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(a)

Consider two vector fields A and B. The vector field B is solenoidal. Use subscript notation
to simplify
(A xV)xB—A xcurlB.

You may assume the relation €;;x&xim = 6i10m — dimbji. (7 marks)

Determine the constants «, 3,y such that the surfaces
ar’z —xyt =B, yrz—y* =0,

intersect orthogonally at the point (z,y,2) = (—2,2,—1). (7 marks)

I://(y—$)d$dy

where the finite region R is bounded by the lines

Consider the double integral

1 1
y=z+1, y=x Y 3% Y 355
Use the substitution 1
= — , = —l— —
usy-—c, v=y+ gz
to evaluate I. (6 marks)

(Total: 20 marks)
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2.  Asurface S is described parametrically by

x=hcosf, y=hsin0, z=a—h, (0<h<a 0<6<27),

where a is a positive constant.

(a)

(b)

Express z as a function of x and y. Sketch the surface S. Is this an open or closed surface?
s it convex? (4 marks)

Show that the unit normal nn to .S which has nn - k > 0 can be written in the form

N Ti4+Y]j k
n= + —=.
V3@ ) V2
(3 marks)
Find the equation of the tangent plane to S at the location where x = a and y = 0.
(3 marks)
If S is projected onto the x — y plane, what is the shape of the resulting projection?
(2 marks)
Suppose A is the vector field
A=rxi.
Calculate
/ A-fidS
Js
using the projection theorem. (5 marks)

[You may assume that a small areal element in polar coordinates is given by rdr df).

Check your answer to (e) using the divergence theorem. (3 marks)

(Total: 20 marks)
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3. (a) The coordinates (uy,us,u3) are defined in terms of Cartesian coordinates (z,y, z) by

1
T = UjlUp COS U3, Y = UjlUsSinuz, 2z = g(u% —ud), (u1 >0,uy >0,0 < wug < 27).

(i) By calculating an appropriate Jacobian, find the function F'(uy, us) such that an element
of the surface uz = constant can be expressed as

ds = F(ul, UQ) duldug.

(3 marks)

(i)  Show that this system is orthogonal, determine the lengthscales hy, ho, hs and verify that

F(Ul, UQ) = hlhg.

(6 marks)
(b) A curve y = y(x) joins the points (—a,0), (a,0) in the x — y plane where a > 0.
(i)  What properties of the curve do the integrals
1/2 o\ 1/2
a d 2 a d
1:/ y(1+<y> ) dz, J— (1+<y> ) dz
—a dx —a dx
represent? What does the ratio I/.J represent physically? (3 marks)

(i)  Using the Euler-Lagrange equation show that the appropriate form of y(x) which renders
I stationary subject to the constraint J = 2 is

1= et (2) o (2)

a
inh|{—=)=1.
C'sin (C)

where

(6 marks)

(iii) Deduce that solutions can only exist if a < ag where ag is a value to be identified.
(2 marks)

(Total: 20 marks)
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4. (a) Consider an initial value problem
jj':f(t,l'>, $<t0):x0,

where f : R x R? — R? is continuous and (tg, z9) € R x R? is fixed. Let J be an interval
containing t, in its interior, and consider the Picard iterates {\, : J — R%},cy, corresponding
to this initial value problem.

(i)  Show that \,(to) = f(to, An(to)) for any n € N. (3 marks)
(i) What is the maximal (i.e. largest) interval J on which the functions \, : J — R¢ can
be defined? Justify your answer. (3 marks)

(iii) Compute XAy, A\; and )\, for the one-dimensional initial value problem & = x? with
z(l) = 1. (6 marks)

(b) Consider an autonomous differential equation
T = f(x),

where f: R? — R? is locally Lipschitz continuous.

(i) Does this differential equation have unique local solutions for every initial condition of
the form x(0) = o, where ¥, € R9? Justify your answer. (2 marks)

(i) Prove that for all yo € RY, there exist T > 0 and zy € R? such that there exists a
solution A : I — RY to this differential equation with A\(0) = 2o and A\(T") = vp.
(6 marks)

(Total: 20 marks)
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5. Consider the nonlinear differential equation

whose right hand side is written as the sum of the linear part with coefficient matrix A and a

nonlinearity.
(i) Show that (z*,y*) := (0,0) is the only equilibrium. (3 marks)
(i) Calculate the real Jordan normal form of the coefficient matrix A using an invertible
transformation matrix 7' € R?*2, (4 marks)
(iii)  Explain why the equilibrium (z*,y*) = (0, 0) is repulsive. (2 marks)

(iv) Show that the set My := {(z,y) € R? : (z — y)? + y*> < R} is positively invariant for some
R > 0. (6 marks)
Hint. Consider the orbital derivative of an appropriate scalar-valued function and note that it
is helpful to preserve/create terms of the form ((z — y)? + %?) in your calculations.

(v) Prove that there exists a periodic orbit. (5 marks)

(Total: 20 marks)
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6. (a) Decide for each of the following four statements whether it is true or false. All statements
involve omega limit sets w(x) or alpha limit sets a(x) of a differential equation

&= f(z),

where we require that f : R? — R? is locally Lipschitz continuous. Justify your answer
by either providing an example (which can also be a picture with short explanation) or an
explanation why such an example does not exist.

(i) There exist f : R — R? and x € R? such that w(z) is a singleton. (3 marks)

(i) There exist f : R? — R4, 2 € R? and y € w(x) such that w(z) is nonempty and
compact and w(z) Nw(y) = 0. (3 marks)

(ii) There exist f : R? — R? and = € R? such that w(z) = a(z). (3 marks)

a(x) and z ¢ w(x). (3 marks)

(iv) There exist f : R? — R? and 2 € R? such that w(x)

(b) Consider an autonomous differential equation
&= f(z),

where f : R — R? is locally Lipschitz continuous. The flow of this differential equation is
denoted by ¢, and let x € R? such there exists a K > 0 with ||¢(¢,7)| < K for all t > 0.

(i) Show that w(x) is nonempty. (2 marks)
(i)  Show that for all € > 0, there exists a 7' > 0 such that

o(t,x) € Bo(w(z)) forallt>T),

where B.(w(z)) := {y € R?: ||y — z|| < € for some 2z € w(z)}. (6 marks)

(Total: 20 marks)
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SOLUTIONS

Question One Solution
(a) Considering the ith component:
[(AxV)xB—-AxcurlB; = g;p{(AxV);B;— Aj(curlB);}

= 5ijk{5jlmAlin — EkimA 0 B} [2 marks (A)]

OTm j(?_ajl

0B OB,
= —Eikj&?jlmAlaTk - €¢jk€klmz4ja—$l
- OB; OB
= (5zlékm 51m5k:l)Al 61‘m (5116]171 5zm§]l)AJ 637l
9B, 0B, ,0B; , OB
= —A; B + Ag oz, A; oz, + A; oz, [2 marks (A)]
= —A;divB+ (A-V)B; [2 marks (A)]

= (A-V)B;
since B is solenoidal (i.e. divB = 0) [1 mark (A)]. Therefore the answer is (A - V)B.
(b) Firstly the point (—2,2, —1) needs to be a point on both surfaces: this implies
—4a+8=06, 2y—-4=0

and so we have

v=2, [B+4a=38. [2 marks (D)]
Let ¢ = ax?z — xy?. Then the normal to the surface ¢ constant is

Vo = 2azz — y?)i — 2zyj + az’k = (4o — 4)i + 8j + 4ak
at P(—2,2,—1) [1 mark (C)]. Let ¢ = yzz — y*. The corresponding normal is
Vi = yzi — 2yj + yok = —vi — 4j — 27k
at P(—2,2,—1) [1 mark (C)]. It follows that
(Vo)p - (Vi)p = —y(4a — 4) — 32 — Bary = —24a — 24,

upon substituting v = 2 [1 mark (D)].
For the surfaces to intersect orthogonally at P we require (V¢)p - (V¢)p = 0 [1 mark (D)]
and hence a = —1. It then follows from above that § = 8 — 4o = 12 [1 mark (D)].

(c) First we see what happens to the boundaries in v — v space. We see that y = z + 1 becomes
u=1and y = x — 3 becomes u = —3 [1 mark (B)]. Similarly the linesy =2—2/3,y =4—2x/3
become v = 2 and v = 4 respectively [1 mark (B)].

We have

-1

Oxr/Ou Ox/Ov | | Ou/O0xr Ov/0x 3

dy/ou Oy/dv | ' ou/dy Ov/dy
and hence |J| = 3/4 [2 marks (B)]. We therefore have

I://R(yx)dxdy:/v;/lz_g%u du dv:(2)(z) [“;]1_3:6 [2 marks (B)].

> |

-1 13
11

dedy = |J|dudv, J= ‘




Question Two Solution

(a) We see that 2 + y? = h? and hence
z=a— (22 +3*)Y? [1 mark (A)]

The surface is a cone with base radius a and height a [1 mark (A)].
The surface is open (there is no circular base) [1 mark (A)] and it is convex [1 mark (A)] (a
straight line intersects S at most twice). Justifications not required.

(b) To find n we first set
p=z—a+ (22 +y»)Y? =0 [1 mark (A)]
(other definitions of ¢ possible with ¢ = constant on S). Then

0 = £V¢/|Ve| = +(ai/(@® +y°)/* +4i/(@® +4*)? + k) /(@) (2* +¢°) + o7/ (@® + v*) + D)/
i+ yj k
1 mark (A)]

e+ —).
(o + ) |
We need to take the plus sign so that n-k > 0 [1 mark (A)].

(c) Let , = a,y, = 0, then the corresponding value of z on S is 2z, = 0 [1 mark (B)]. The
tangent plane is

(r —1p) - (V@)p =0 [1 mark (B)]
where r, = (a,0,0) = ai and

(Vqﬁ)p =i+k.
Therefore the tangent plane has the equation
(z—a)i+yj+2k)-(i+k) =0,
ie.
z=a—z. [1 mark (B)]

(d) If we project onto the x — y plane then we set the z—coordinate to zero, so that

x = hcosb,y=hsinb,z=0, (0<h<a,0<0<2n)
= 22 +y*=h% (0<h<a).

The projection is therefore a circular disc of radius a (not a circle!) [2 marks (B): 1 for stating
it is a disc, the other mark for some reasoning along the lines above].

(e) If A =i then

2

A= ——— "
n \/§(x2+y2)1/2

[1 mark (C)]

Then by the projection theorem

z? dx dy
A - -ndS = =
/A;‘ disc \/§($2 + y2)1/2 |n : k|

with -k = 1/v/2 [1 mark (C)]. To evaluate the integral switch to plane polars so that

[1 mark (C)]

(a:2—|-y2)1/2:7’, x=rcosf, dedy=rdrdf, 0<r<a,0<60<2m, [1 mark (C)]



Then

27 a .2 2
/A-ﬁdS — / / o0 ardo
S 0 0 r
27 a
= / cos? 0 db / r2dr
0 0

= 7a®/3 [1 mark (C)]

where the trigonometric integral is evaluated using a double angle formula.

(f) To use the divergence theorem we need to include the circular base (D say) with outward
normal n = —k. Then

/A 1 dS+/ A (—k)dzdy = / divA dV. [1 mark (D)]
S D \%
But divA =1 and A -k = 0. [1 mark (D)] Thus:
/ A -1 dS = volume of cone = (1/3)7wa?,
S

agreeing with (e) [1 mark (D)].



Question Three Solution
(a)(i) We consider the vector Jacobian
i j k
or or J
J(uy,ug,u3) = —— X — = | ugcosug ugsinuz U
aul 8u2 .
U3 COSU3 UpSIMMU3 —Ul

= —(u? +ud)sinuzi+ (uf 4+ u3) cosuzj + Ok. [2 marks (A)]

Therefore
F(ug,ug) = |J| = u? + u2. [1 mark (A)]

(a)(il) To demonstrate orthogonality we calculate

or .
eq = — = (ugcosug,ugsinus,uy),
aul
Or .
e = — = (ujcosug,u;sinus, —uz),
8’&2
Or .
ey = — = (—U1UQ s ug, U1 ug CoOsus, 0)
Ous
We then see that
_ 2 12 —_
€] -€3 = UIU2COS” U3 + UIU2SIN" U3 — UTU2 = 0,
e ey = —ulug sin u3 cos uz + ulug sin ug cos ug = 0,
ey -e3 = —u%uz sin ug cos ug + u%ug sin us cos ug = 0,

and hence the system is orthogonal [3 marks (A)]. The lengthscales are

hi = |el] = \/ugcos2u;z,+u%sin2u;;—|—u% = \/u%—i—u%,
hy = |es] = \/U%COS2U3+’U/%SHI2U3—|—U% = \/u%—i—u%,
hs = |es| = \/u%u% sin? ug + udu? cos? uz = ujus.

From this we can see that F(u1,us) = hihs as required [3 marks (A)].

(b)(i) I/2m represents the surface area generated by revolving the section of the curve y = y(x)
between x = +a about the z-axis [1 mark (D)].

J represents the distance along the curve y = y(z) between © = —a and = = a [1 mark (A)].
The ratio I/J gives the y—coordinate of the centre of gravity (or centroid) of the curve y = y(x)
[1 mark (D)].

(b)(ii) We apply the Euler-Lagrange equation to the functional

L=y(1+@) 20+ @) =@+ )N 1+ 1))

Since L is explicitly independent of x the Euler-Lagrange equation reduces to

1/2

L
L —y — = constant

and so we have
(y+A) {(1 + (y/)2)1/2 —(¥)? (1 + (y')2)_1/2} = constant

= (y+N)(1+ (y')Q)_l/2 = constant = (y + A\)? = C? (1 + (y)?) [2 marks (B)]



This can be rearranged to

y’—iClv(y—i—)\)Z—CQéac—iC/

A
= +Ccosh™! (%) + K,

dy
V(y+2A)3?—C?
and hence

x— K
= — h .
Yy A+ Ccos (—C )

Applying the end conditions y = 0 at © = +a we see that

A = C cosh (%) = (C cosh (%)

and hence K = 0 and A\ = C cosh(a/C). Hence we have the extremal curve
y = C cosh(z/C) — Ccosh(a/C). [2 marks (B)]

Substituting into the integral constraint we have

J=2= /a \/1 + sinh?(z/C) dz = [C'sinh(z/C)]*, = 2Csinh(a/C) = C'sinh(a/C) = 1,

as required [2 marks (C)].

(b)(iii) From examination of the integral for J we have J > 2a. Thus it is not possible to keep
J fixed at the value of 2 if a > 1. We therefore have a9 = 1 [2 marks (D)].



(iii)

We have \,11(t) = 20 + fti) f(s,An(s))ds for all n € Ny, which implies
An(to) = xo for all n € N, and using this and the fundamental theorem of
calculus, we get ).\n_:,_l(to) = f(t(), /\n(to)) = f(t(),ajo) = f(to, /\n+1(t0)) for all
n € Np.

The maximal interval on which the Picard iterates can be defined is R.
Iteratively it follows that the functions \,, n € N are differentiable and thus
continuous, and hence, the integrand of the integral ftz f(s,A\n(s))ds is a
continuous function and the integral exists for all £ € R.

With f(z) = 2%, we get for all t € J that

)\O(t):17
¢

)\1(t)=1+/1 f(Xo(s))ds =t,
t t =

nt) =1+ [ fouas =1+ [ s+ 587 =20,
1 1 s=

The differential equation satisfies the conditions for the local version of the
Picard-Lindelof theorem, and for this reason, all initial value problems have
local solution that is unique.

The local version of the Picard-Lindelof theorem implies that there exist an
h > 0 and a solution p : [~h,h] — R? satisfying u(0) = yo. Define
T := % Translation invariance implies that the function X : [T, 37] — R¢,
A(t) == p(t — T), is a solution to the differential equation, and we have
MT) = p(0) = yo. The function X satisfies A\(0) = u(—2), so the statement

2

is correct with xp = ,u(—%).

sim. seen |}
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y=0if and only if z — y((z —y)? +y?)) = 0. If y = 0, this implies z = 0 (clearly
(0,0) is a zero of the first equation and thus an equilibrium). To look for more
equilibria, we can assume y # 0. Then (z —y)? +y? = 2, and we plug this into
i = 0 to obtain 0 = 2x—2y—§, which implies 0 = 292422 — 22y = y? +(z—y)>.

Since y # 0, this is not possible, so there are not more equilibria.

The characteristic polynomial reads as A2 — 2\ + 2. lIts roots, the eigenvalues, are
given by A\; = 1+ and Ao = 1 — i, and one computes the (complex) eigenvectors

V] = 1+2 and vy = 1—i
| SE U T

Thus, the transformation matrix 7" and its inverse are given by

T= bl and T !'= 0 1 ,
10 1 -1

so that the real Jordan normal form is given by

1 1
-1 1)

The linearisation in the equilibrium is clearly given by the matrix A. The real parts

J =T 1AT =

of the eigenvalues of the matrix A are positive, which implies that the equilibrium
(z*,y*) is repulsive.
Consider V(z,y) = (z — y)? + y*. We obtain

. Xr — —TrT\\r — 2 2
Viz,y) = (22 = 2y, —22 + 4y) <2 :c 33/y((oc(£ y)Qsz y—;)y )>

= 42% — 8xy + 4y — 22% + 4ay
— (22 = 2y)z + (dy — 22)y)((z — v)* + v*))
=227 — day +4y” — (22 — 2y)z + (dy — 22)y)((x — y)* + ¢%))
=2((x—y)* +v°) — 2 — 2y + 2° —2y)((z —v)* +v*))
= ((z =y’ +v)2 -2z -y’ +%),

which is clearly strictly negative whenever (z —y)?+y = R for some R > 1. Hence
M, is positively invariant whenever R > 1.

The compact set My is positively invariant due to (iv). Take some (z,y) €
M \ {(0,0)}. Then w(x,y) must be a periodic orbit, since it cannot contain
the only equilibrium given by {(0,0)} (it is repulsive), and according to the
Poincaré—Bendixson theorem, all other possible omega limit sets contain at least
an equilibrium.
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The statement is true: d =1, f(z) = —z, for all z € R, w(z) = {0}.

The statement is false. Since w(z) is compact and invariant, for any y € w(z),

O*(y) C w(z) is compact, and thus w(y) is a nonempty subset of w(z), giving
w(z) Nw(y) = w(y) # 0.

The statement is true: d =1, f(z) = —z, w(0) = {0} = «(0).

The statement is true: for any homoclinic orbit O(x), there exists an

equilibrium 3 € R? such that w(z) = a(x) = {y}. z is not an equilibrium, so

This follows from a result proved in the course, since the assumption implies
that O*(x) is a compact subset of the domain R

Assume to the contrary that there exists an € > 0 and a sequence {t,}nen
converging to oo such that

O(tn,z) ¢ Be(w(x)) forallneN.

Since the sequence {¢(t,, z)}nen is bounded, it has an accumulation point.
This accumulation point is an omega limit point of x, which is bounded away
from w(x). This is a contradiction and finishes the proof.
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If your module is taught across multiple year levels, you might have received this form for each level of the module. You are only

required to fill this out once for each question.
Please record below, some brief but non-trivial comments for students about how well (or otherwise) the questions were answered.

For example, you may wish to comment on common errors and misconceptions, or areas where students have done well. These
comments should note any errors in and corrections to the paper. These comments will be made available to students via the
MathsCentral Blackboard site and should not contain any information which identifies individual candidates. Any comments which
should be kept confidential should be included as confidential comments for the Exam Board and Externals. If you would like to add
formulas, please include a sperate pdf file with your email.

ExamModuleCode

QuestionNumber

Comments for Students

MATH50004

Part (a) on the use of subscript notation in simplifying a vector calculus expression was surprisingly
poorly done. An alarming error made by some students was to assume that the vector product of a
vector and a vector operator can be manipulated as if it was the vector product of two vectors.

Part (b) on showing 2 surfaces are othogonal was done very well. A significant number of students
failed to appreciate that in order to pin down the values of the parameters uniquely one had to
impose the condition that the point in question was indeed contained in both surfaces.

Part (c) on the use of a Jacobian to solve a 2D integral was also well done. A common error here was
not taking the absolute value of the Jacobian. There was also a lack of sufficient detail given in some
of the answers and this was penalized even if the final answer was correct.

MATH50004

Most students did v well with many getting 20/20




MATH50004

Q3, bi: asking properties of the integrals caused most problems, nearly all candidates were not
aware that the equation represented center of gravity. While integral | too was hard work for
majority, Property of J, an arc length was explained by vast majority. Euler-Lagrange question
caused many many problems, as quite a few did not use Beltrami Identity, but proceeded with the
direct initial E-L form i.e. dL/du - d/dx [DL/du'] ending up with horrible expression and not getting
anywhere : majority of marks were lost on this part. Those that used Beltrami Identity fared much
better.

MATH50004

This question was not done so well, even though the vast majority got 8 points from the easier parts
4(a)(iii) and 4(b)(i). Many students forgot to mention some arguments in 4(a)(i), and 4(a)(ii) was
often confused with the maximal existence interval, but the Picard iterates are independent of this
and can be defined on the whole real line. Some students found nice (and different) solutions to the
challenging question 4(b)(ii).

MATH50004

This question was well answered in most instances. Parts (i,ii,iii,iv) were nearly always done
correctly. Part (iv) was the most appealing and insightful part of the question, but most candidates
seemed not to notice the geometrically meaningful aspects of this part of the question. | expect
that this part of the question should help identify the students who really understood the
geometrical aspects of the course.

MATH50004

One of the main mistakes was that some students invoked Poincre-Bendixson Theorem (for a
system on a plane any bounded orbit converges either to a stationary point, or to a periodic orbit,
or to a connection between saddles) in the general multidimensional case. This is a specifically two-
dimensional result, which does not hold true in higher dimensions where much more complicated
omega-limit sets are possible and Chaos rules!
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