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Question One

Let S be the closed surface defined by the region in the first octant bounded by the surfaces
x2+y2:4, z2=0, 2z=3, x=0, y=0,

and let n be the unit outward normal to S.

(a) [2 marks] Sketch the surface S.

Consider the vector field
A=Ai+Aj+zk

where Aq, As are constants.

(b) [5 marks] Let S; denote the curved part of S. By projecting onto the x — z plane, show
that

A .-ndS=6A;+6A,.
S1

(¢) [3 marks] Demonstrate that the same answer is obtained by projecting onto the y — z plane.
Why can’t we project onto the x — y plane in this case?

(d) [7 marks] For i = 2,3,4,5 calculate

/A-ﬁdS
S;

where the S; are the other four faces of S.
(e) [1 mark] Hence calculate the flux of A across S.

(f) [2 marks] Check your answer by applying the divergence theorem and considering the
appropriate volume integral.

Question Two

(a) [6 marks] Show that the extremal curve y(x) of the integral

I= / 4y? — ()2 da

0

subject to the end conditions

is given by
y(z) = cos2z.

(b) [14 marks] If the integral constraint

/ y(x)cos2xdr =7
0

is added to the problem, find the new extremal curve of I.
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SOLUTIONS

Question One Solution

(a) sketch [2 marks]
(b) The normal to S is

V(e +y%)/ [V(@® + )| = (22 + 2y§)/(42® + 4y*)'/? = (zi + yj)/2, [1 mark]

and so we have on Si: .
A-n= §($A1 +yAz). [1 mark]

Projecting onto y = 0:
_drdz  2drdz

Sl oy

s

Then by the projection theorem:

/ A'ﬁdS=/1($A1+yA2)2dde.
S1 s 2 Yy

Substituting for y = (4 — z2)1/2:

A AdS =3 =2 iL'Al Al de d
- - /z=0 /:v=0 [m+ 2] d dz

2
= 645+ 34; / z(4 — wz)_l/Qdm
0

= 64y —3A1[(4— )V}
= 642+ 6A;. [3 marks]

(¢) To project onto = 0 we have

dS — dAyd-z _ 2dydz.
In - i x



Substituting z = (4 — y?)/2:

z2=3 py=2 A

~ YAz

A-fdS = / / U724 A dyde
z=0 Jy=0 [(4 - y2)1/2 ]

= 645 +6A4;

as above [2 marks]. We cannot project onto z = 0 because n - k = 0 (the surface S; does not
cast a shadow in this direction) [1 mark].

(d) Turning now to the other four faces.

(i) The plane y = 0. Here n = —j = A - n = —A,. The integral is therefore

3 p2
—/ / Asdrdz = —6Az. [2 marks]
o Jo

(ii) The plane z = 0. Here n = —i = A -n = —A;. The integral is

3 2
—/ / Ajdydz = —6A;. [2 marks]
0o Jo

(iii) The plane z = 0. Here n = —k = A -n = —z and the region of integration is a quarter disc

D, say. The integral is
- // zdx dy = 0,
D

(iv) The plane z = 3. This time n = k and so A - n = z = 3. The integral is

w/2 2
/ / 3rdrdf = 3n. [2 marks]
0 0

(It is fine to state that the area of D is one quarter the area of a circle of radius 2 (= )).

since z = 0 on D.[1 mark]

(e) To get the flux we add the five contributions together:
5
fA.ﬁds_Z/ A -1dS =6A; 464, — 643 —6A; + 0+ 37 = 37. [1 mark]
s i=1"5Si

(f) Applying the divergence theorem to the closed surface S (enclosing a volume V):

fA-ﬁdS—/divAdV—/dV—?m,
s v 14

since divA =1 [1 mark] and the volume V is one quarter the volume of a cylinder of radius 2
and height 3 [1 mark].



Question Two Solution

(a) Let
L=4y"—(y)"
Then oL oL
o Y, oy —2y/. [1 mark]

The Euler-Lagrange equation is
oL 4 (oY _
oy 0x \oy /)

8y + 2y"” = 0 [1 mark]

Substituting for L we have

which has the general solution
y = Acos2x + Bsin2z. [2 marks]

Applying the end conditions y(0) = 1,3/(w) = 0 we find

A=1,B=0
and hence
Yy = cos 2z,
as required [2 marks].
(b) Now let
g = 1y Ccos 2x

and apply the Euler-Lagrange equation to L + Ag:

8%/ (4y2 — " 4 Ay cos 2z) — % (8%/,(43/2 —y" + My cos 230)) =0
= 8y + Acos2x + 2y”

=y +4y = —% cos2z. [2 marks]

The homogeneous solution (as above) is
yrg = Acos2x + Bsin2z. [1 mark]
For the particular solution we observe that the RHS occurs in yz so we look for
yps = x(C cos 2z + D sin 2x).

Then, by direct computation

Ypg = —4dyps + 2(—2C'sin 2z + 2D cos 2x)

and so we require

—4C'sin 2z 4 4D cos 2z = —g cos 2z
which can only be satisfied provided

C=0, D=—)\/8.



We therefore have
1
y=vyg +yps = Acos2z + Bsin2x — gAm sin 2z. [3 marks]|

Applying the end conditions y(0) = 1 we find
A=1,

as before [1 mark]. Applying y/(7) = 0 we have

1 1
—2sin 27 + 2B cos 27 — §)\sin27r — Z)m cos2m =0

and hence
B = An/8. [1 mark]

To find A we substitute into the integral constraint

™
/ ycos2xdr =7
0

to get

T 4 AT A
cos” 2z + 5 sin 2z cos 2z — gasin 2z cos 2z dx = 7. [1 mark]
0

The second term integrates to zero [1 mark] while the first term is equal to 7/2 [1 mark].
In addition we need to integrate by parts on the final term:

iy vy 1
/ rsin2x cos2xdr = / —xsindx dx
0 0o 2

1 T 1
= |:——:BCOS41‘:| +/ —cosdx dx

1
= ——mcos4dm
8

= —m/8. [2 marks]
Putting these calculations together:

/2 —(N/8)(—7/8) =
=\ =32

The constrained extremal curve is therefore

y = cos 2z + 4msin 2z — 4x sin 2z. [1 mark].



