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Exercise 1.1. (a) Show that the inner product satisfies the following properties: for all
z,y,z € R” and a € R,

(z,y) = (y,2), (z+y,2) = (z,2) + (y,2), (az,y) = a(z,y).
(b) For t € R and z,y € R"™, show that:

lz + tyl|* = |21 + 2t (z,y) + ¢ [|y|* > 0 (1)

(c¢) By thinking of (1) as a quadratic in ¢, and considering its possible roots, deduce the
Cauchy-Schwartz inequality:

[z, )| < Nzl [yl - (2)
When does equality hold?

(d) Deduce the triangle inequality for the norm on R™.
(e) Show the reverse triangle inequality:

[zl = llyll | < lla =yl
Exercise 1.2. Suppose z = (z!,...,2") € R".

(i) Show that:

nax :):k’ < ||zl .

=1,..,n

(ii) Show that:
lef) < vt max
k=1,...,n

o
Exercise 1.3. Suppose that (z;)°, and (y;)52, are two sequences in R™ with

lim z; = =z, lim y; = y.
1—00 1—+00

(a) Show that
lim (2; +y;) =2 +y.
1—00

(b) Show that
71— 00
and deduce that
lim o] = ]

(c) Suppose that (a;)2, is a sequence of real numbers with a; — a as i — oo. Show that

lim (a;x;) = ax.
1—00

Please send any corrections to d.cheraghi@imperial.ac.uk
Questions marked with * are optional



Exercise 1.4. Which of the following subsets of R™ is open:

{z=(at,...,2") eR": z! > 0}7
{z=(at,...,2") eR": 2" €[0,1)}7
(e) Q:= {x:(azl,...,x”)ER”:xiEQ}?

Exercise 1.5. Let (z;)°, be a sequence of vectors x; € R with z; — 2. Suppose that
the x; satisty |lz;|| < r for all i and some 7 > 0. Show that:

]| <7
Exercise 1.6. (a) Show that if Uy, Uy are open in R™, then so are the sets

Z) U, UUsy ZZ) Ui NUy

(b) Suppose U,, for v in an index set I, is a collection of open sets in R™.

(i) Show that (J e Ua is open in R™.

(ii) Give an example showing that () .; Us need not be open.

Exercise 1.7. Suppose A C R" is an open set and f : A — R". Show that lim,_,, f(z) =
F if and only if for any sequence (z;)52, in A\ {p} which converges to p we have

flx)) > F, asi— oo.

Exercise 1.8. (a) Show that the map f : R — R” defined as f(z) = (z,0,...,0) is
continuous on R.

(b) Let A C R™ and suppose we are given a map f : A — R™ where
flzt,. .. 2" (fl((xl,...,x")),...,fm((azl,...,x"))) i

Show that f is continuous at p € A if and only if each map f*: A — R is continuous
at p,fork=1,...,m.

(c) Show that the map f : R" — R defined as f((z!,2?,...,2")) = 32! (2?)% + 42?(2")"
is continuous on R™, 1.

Exercise 1.9.*
(a) Suppose f:R™ — R™ is continuous on R", and suppose U C R™ is open. Show that:
[U) = {z € R": f(z) € U}
is open.

(b) Suppose that f : R® — R™ has the property that f~(U) C R" is open for every open
U C R™. Show that f is continuous on R".

"Here, (7)™ denotes the coordinate 27 raised to power m.



