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Exercise 2.1. Suppose f : R” — R" is given by
f(z) ==
Show that f is differentiable at each p € R™ and
Df(p) =id,
where id : R™ — R" is the identity map.

Solution: We could appeal to an example in the lecture notes (linear maps are differen-
tiable) and note that the identity is a linear map, thus is differentiable with derivative
equal to itself. Alternatively, we note that if Df(p) = ¢, then

flp+h)—f)—Df(p)hl=@+h)—p—h=0,

so we certainly have

iy 1@+ 1) = f(p) = Df(p)[A]l

h—0 | Rl

=0,

which implies f is differentiable.

Exercise 2.2. Show that the map f : R?> — R given by
fi(@y) = a® 44
is differentiable at all points p = (£,71) € R? with Jacobian

Df(p) = (26 2n)

Solution: Setting h = (h1, ha), we calculate

flo+h) = f(p) = Df(p)[h] = (£ + h1)* + (n + he)® — € —n* — 2hy — 2nhy
= h? + h3.

Thus we have

@+ h) — f@) - DI R4k
Tl = g o Vhthe

so certainly

lig 1/ @+ 1) = f(p) = Df(p)[A]]

h—0 Al

= lim ||h|| = 0.
h—0

Please send any corrections to d.cheraghi@imperial.ac.uk
Questions marked with * are optional



Exercise 2.3. One might hope that the differential can be calculated by finding
i (8 = F(0).
v=p  |[lz—p

By considering the example of Exercise 2.1 or otherwise, show that this limit may not
always exist, even if f is differentiable at p.

Solution: Taking f : R™ — R™ to be the identity and p = 0, we have
fl@)—flp) =
[l = pll ]

This function has no limit as x — 0. To see this, consider x = Aeq, then:

S
lzll Al
The limit A — 0 does not exist, since ﬁ =1for A >0 and ﬁ = —1 for A <0.

Exercise 2.4. Suppose that  C R” is open, and f,g : & — R™ are differentiable at
p € Q. Show that h = f + ¢ is differentiable at p and

Dh(p) = Df(p) + Dg(p)

Solution: Since f and g are differentiable at p, there exist linear maps Df(p), Dg(p) :
R™ — R™ such that
|f(z) = f(p) = Df(p)[z — pll|

lim =0,
z=p |z — pl
and
i 19(®) = 9(0) = Dg(p)le —plll _
z—p |z — pl
Now we estimate by the triangle inequality
[h(x) = h(p) = Dh(p)[x —pll _ IIf(z) +9(z) — f(p) — 9(p) — Df(p)[z — p] — Dg(p)[z — pl|
|z — pll |z — pll

< @)~ fo) — D)z —plll  llg(z) = g(p) = Dg(p)[z — pl|

—+

Iz = pl Iz — pll

so that we have

iy 17(2) = h(p) — Dh(p)[z — p]|

z=p [l = pl

=0,

and the conclusion follows.

Exercise 2.5. Suppose Q2,9 C R"™ are open, g : Q — Q' and f : Q' — Q are functions

such that g is differentiable at p € Q and f is differentiable at g(p) € Q" and moreover
fog(x)
go f(z)

Vx e Q.
Ve

Show that
Df(g(p)) = (Dg(p))~".

)



Solution: We need to show that

Df(g(p)) o Dg(p) = id and Dg(p) o Df(g(p)) = id.

By the chain rule, we know that fog is differentiable at p. Moreover, since the identity

is differentiable with derivative also the identity by a previous question, we deduce

id = D(fog)(p) = Df(g9(p)) o Dg(p).

We also know by the chain rule that g o f is differentiable at g(p), with derivative

id = D(go f)(g9(p)) = Dg(f(g9(p)) e Df(g(p)) = Dg(p) o Df(9(p)),

where we have used f(g(p)) = p.

Exercise 2.6 (*). (a) Show that the map P : R? — R given by:

P (z,y) = xy
is differentiable at each point p = ( g ) € R?, with Jacobian:
DP(p)=(n &).

Solution: Let h = (hy, ho)
P(p+h) — P(p) = (§+ h1)(n + ha) — &n = han + ha& + hiha,

so that:
P(p+h) — P(p) = DP(p) [h] = hiho.

Now, by Young’s inequality we know that:
Lo 2 1 2
|hihe| < 5 (hi +h3) = B (2]

so we have that:

P h ho) — P — DP(p) |h 1
172 2
as ||h|| — 0.
Suppose that f, g : R® — R are differentiable at ¢ € R™. Show that the map @ : R" —

R? given by:
Q: 2z (f(2),9(2))
is differentiable at ¢ and:



Solution: We calculate, for h € R™:

e+ -a -pawin = (410 ) - () - (55 )
_ ( fla+h)—f(a) — Df(g)[h] )
g(q+h)—glq) — Dg(q)[h] )"

Now, writing:

and applying the triangle inequality we have:

1Q(q+h) —Q(q) — DQ(q)[r]|| < [If(q+h)— flq) — Df(q)[h]]
+ llg(q + h) — g(q) — Dg(q)[R]|l ,

so that :
i 1@ +h) = Qlg) = DQA]| _ . Ilf(a+h)— fla) — Df(a)[h]l
h—0 Al ~ h—0 IRl
+ lim l9(q + R) — g(q) — Dg(q)[h]]]
h—0 1Rl

= 0.

(c) Show that F': R™ — R given by F(z) = f(z)g(z) for all z € R™ is differentiable at g,
and:

DF(q) = g(a)Df(q) + f(a)Dg(q)
[Hint: Note that F = P o Q.]

Solution: Note that F' = P o (). Since ( is differentiable at ¢ and P is differentiable
at Q(q), by the chain rule we have that P o @ is differentiable, at ¢, and moreover:

Df(q)

DF(q) = DP(Q(q)) o DQ(q) = (9(q) f(Q))( Do(q)

> = g(q)Df(q) + f(q)Dg(q).

Exercise 2.7. (a) Let the function f : R? — R? be given by
f(z,y)=| z—logy |.
20y + 1

Assuming f is differentiable at a point (5), what is its derivative?

(b) Let g : R? — R! be given by g(z,y,2) = z +y + 2. Compute the derivative of g o f
assuming it exists. Compute it in 2 ways, with and without the chain rule.



Solution: (a) By the general formula for the Jacobian at p = (z,y) € R?

Y

Dif'(p) Daf*(p) ofi
Df(p) = | Dif*(p) Da2f*(p) _<a>
Dif*(p) Da2f(p) R/ j=12,3k=1.2

where we denoted z; = z, zo0 = y. Note that by convention in the matrix element notation
a;i, the first index refers to the row, and the second, to the column. Computing partial

derivatives, we obtain
20 -+ eTty Tty

Df(p) = 1 -y
2y 2z

(b) First, the derivative of g at a point ¢

Dyg(q) = (D1f(q) D2f(q) D3f(q)) = (111).

Using Df from (a) and the chain rule, we obtain

20 + ety ety )
_ 1 . + n 1
D(ge f)(p) = (111) x 1 J | =@ty Fet el 20t -0,
2y 2x

Alternatively,
(9o f)(x,y,2) =2 + e + o —logy + 2zy + 1,

and hence

D(go f)(p) = (Dilgo f)(p), D2(go f)(p)) = 2z +y) + e +1 2+ - ;)‘

Unseen Exercise. Consider the map f : R? — R defined as

fany) = {xzsin(l/x) ify=0,2#0,

0 otherwise.

Is the map f differentiable at (0,0) € R?? Justify your answer using the definition of the
derivative.

Solution: Yes, the map f is differentiable at (0,0). We claim that D f(0,0) is the linear
map A = 0. To see this, let h = (h!, h?) € R?. We note that

1£((0,0) + (R, h%)) = £(0,0) = A[(h', 2)]| = Lf (R, h®)]| < |n']%.

Also, by an inequality in the exercises, we have |h!| < ||(h!, h?)]|.

Thus,
1£((0,0) + (R, h?)) — f(0,0) — Al(RY, B2)]I| _ [AM? _ nl|
I(RY, R2)|| ~ | '
This implies that
o IA0.0) + (1 B2) — £(0,0) — AIRL B

(h1,h2)—50 (A, h2)]|



