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Exercise 3.1. Show that f : R? — R is everywhere differentiable, and find the differential
when:

() f(z,y) =2 +y* -z —ay,

_ 1

(b) £o9) = s,

(c) flz,y) =="y*.

Exercise 3.2. Suppose A is a symmetric (n x n) matrix. Consider the function:

f: R* - R
x — zAzxl.

(a) Show that f is differentiable at all points p € R", with:
Df(p) = 2pA

(b) Find:
Hess f(p).
Exercise 3.3. Consider the function f : R* — R given by:
f:(zy,2) =ay® + 2 + xzev.

(a) Compute the first and second partial derivatives. Observe the properties of the second
partial derivative.

(b) Write the terms of the Taylor expansion of f at zero up to and including the second-
order terms.

(c) Without computation, write the same Taylor expansion up to and including the fourth-
order terms.

Exercise 3.4 (*). Consider the function f : R? — R given by:

xy?’ — g;?’y
x4 (z,y) # (0,0)
()
(a) Show that:
y3 — 322y 2z (zy® — 2Py)
Df.<$>’_> x2 + 92 o (x2+y2)2 (x,y) # (0,0)
if
0 (z,y) = (0,0).

Please send any corrections to d.cheraghi@imperial.ac.uk
Questions marked with * are optional



and
3yx — 23 2y (xy3 — x3y)
o 2
D2fi<$>|—> 2% +y? (2% +9?)

Yy
0 (x,y) = (070)7

(z,y) # (0,0)

and show that these functions are both continuous at (0, 0).
(b) Show that:
lim (D f(te2) — D1f(0)) = 1
and 1
lim & (Do f(te1) — D (0)) = 1
(c) Conclude that both Do D1 f(0) and Dy D2 f(0) exist, but that:
Dy D1 f(0) # D1D2f(0)

Exercise 3.5. Consider the function f : R? — R defined as f(z,y) = % sin(y).

a) Compute the degree 1 and degree 2 Taylor polynomial of f near the point (xg,yo) =
(0,7/2) and use those to approximate the value of f at (z1,y1) = (0,7/2 + 1/4).
Compare your results with the values you obtain from a calculator.

b) How precise is the degree 1 approximation in the closed ball of radius 1/4 around
(z0,y0). Find a rigorous upper bound for the approximation error.



