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1 Probability Review

Definition 1.1 - Experiment
Any fixed procedure with variable outcome

Definition 1.2 - Sample space ()
Set of all possible outcomes of an experiment

Definition 1.4 - o-algebra (Sigma-algebra)
F a collection of subsets of (2
F an algebra if

(i) heF
(i) Ae F = A°e F
(iii) A,Be F = AU B € F (closed under finite union)

F a o-algebra if closed under countable union.

Definition 1.13 - Borel sigma algebra
Let F;,1 € Z, the collection of all g-algebras that contain all open intervals of R
{F;} clearly non-empty, since power set of R is such a sigma algebra. Borel sigma algebra, B := N;c7.F;

Remarks
i) B contains all open intervals, their complements, countable unions and countable intersections.
1% » % ,

(ii) F a sigma algebra containing all intervals of the form above = B € F.B thought of as the smallest sigma algebra
containing all intervals

(ili) B C B said to be a Borel set

Definition 1.16 - Kolmogorov Axioms
Given €2 and a o-algebra F on )
A Probability function/ Probability Measure is a function Pr: F — [0, 1] satisfying:

(i) Pr(A)>0,YAe F
(i) Pr(Q2) =1
(iii) {A;} € F are pairwise disjoint then

oo o0

Pr([J A =>_Pr(A)

i=1 i=1

Definition 1.17 - Probability Space
Defined as the triple (2, F, Pr(-))

Properties of Pr(-)
e Pr(0)=0
o Pr(A) <1, Pr(A°) =1— Pr(A)
e Pr(AUB) = Pr(A)+ Pr(B)— Pr(ANB)

ACB = Pr(A) < Pr(B)

Pr(A) =>"""Pr(AnC; for {C;} a partition of €



Proposition 1.18 - Continuity Property
Let (2, F, Pr(-)), and A1, Ay, -+ € F an increasing sequence of events, (4; C A5 C...)

A:GAnef

n=1
F a sigma algebra —
Pr(A) = lim Pr(A,) Pr(lim A,)= lim Pr(A,)

n— oo n— oo n—oo
Definition 1.20 - Conditional Probability
A,B € F, Pr(B) > 0, Conditional Probability of A given B is

Pr(ANnB

PrAIB) = =5

Definition 1.21 - Independence
2 events are independent if
Pr(AnB) = Pr(A)Pr(B)

Definition 1.22 - Mutually independent
{A;} € F mutually independent if for any subcollection {4;; };=1,...x

k k
Pr(() 4;,) =[] Pr(A;,
1

2 Random Variables

2.0 Definitions

Definition 2.1 - Random Variable
A random variable on (Q, F, Pr) a function
X: Q=R

such that, V Borel set B € B, X~}(B) € F
Random vectors defined analogously, X : 2 — R™ and Complex Random Variables X : 2 — C
Definition 2.3 - Distribution
V Borel sets B € B
Prx(B) = Pr(X Y(B)) = Pr({w e Q: X(w) € BY)

Prx the distribution of X. Written Pr(X € B)

We say X and Y identically distributed if Pr(X € B) = Pr(Y € B)VB € B
Definition 2.10 - Cumulative Distributive Function (CDF)
CDF of a random variable X a function F, : R — [0, 1]

F,=Pr(X <ux)

Notation - Monotone limits

o Write z,, | x for (z,,) a seq. (weakly) monotonically decreasing to limit x

o Write z,, 1 z for (z,,) a seq. (weakly) monotonically increasing to limit x
Properties of the CDF

e Fx(x) is non-decreasing

o lim, , o Fx(z)=0;lim, 4o Fx(z) =1

o lim, ,, F'x(z) = Fx(zo), F is continuous from the right.

Definition - Point mass CDF

The constant random variable the most trivial RV. For a € R define point mass CDF as

6a(x):{0 r<a

1 z>a



Definition 2.14 - Probability Mass Function PMF

1. if 3(an)n>1 and (by)n>1 where b; > 0 with >, b, =1 with Fx(z) s.t
o0
Fx(x) =) bida, (z)
i=1

Then X a discrete random variable, with PMF fx(z) = Pr(X = z)
2. if Fx(x) continuous = X a continuous random variable

3. if X a continuous random variable s.t 3fx : R - R
F.(z) = / fx(@t)dt,Vz e R
Then X an absolutely continuous random variable with probability density function (PDF) fx(x)
2.1 Transformations of Random Variables
Suppose X an absolutely continuous random variable with pdf fx and g : R — R a strictly monotonic and differentiable
dg‘ly‘

Y =4(0) = fr) = fxls” ) |

fr () = fx(w)j%;

Families of distributions
Scale Family
For o > 0, we have Y = ¢Z which has pdf

Location-Scale Family

Define W = p+ o Z, with pdf

Probability Integral Transform
Let U ~ Unif[0,1] with X = F~Y(U) s.t F a strictly increasing CDF = X a random variable with CDF F

Expectation
For discrete r.v X

Similary for continuous r.v

Properties of Expectation
1. E(aX +bY) =aFE(x) +bE(Y),Va,beR
22 IfPr(X>0=1 = E(X)>0
3. If A an event, E(14) = Pr(A)



3 Multivariate Random Variables

3.0 Definitions

Definition 3.1 - Joint Cumulative Distribution Function (Joint CDF)
Given by
Fxy(z,y) = Pr(X <=z,Y <y)

Jointly absolutely continuous case:

Fxy(z,y) = /_y /_E fxvy (s, t)dsdt

Definition - Marginal Density Function (MDF)

fx(z) = /jo fxv(z,y)dy

Definition 3.3 - Independence
Finite set of r.v {X;} said to be independent if

Pr(X, €By,...,X, € B,) = HPT(Xi € B)

i=1

V Borel sets B;
Corollary.
Any collection (X;) independent if every finite subcollection independent.

Definition 3.4 - Covariance
For r.v X,Y with finite E(X) = px, E(Y) = py

Cov(X,Y)=E(X — pux)(Y — uy))
Definition - Correlation
Cov(X,Y)
Var(X)Var(Y)

Cor(X,Y) =

Change of variables for pdfs
If (U, V)=T(X,Y) a function of pair of r.v (X,Y") with joint pdf fxy a joint pdf for (U, V') given by

va(u,’U) = fXY(x(u’ U),y(u,v))|.](u,v)|
Where PO
J(u,v) =de 775 7;
=i (§ 5)

Remark 3.9 - (Factorisable independence)
X,Y independent if 3g, h : RtoR such that the joint mass/density function factorises as

fxy(z,u) = g(x)hly), Ve,yeR

Definition - Conditioning
For X a r.v, conditional CDF of X given A

Pr{X <z}nA)
Pr(A)

Fxja(z) =

Ixjalz) = %Fxm(ﬂ?)

Definition - Conditional Probability Density Function

fyix(ylz) = G%FY\X(QM =



3.1 Bivariate Normal Distribution

Definition - Standard bivariate normal distribution
Has pdf for -1 < p <1

1 1
- exp|-
2m\/1 — p? < 2(1 = p?) (2% — 2pzy + y?)

f(eylo) = ) (z.4) € B?

Properties:
EX)=EY)=0,E(XY)=p
Var(X)=Var(Y)=1,Cov(X,Y) =p

Vector form

2
— — — O POz0y
x=(2,y) p = (s p1y), X = (p%% o2 )

e 2) = 5 (3 (5 =)

- 2moL0y

Extend this to Multivariate normal distribution:

1

P (x|, %) = (27)%/2(dets

)1/2)6"31’ <_;(X —w) (= (x - U))

Where x € R, (3;;) = Cov(X;, X;)
Remarks.

e ¥ symmetric: Cov(X,Y) = Cov(Y, X)
o diag(S) = {Var(X,)}
e constant a € R? Var(aTx) = a’%a

Proposition 3.16.
X ~ MV Ng4(u,%), A invertible d x d matrix

— Y = AX ~ MV Ny(Ap, ALAT)
Proposition 3.17.

Can always find linear transform @ of X
s.t entries of Z = QX uncorrelated and independent random variable.

3.2 Order statistic

Consider random sample (X1, ..., X,) with cdf Fx and pdf fx
with Y7 smallest, Y5 next smallest etc.
(Y1,...,Y,) the vector of order statistics of X

f(n) - {n! H?:l fX(yi) Y1 < Yo <o < Yn

0, otherwise

) = k() £ Px (1 = P

n

Fuly) = Pr(N, = k) = 3 (’;) Fx()(1 - Fx(y))"

=k



4 Convergence of Random Variables

4.1 Convergence

Definition 4.1. Sequence (X;) of random variables said to converge in probability to X
X, 5 X if VYe>0lim Pr(X,—X|>¢) =0
n—oo

Proposition 4.4. - (Markov’s inequality)

X a random variable taking non-negative values only.

a > 0 constant

E(X)

a

Pr(X >a) <

Proposition 4.5.
Take non-negative random variable Y = (X — u)?

Pr(IX —p > &) = Pr((X —p)* > &) = P(Y > &)

E(X —p? o°

Pr(Y > €% < - -

€ €

Definition 4.6.
X1, Xo,...

_ 1<
Xn:;;Xi

sample mean

Proposition 4.7. - (Weak law of large numbers)
X1, Xo, ... sequence of iid random variable with finite p, o

:>an—>,u

Definition 4.9.
Xl, XQ, ... with cdfs F17F2, .o
Converge in distribution to random variable X with cdf X,

X, 25X if  lim Fo(X) = Fx(2)

n—r oo

Va € R for which Fx continuous.

Proposition 4.12.
Converge in probability = converge in distribution

Proposition 4.14.
Suppose (X, )n>1 sequence of random variables

D P
X, —ceR = X, —c

4.2 Limit events

Definition
Ay, As, ... sequence of events
e {A, i.o} = A, infinitely often

e {A, a.a} = A, almost always (finitely many A,, dont occur)

{4,, a.a} C {A, i.o}



Proposition 4.15.
Sequence of sets (A4,) We define

o0 oo
m=n m=n
—_——
increasing sequence decreasing sequence
And further
o0 o0 o0 o0
hnrggcl)fAN = U ﬂ A, llTrisolipAN = ﬂ U A,
n=1n=N n=1n=N
={Apa.a} ={A,i.0}
Remark 4.16
{A,, i.0}¢ - only finitely many A,, occur
o0 oo
{A, i.0}¢ = U m AY = {AY a.a}
N=1n=N

Proposition 4.17

Aq, As, ... sequence of events
(i) if > 07, Pr(4,) <o = Pr({4, io})=0
(ii) if Y02 | Pr(A,) = co and {4;} independent —> Pr({A,i.0}) =1

5 Central Limit Theorem

5.1 Moment generating functions

Definition 5.1 - (Moment generating functions MGFs)

My (t) = E [exp (X))

Proposition 5.2.
Y =aX+b = My(t) = exp(bt)Mx(at)

Proposition 5.3.
X,Y independent random variables
Z=X+4Y = Mz(t) = Mx(t)My(t)

Proposition 5.4.
Suppose Jtg > 0 8.t Mx(t) < oo for [t < tg

k

> tk dr '
Mx(t) = ZE(X’“)E = Vk>0 My (t)|smo E(XF)
k=0

Proposition 5.5.
(Uniqueness)
Suppose X,Y random variables with common MGF finite for |¢| < to for some t5 > 0

X, Y identically distributed

(Continuity)
Suppose X a random variable with My (¥)
(Xn)n>1 sequence of random variables with respective My, (¢)
if Mx,(t) —— Mx(t) <oo (V|t| < tog,to >0
11— 00

— X, 2 x



Definition 5.11

Say f(z) = o(g(z)) in lim,_, if

lim 1) _ ¢

T—00 x)

Similarly defined for case x — 0 limit.

Proposition 5.12.
X1, X5, ... sequence of iid random variables with common MGF; M (¢) exists in open interval containing 0

if B(X;) =pVi = X, 2 u

5.2 The Central Limit Theorem

Proposition 5.14.
X1, X, ... sequence of iid random variables with common MGF M (t) (existing in open interval containing 0)
E(Xl) = W, Var(Xl) = UQVi

NP

— Y (X, -2 Z~N(01)
ag

6 Stochastic Processes

Definition
E— the state space (finite or countably infinite)

Random process - sequence of £ valued random variables Xg, X1, ...

6.1 Time Homogeneous Markov Chains

Definition 6.1
Stochastic Process on state space &, collection of £-valued r.v (X;):cr indexed by set T; often T' = Ny

Definition 6.2
Discrete time stochastic process (X, )nen, on € a Markov chain if

P(X, =2p|Xn-1 =2n-1,..., Xo =20) = P(Xp, = 24| Xpn-1 =2n—1) VneENVa,,...,x0 €&

Definition 6.3
Markov chains Time homegenous if

P(X,11=jlXn=1i)=P(X1=j|Xo=14) VneNy,Vije&

Definition 6.4
Matrix P = (p;j)i jee of transition probability p;; = Pr(X; = j|Xo = 1)
Called the Transition Matrix for the time homogeneous Markov chain. (X,,)

6.2 Initial distribution

Definition.
Initial distribution and Transition Matrix specify stochastic process fully i.e.
A= (Aj)jesiAj = Pr(Xo = j)

e Marginal distribution - P(X; =j) = >, P(X1 = j|Xo =) P(Xo = 1) = }_;ce PijAi

e Joint distribution - P(Xy = k, X1 = j) = P(Xo = k| X1 = j)P(X1 = J) = Pjk D ice PijAi
Definition 6.7
Given Markov chain (X, )nen,-

N-step transition prob matrix P(n) = p;;(n) = P(X,, = j|Xo =1)

Proposition 6.9. - (Chapman-Kolmogorov equations)
Suppose m >0 and n > 1

ng m+n szl Pl;
leg

P(m+n)=P(m)P(n) (Matrix form) = P(m) = P™



6.3 Class Structure

6.3.1 Definitions

Definition 6.11

State j accessible from state 4; ¢ — j if 3n > 0 s.t p;;(n) >0

Definition 6.13
States i, communicate; ¢ «— j if i —» j and j — 1

Proposition 6.15.
Binary relation i <= j an equivalence relation on &, partitioning £ into communicating classes.

Definition 6.17
Set of states C' closed if p;; =0,Vie C,j € C

Definition 6.19
Set of states C irreducible if i +— j,Vi,j € C

6.3.2 Periodicity

Definition 6.20
Period of state 4; d(i) = {n > 0: p;;(n) > 0}

e d(i) = 1 say state is aperiodic
e d(i) > 1 say state is periodic

Proposition 6.22.
All states in same communicating class have same periodicity

6.4 Classifcation of states

Definition 6.24.

1 € £ for Markov Chain X,

e Recurrent if
P(X,=in>1X,=i)=P (U{Xn =i} Xo z) =1
n=1

e Transient if
o0
P (U{Xn =i} Xo =i> <1
n=1

Definition 6.25.
First passage time of state j € £

T; =min{n >1: X, = j}

First n st X,, =5
Say T; = oo if never visits state j = T} not a random variable since its not real valued.

Definition.
{Tj=n}={X, =4, Xi#j:i<n}
Remark 6.27
f”(n) = P?“(Tj = n|X0 = Z)
fij = Pr(T; < oo|Xo = i)
= Pr({J{Tj = n}|Xo =)

n=1

= fis(n)

10



Remark 6.28

State i: recurrent <= fii=1 < fo;lpn(n) _
transient <= fii <1l < > 7 pi(n) <

Proposition 6.29
,jeEE n>1

pij(n) = Z fij(Dpij(n —1)
=1
pij = pij(1) = fi;(1)

Proposition 6.32
i <— j = either i,j both recurrent or both transient

Proposition 6.33
C a recurrent communicating class
= (' closed: i € C,j ¢ C we have p;; =0

Proposition 6.34
State space decomposes

E= T U CiuCyU...
—_————

~—

Transient states jrreducible closed sets of recurrent states

Definition 6.36
Mean recurrence time of state 1 € £
s = E(Ty|Xo = i)

Remark 6.37
e Transient States: p; = co since P(T; = 00| Xg =14) >0
e Recurrent States: ;; = >~ can be finite or infinite
Definition 6.38
ieé&
e null recurrent if y; = oo
e positive recurrent if p; < oo

Definition 6.39
(X,) a markov chain on £ Hitting time of set A C £ a random variable

H* =min{n >0: X, € A}

We take min () = co
Hitting probability starting at ¢ € £
hit = Pr(H* < oo|Xo = i)

in the case A = {j} we write hJ

Proposition 6.43
A C £ take vector h = (h{!);ce solves system

pA 1 1€A
’ Yjeepighit ig A

6.5 Stationary Distributions
Definition 6.44
Vector m = (7;)[j € £ a stationary distribution for (X,,) if

(i) m;, >0Vje&and ) o7 =1 (m a probability distribution on &£

JjEE
(i) P =7

11

o0
o0



Proposition 6.45
X, has distribution 7 with 7 stationary for (X,)
= X,, 11 has distribution 7=

Proposition 6.46

irreducible chain has stationary distribution
<= all states positive recurrent

== T = i for p; the mean recurrence time
—> stationary distribution is unique

Proposition 6.47
(Xn)nen, irreducible aperiodic Markov Chain with stationary distribution 7
= V initial distribution A, Vj € £

lim Pr(X,=j)=m;

n—oo

Vie&: lim Pr(X, =j|Xo=1) =mn; (independent of 7)
n—oo

Proposition 6.48 - (Ergodic Theorem,)
(Xn)nen, irreducible Markov Chain

Vie&let V(i) => I(X,=1i)
r=0
Counts the number of visits to 7 before time n

—> V initial distributions, i € £ we have Pr(@ —m) =1
n— oo

Proposition

Symmetrical random walk on finite graph
i € £ connected to d; other states

12



	Probability Review
	Random Variables
	Definitions
	Transformations of Random Variables

	Multivariate Random Variables
	Definitions
	Bivariate Normal Distribution
	Order statistic

	Convergence of Random Variables
	Convergence
	Limit events

	Central Limit Theorem
	Moment generating functions
	The Central Limit Theorem

	Stochastic Processes
	Time Homogeneous Markov Chains
	Initial distribution
	Class Structure
	Definitions
	Periodicity

	Classifcation of states
	Stationary Distributions


