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Exercise 10.1. Show that any convergent sequence in a metric space, is a Cauchy se-
quence.

Exercise 10.2. Let (X, d) be a metric space, and assume that (x,),>1 is a Cauchy se-
quence in X. If there is a subsequence of (x,),>1 which converges to some z € X, then
the sequence (x,,),>1 converges to x.

Exercise 10.3. Let C be a collection of functions f : [a,b] — R. Assume that there is
K > 0 such that for all f € C and all z and y in [a, b], we have

[f(@) = f(y)] < Kl —yl.
Show that the family C is uniformly equi-continuous.

Exercise 10.4. Let 21 = /2, and define the sequence (n)n>1 according to

LT+l = 2—|—\/1‘ .

Show that the sequence (z,),>1 converges to a root of the equation
=42 —2x4+4=0
which lies in the interval [v/3,2].

Exercise 10.5. Consider the map f : (0,1/3) — (0,1/3), defined as f(z) = 2%. Show
that the map f is a contraction with respect to the Euclidean metric d;. But, f has no
fixed point in (0,1/3).

Exercise 10.6. Consider the map f : [1,00) — [1,00) defined as f(z) = = + 1/z. Show
that ([1,400),d;) is a complete metric space, and for all z and y in [1, 00) we have

But, f has no fixed point.
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