λmaxptqq, BDq “ 0

(ii) I´pt0, x0q finite
Either - maximal solution unbounded for t ď t0

sup
tPpI´pt0,x0q,t0q

||λmaxptq|| “ 8

Or boundary: BD of D non-empty and we have

lim
tŒI´pt0,x0q

dist ppt, λmaxptqq, BDq “ 0

Dist function
A Ă Rn, distp¨, Aq : Rn Ñ R`

0

distpy,Aq :“ inft|´a|| : a P Au @y P Rn

2.5 General solutions and flows
2.5.1 General solutions

Definition 2.19. (General solution to non-autonomous differential equation)

Consider 9x “ fpt, xq. We define

Ω :“ tpt, t0, x0q P R1`1`d : pt0, x0q P D and t P Imaxpt0, x0qu

We say λ : Ω Ñ Rd with λpt, t0, x0q :“ λmaxpt, t0, x0q a general solution of 9x “ fpt, xq

Solution identity:
Bλ

Bt
pt, t0, x0q “ fpt, λpt, t0, x0qq @pt, t0, x0q P Ω

Proposition 2.21. - (Properties of general solutions)

Consider 9x “ fpt, xq, pt0, x0q P D ùñ @s P Imaxpt0, x0q we have

(i) Imaxps, λps, t0, x0qq “ Imaxpt0, x0q

(ii) λpt0, t0, x0q “ x0 (Initial value property)

(iii) λpt, s, λps, t0, x0qq “ λpt, t0, x0q@t P Imaxpt0, x0q (Cocycle property)
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2.5.2 Flows

Definition 2.22. (Flow of an autonomous differential equation)

Consider 9x “ fpxq

Define for any initial value x0 P D
Jmaxpx0q :“ Imaxp0, x0q

φpt, x0q “ λpt, 0, x0q @t P Jmaxpx0q

pt, x0q ÞÑ ϕpt, 0, x0q called flow of autonomous differential equation
Solution identity:

Bφ

Bt
pt, x0q “ fpφpt, x0qq @x0 P D, t P Jmaxp0q

Proposition 2.24 - (Properties of the flow)

Let φ be flow of autonomous differential equation. ùñ @x P D we have

(i) Jmaxpφpt, xqq “ Jmaxpxq ´ t @t P Jmaxpxq

(ii) φp0, xq “ x (Initial value property)

(iii) φpt, φps, xqq “ φpt` s, xq @t, s with s, t` s P Jmaxpxq (Group property)

(iv) φp´t, φpt, xqq “ x @t P Jmaxpxq

Definition 2.25. (Orbits (or trajectories))

φ flow of autonomous differential equations @x P D, we have the Orbit through x

Opxq :“ tφpt, xq P D : t P Jmaxpxqu

With the positive/negative half orbits:

• O`pxq :“ tφpt, xq P D : t P Jmaxpxq X R`
0 u

• O´pxq :“ tφpt, xq P D : t P Jmaxpxq X R´
0 u

Types of orbits

(i) Opxq singleton ùñ fpxq “ 0 and Jmaxpxq “ R
Call x the equilibrium

(ii) Opxq closed curve Dt ą 0 s.t φpt, xq “ x but fpxq ‰ 0 ùñ Jmaxpxq “ R, call x periods with Opxq periodic orbit

(iii) Opxq not closed curve. function t ÞÑ φpt, xq injective on Jmaxpxq

Proposition 2.27. - (Orbits of one-dimensional differential equation)
Consider 9x “ fpxq where d “ 1
ùñ all solutions monotone, E periodic orbits
ùñ trajectory either an equilibrium or non-closed curve

3 Linear Systems

3.1 Matrix exponential function
Consider linear differential equation

9x “ Ax A P Rdˆd

We have ||Ax´Ay|| ď ||A||||x´ y|| ùñ globally Lipschitz continuous with constant ||A||

Solution to every intial value problem exists and are unique.
ùñ generates globally defined flow φ : R ˆ Rd Ñ Rd

Picard iterates for local solutions
λ0ptq :“ x0@t P J

λn`1 “ P pλnqptq “ x0 `
şt

0
Aλnpsqds ùñ λn “

řn
k“0

tkAk

k! x0
ùñ λ8ptq “ φpt, x0qeAtx0
We have the series converge whenever |t| ď h for some h ą 0
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Definition 3.1. (Matrix exponential function)

t ÞÑ eAt eAt “

8
ÿ

k“0

tkAk

k!

Lemma 3.1.
||BC|| ď ||B||||C||

Proposition 3.2. - (Existence of matrix exponential)
Matrix B P Rdˆd

eB :“
8
ÿ

k“0

1

k!
Bk P Rdˆd

exists

Theorem 3.3. (Flow of an autonomous linear differential equation)

Consider 9x “ Ax, A P Rdˆd

Flow φ : R ˆ Rd Ñ Rd given by
φpt, xq “ eAtx @t P R

Proposition 3.4. - (Properties of matrix exponential)

(i) C “ T´1BT ùñ eC “ T´1eBT

(ii) e´B “ peBq´1

(iii) BC “ CB ùñ eB`C “ eBeC

(iv) B “ diagpB1, . . . , Bpq ùñ eB “ diagpeB1 , . . . , eBpq

3.2 Planar linear systems
Consider 9x “ Ax,A P R2ˆ2

Transform A in Jordan normal form ùñ J “ T´1AT , T invertible
ùñ eAT “ TeJtT´1

(C1) A has 2 distinct real eigenvalues, a, b P R : J “

ˆ

a 0
0 b

˙

(C2) A has double real eigenvalues a P R, with 2 linearly independent eigenvectors: J “

ˆ

a 0
0 a

˙

(C3) A double real eigenvalues with 1 eigenvector : J “

ˆ

a 0
1 a

˙

(C4) A has 2 complex eigenvalues a˘ b, b ‰ 0 : J “

ˆ

a ´b
b a

˙
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A not singular:
C1

J “

ˆ

a 0
0 b

˙

a, b P Rzt0u, a ‰ b

eJt “

ˆ

eat 0
0 ebt

˙

@ t P R

Trajectory given Opx0, y0q “ tpx, y0p xx0
qb{a P R2 : x

x0
ą 0qu

Obtaining the following phase portraits:

a ă b ă 0 a ă 0 ă b 0 ă a ă b
Stable knot - 2 tangents Saddle Unstable knot - 2 tangents

C2
J “

ˆ

a 0
0 a

˙

a P Rzt0u

eJt “

ˆ

eat 0
0 eat

˙

@ t P R

Trajectory given Opx0, y0q “ tpx0e
at, y0e

atq : t P Ru “ tpx, x y0x0
q P R2 : x

x0
ą 0u

Obtaining the following phase portraits:

a ă 0 a ą 0
Stable knot - many tangents Unstable knot - many tangents

C3
J “

ˆ

a 1
0 a

˙

a P Rzt0u

eJt “

ˆ

eat teat

0 eat

˙

@ t P R

Trajectory given Opx0, y0q “ tpx0e
at ` y0te

at, y0e
atq : t P Ru “ tpx0

y0
y `

y
a ln

y
y0
, yq P R2 : y

y0
ą 0u

Obtaining the following phase portraits:

a ă 0 a ą 0
Stable knot - 1 tangents Unstable knot - 1 tangents
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C4

J “

ˆ

a b
´b a

˙

a P Rzt0u

eJt “ eat
ˆ

cospbtq sinpbtq
´ sinpbtq cospbtq

˙

@ t P R

Trajectory given Opx0, y0q “ teat
ˆ

x0 cospbtq ` y0 sinpbtq
y0 cospbtq ´ x0 sinpbtq

˙

: t P Ru

Obtaining the following phase portraits:

a ă 0, b ą 0 a ă 0, b ă 0
Stable focus Stable focus

a “ 0, b ą 0 a “ 0, b ă 0
Centre Centre

a ą 0, b ą 0 a ą 0, b ă 0
Unstable focus Unstable focus
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A singular:
C1

J “

ˆ

a 0
0 0

˙

a P Rzt0u

eJt “

ˆ

eat 0
0 1

˙

@ t P R

Trajectory given by Opx0, y0q “ tpeatx0, y0q : t P Ru

Obtaining the following phase portraits:

a ă 0 a ą 0

C2
J “

ˆ

0 0
0 0

˙

Trivially whole space is equilibria

C3

J “

ˆ

0 1
0 0

˙

a P Rzt0u

eJt “

ˆ

1 t
0 1

˙

@ t P R

Trajectory given by Opx0, y0q “ eJt
ˆ

x0
y0

˙

tpx0 ` ty0, y0q : t P Ru

Obtaining the following phase portraits:

C4
Can’t happen as a 2D matrix of real eigenvalus can’t have eigenvalue of 0.
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Remark 3.5 - (Meaning of real + imaginary parts of e.vals of A)

(i) Rate of exponential growth
Rere.vals - determines rate of exponential growth behaviour of solution

λptq “ eAt
ˆ

x0
y0

˙

Obtain exponential growth rate for µptq “ eat

lim
tÑ8

ln eat

t
“ a

Lyapunov exponent
For solution λ with initial condition px0, y0q ‰ p0, 0q

σlyappλq “ lim
tÑ8

ln }λptq}

t

We have a solution decay if σlyap ă 0 , grow if σlyap ą 0

(ii) Rate of Rotation
Solution rotates is e.vals not real.
For a` bi an e.val

• |b| - speed of rotation

• signpbq - orientation of rotation b ą 0 ùñ

œ, b ă 0 ùñ

ö

3.3 Jordan Normal Form
Theorem 3.6 - Complex Jordan Normal Form

A P Rdˆd, DT Pdˆd s.t we get

J :“ T´1AT “

¨

˚

˝

J1 0
. . .

0 Jp

˛

‹

‚

With Jordan blocks

Jj “

¨

˚

˚

˚

˚

˚

˝

ρj 1 0 0
0 ρj 1 0

. . . . . .
0 ρj 1
0 0 0 ρj

˛

‹

‹

‹

‹

‹

‚

for all j P t1, . . . , pu

For pj , j P t1, . . . , pu complex e.vals of A
Theorem 3.7 - Real Jordan Form

A P Rdˆd, DT P Rdˆd s.t

J :“ T´1AT “

¨

˚

˝

J1 0
. . .

0 Jp

˛

‹

‚

Jj as in 3.6 if ρj real
if ρj complex ùñ

Jj “

¨

˚

˚

˚

˚

˚

˝

Cj I2 0 0
0 C2 I2 0

. . . . . .
0 Cj I2
0 0 0 Cj

˛

‹

‹

‹

‹

‹

‚

with Cj “

ˆ

aj bj
´bj aj

˙

ρj “ aj ` ibj
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3.4 Explicit representation of matrix exponential function
A P Rdˆd

Assume invertible T P Rdˆd transforms A into real J :“ T´1AT “

¨

˚

˝

J1 0
. . .

0 Jp

˛

‹

‚

ùñ eAt “ TeJtT´1 “ T

¨

˚

˝

eJ1t 0
. . .

0 eJpt

˛

‹

‚

T´1

Proposition 3.8
A P Rdˆd Jj , j P t1, . . . , pu

Jordan blocks for real Jordan normal form with eigenvalues ρj

(i) ρj real

exp

$

’

’

’

’

&

’

’

’

’

%

¨

˚

˚

˚

˚

˝

ρj 1 0
. . . . . .

. . . 1
0 ρj

˛

‹

‹

‹

‹

‚

t

,

/

/

/

/

.

/

/

/

/

-

“ eρjt

¨

˚

˚

˚

˚

˚

˚

˚

˝

1 t t2{2 . . . tdj´1

pdj´1q!

0 1 t
. . .

...
. . . . . . t2{2

0 1 t
0 0 0 1

˛

‹

‹

‹

‹

‹

‹

‹

‚

(ii) ρj “ aj ` ibj P

exp

$

’

’

’

’

&

’

’

’

’

%

¨

˚

˚

˚

˚

˝

Cj I2 0
. . . . . .

. . . I2
0 Cj

˛

‹

‹

‹

‹

‚

t

,

/

/

/

/

.

/

/

/

/

-

“ eajt

¨

˚

˚

˚

˚

˚

˚

˚

˝

Gptq tGptq t2

2 Gptq . . . tdj´1

pdj´1q!Gptq

0 Gptq tGptq
. . .

...
. . . . . . t2

2 Gptq
0 Gptq tGptq
0 0 0 Gptq

˛

‹

‹

‹

‹

‹

‹

‹

‚

Where Gptq “

ˆ

cos pbjtq sin pbjtq
´ sin pbjtq cos pbjtq

˙

@t P R

3.5 Exponential growth behaviour
Definition 3.2.

Spectrum of A
A P Rdˆd ΣpAq “ tRepρq : ρ eval of Au “ ts1, . . . , spu

For 9x “ Ax we have decomposition
Rd “ E1 ‘ ¨ ¨ ¨ ‘ Eq

Ej invariant

• x P Ej ùñ φpt, xq P Ej @t P R

• x P Ejzt0u ùñ σlyappφp¨, xqq “ limtÑ8
}φpt,xq}

t “ sj

Definition 3.3.

semi-simple eigenvalue
If all Jordan blocks associated to eval in real Jordan normal form are:
- 1 dim. for real e.val
- 2 dim. for non-real e.val
Proposition 3.9 - Exponential estimate for matrix exponential function

A P Rdˆd, Choose γ ą maxΣpAq

If all e.vals ρ with Repρq “ maxΣpAq, semi-simple ùñ take γ “ maxΣpAq

ùñ DK ą 0s.t}eAt} ď Keγt @t ě 0
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3.6 Variation of constants formula
Proposition 3.10 - (Variation of constants formula)

General solution to 9x “ Ax` gptq given by

λpt, t0, x0q “ eApt´t0qx0 `

ż t

t0

eApt´sqgpsqds @t, t0 P I, x0 P Rd

4 Non-linear systems

4.1 Stability
4.1.1 Basic definitions

Definition 4.1.

x˚ an equilibrium of 9x “ fpxq ùñ fpx˚q “ 0

(i) x˚ stable if @ϵ ą 0, Dδ ą 0 s.t
}φpt, xq ´ x˚} ă ϵ @x P Bδpx

˚q and t ě 0

(ii) x˚ unstable if not stable

(iii) x˚ attractive if Dδ ą 0 s.t
lim
tÑ8

φpt, xq “ x˚ @x P Bδpx
˚q

(iv) x˚ asymptotically stable if x˚ stable and attractive

(v) x˚ exponentially stable if Dδ ą 0,K ě 1 and γ ă 0 s.t

}φpt, xq ´ x˚} ď Keγt}

(vi) x˚ repulsive if Dδ ą 0 s.t limtÑ´8 φpt, xq “ x˚, @x P Bδpx
˚q

INSERTFIGURESHERE

Definition 4.4. (Homoclinic and heteroclinic orbits)

9x “ fpxq f : D Ă Rd
looomooon

open

Ñ Rd locally Lipschitz continuous, with flow φ

Orbit Opxq for some x P D

(i) Homoclinic orbit if D equilibrium x˚ P Dztxu s.t

lim
tÑ8

φpt, xq “ x˚ and lim
tÑ´8

φpt, xq “ x˚

(ii) Heteroclinic orbit if D 2 distinct equilibria x˚
1 ‰ x˚

2 s.t

lim
tÑ8

φpt, xq “ x˚
1 and lim

tÑ´8
φpt, xq “ x˚

2

Theorem 4.5. (Stability of linear systems

Consider autonomous linear system, 9x “ Ax,A P Rdˆd

Have trivial equilibrium x˚ “ 0

(i) stable ðñ

- Repρq ď 0 @ρ e.vals of A
- e.val ρ semi-simple @ e.vals ρ of A with Repρq “ 0

(ii) exponentially stable ðñ Repρq ă 0 @ e.vals ρ of A
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4.1.3 Hyperbolicity

Definition 4.7.

A P Rdˆd hyperbolic if Repλq ‰ 0 @λ e.vals of A
Equilibrium x˚ of differential equation 9x “ fpxq f : D Ă Rd Ñ Rd continuously differentiable, is hyperbolic if matrix
f 1px˚q P Rdˆd hyperbolic.
Lemma 4.9 - Gronwall Lemma

Consider continuous function u : ra, bs Ñ R, let c, d ě 0
Assume u satisfies implicit inequality

0 ď uptq ď c` d

ż t

a

upsqds @t P ra, bs

Theorem 4.10. (Linearised stability)

9x “ fpxq f : D Ă Rd
looomooon

open

Ñ Rd continuously differentiable.

Assume x˚ equilibrium of above s.t @ e.vals λ P of linearisation of f 1px˚q P Rdˆd we have Repλq ă 0 ùñ x˚ is exponentially
stable.

4.1.5 Stable and unstable sets, invariant sets

Definition 4.12. (Stable + unstable set)

9x “ fpxq f : D Ă Rd
looomooon

open

Ñ Rd locally lipschitz continuous, with flow φ and equilibria x˚

Stable set of x˚

W spx˚q “ tx P D : lim
tÑ8

φpt, xq “ x˚u

Unstable set of x˚

Wupx˚q “ tx P D : lim
tÑ´8

φpt, xq “ x˚u

Definition 4.15. (Invariance)

9x “ fpxq f : D Ă Rd
looomooon

open

Ñ Rd locally lipschitz continuous..

(i) positively invariant if @x P M,O`pxq Ă M

(ii) negatively invariant if @x P M,O´pxq Ă M

(iii) invariant if @x P M,Opxq Ă M

4.2 Limit Sets
Definition 4.16. (Omega and alpha limit sets)

9x “ fpxq f : D Ă Rd
looomooon

open

Ñ Rd locally lipschitz continuous, with flow φ, x P D

1. xw P D an omega limit point of x
If D sequence ttnunPN s.t limnÑ8 tn “ 8 and

xω “ lim
nÑ8

φptn, xq

ωpxq“ tall omega limit points of xu

2. xα P D an alpha limit point of x
if D sequence ttnunPN s.t limnÑ8 tn “ ´8 and

xα “ lim
nÑ8

φptn, xq

αpxq“ tall alpha limit points of xu
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Proposition 4.19 - (Alternative characterisation of limit sets)

φ flow of differential from above x P D
ωpxq “

č

tě0

O`pφpt, xqq

αpxq “
ď

tď0

O´pφpt, xqq

Proposition 4.21 - (properties of ω, α limit sets)

9x “ fpxq f : D Ă Rd
looomooon

open

Ñ Rd locally lipschitz continuous, x P D

(i) ωpxq invariant
if O`pxq bounded and O`pxq Ă D ùñ ωpxq ‰ H compact

(ii) αpxq invariant if O´pxq bounded and O´pxq Ă D ùñ αpxq ‰ H compact

4.3 Lyapunov functions
Definition 4.22. (Orbital derivatives)

9x “ fpxq f : D Ă Rd
looomooon

open

Ñ Rd locally lipschitz continuous

V : D Ñ R continuosly differentiable function.
Define orbital derivative 9V of V

9V pxq :“ V 1pxq ¨ fpxq “

d
ÿ

i“1

BV

Bxi
pxqfipxq

V 1pxq P R1ˆd the gradient of V at x P D
9V describes derivative of V along solution µ : ID of 9x “ fpxq

Definition 4.24. (Lyapunov functions)

9x “ fpxq f : D Ă Rd
looomooon

open

Ñ Rd Locally Lipschitz continuous.

V : D Ñ R continuously differentiable function
V a Lyapunov function if 9V pXq ď 0 @x P D

Remark.
Lyapunov function decrease along solutions

V pφpt, xqq ď V pxq @t P r0, sup Jmaxpxqq

Proposition 4.25. - (Sublevel sets of Lyapunov functions are positively invariant)
9x “ fpxq f : D Ă Rd

looomooon

open

Ñ Rd Locally Lipschitz continuous, with Lyapunov function V : D Ñ R

Any sublevel set of form
Sc :“ tx P D : V pxq ď cu, c P R

is positively invariant

Theorem 4.26. (Lyapunov’s direct method for stability)

9x “ fpxq f : D Ă Rd
looomooon

open

Ñ Rd Locally Lipschitz continuous, x˚ an equilibria and V : D Ñ R lyapunov funtion s.t

V px˚q “ 0, V pxq ą 0 @x P Dztx˚u ùñ x˚ stable

Theorem 4.28. (La Salle’s invariance principal)

9x “ fpxq f : D Ă Rd
looomooon

open

Ñ Rd Locally Lipschitz continuous, with Lyapunov function V : D Ñ R

ωpxq Ă ty P D : 9V pyq “ 0u @x P D
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Corollary 4.30 - (Reformation of La Salle’s invariance principle)

9x “ fpxq f : D Ă Rd
looomooon

open

Ñ Rd Locally Lipschitz continuous, with Lyapunov function V : D Ñ R

@x P Dωpxq Ă largest invariant subset of ty P D : 9V pyq “ 0u
looooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooon

“
Ť

invariant subsets of tyPD: 9V pyq“0u

Theorem 4.31. (Lyapunov’s direct method for asymptotic stability)

9x “ fpxq f : D Ă Rd
looomooon

open

Ñ Rd Locally Lipschitz continuous, x˚ P D,V : D Ñ R Lyapunov function s.t

V px˚q “ 0 and V pxq ą 0 @x P Dztx˚u

9V px˚q “ 0 and 9V pxq ă 0 @x P Dztx˚u

ùñ x˚ asymptotically stable

Corollary 4.33 - (Sublevel sets of Lyapunov functions are subsets of domain of attraction)
9x “ fpxq f : D Ă Rd

looomooon

open

Ñ Rd Locally Lipschitz continuous, x˚ P D,V : D Ñ R Lyapunov function

Consider sublevel sets of Lyapunov function V

Sc :“ tx P D : V pxq ď cu @c ą 0

ùñ Sc subset of domain of attraction W spx˚q if Sc Ă D compact

4.4 Poincaré-Bendixson Theorem
Theorem 4.34. (Poincare-Bendixson Theorem

9x “ fpxq f : D Ă R2
looomooon

open

Ñ R2 with flow φ continuously differentiable.

Assume for some x P D,O`pxq Ă K compact Ă D
K containing not more than finitely many equilibria.

One of the following 3 hold for ωpxq

(i) ωpxq a singleton, consisting of an equilibrium

(ii) ωpxq a periodic orbit

(iii) ωpxq consists of equilibria + non-closed orbits
non-closed orbits in ωpxq converge forward and backward in time to equilibria in ωpxq

ùñ either homoclinic or heteroclinic orbits.

Corollary 4.35 - (Existence of a periodic orbit)

9x “ fpxq f : D Ă R2
looomooon

open

Ñ R2 continuously differentiable with flow φ.

Assume for x P D, O`pxq Ă K compact Ă D
D not containing an equilibrium ùñ ωpxq periodic orbit.
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