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Exercise 9.1. Consider the metric space (R, d;), and assume that a and b are real numbers
with @ < b. Show that all of the intervals (a,b], [a,b), [a,+0o0), and (—oo,b] are not
compact.

Exercise 9.2. Show that if A and B are compact subsets of a metric space (X,d), then
AU B is a compact set.

Exercise 9.3. Show that the ball
{(z,y) eR? [ 2® +y* <1}
in the metric space (R?,dz) is not compact.

Exercise 9.4. Let (X,d) be a metric space, and Aj, A, ..., A, be a finite number of
bounded sets in X. Then U} ; A; is a bounded set in X.

Exercise 9.5. Let (X,d) be a non-empty metric space, and let Z C X. Show that Z is
bounded if and only if there is € X and r € R such that Z C B,(x).

Exercise 9.6. Consider the set R with the discrete metric dgise. The set (0, 1) is closed
and bounded in (R, dgisc), but it is not compact.

Exercise 9.7. Let (X, d) be a metric space, and assume that V;,, for n > 1, be a nest of
non-empty closed sets in X.

(i) Show that if X is compact, then N,>1V}, is not empty.

(ii) Give an example of a nest of non-empty closed sets V;,, for n > 1, in a metric space
such that N,,>1V}, is empty.

Exercise 9.8. Show that if a metric space is sequentially compact, then it is bounded.

Exercise 9.9.*% Let (X,d) be a sequentially compact metric space. Show that X is sepa-
rable, that is, there is a countable dense set in X.

Exercise 9.10.*% Let (X,d) be a sequentially compact metric space, and R be an open
cover for X. Show that there is a countable sub-cover of R for X.

Exercise 9.11. Let (X, d) be a compact metric space, and assume that f: X — X is a
continuous map such that for all x € X, we have f(z) # =. Show that there is § > 0 such
that for all x € X, we have d(z, f(x)) > 6.
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