MATHS50001 Problems Sheet 1
Solutions

la. Let z = x+1iy. Then iz = ix—y which implies Re (iz) = —y = —Imz
and Im (iz) = Re z.

2.a)

3420 3420 1-i_3+2+1@2-3) 5 .1
T+1 141 1—1 2 2 2°

b)
141 141 341 3—1+4i34+1) 1 .2

3.1 3.1 3+1 10 =5ty

c)
z+2 (x+2)+iy  (x+2)+iy (x+1)—1iy

z+1  (x+1)+iy (x+1)+iy (x+1)—1y
)+ +yr+Hil(x+ 1y — (x+2)y)

(x+1)2+y?
:x2+3x+2+y2—iy:x2+3x+2+y2_i y
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3. z=x+1iy =r(cos O + isin O), where

r= \/m, Argz = 0 = arcsin(y/r) = arccos x/r, st —m<0 <7
a) |z| = = /2, Argz = arcsin(—1/v/2) = —m/4.

b) |z| = r = 3, Argz = arcsin(—1) = —mt/2.

¢) |z| =r =5, Argz = arcsin(4/5).

d) |z| =1 = /5, Argz = —arccos(1/V/5).

4. |zl =1 = /2, Argz = arcsin(1/v/2) = 7/4.
(14+1)'® =1"°(cos(16 - 71/4) + isin(16 - /4)) = 256.

5.
a) We can assume that z; and z; are two points on the real line, so that
z1 = x7 and z; = x;,. Then

X1+ X .
{z: |z—z1|:|z—zz|}:{z: z= ]2 Z—I—ly,yeR}.

b) The equation 1/z = Z iff |z|*> = 1 that is the unit circle.
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¢) Re z = 3 coincide with the straight line {z = x + iy x = 3}.
d) Rez = x 4+ iy > c is a half plane whose x > c.

e) Letz =x+1y, a = a;+1ia; and b = by +1b,, where a;, a;,b;,b; € R
and let a # 0. Note that

Reza+b =xa; —ya,+b; >0
If a; = 0then x > —b;y/a; and if a; # 0 theny < %X‘Fb].

f) Let z = x + iy. Then we have \/x? + y? = x + 1. This implies that
Yy =2x+1 with x>—1.

g) Let z = x + 1y. Then Imz =y = c is the equation of a line parallel to
the real axis.

6.
< z1,Zy >=X1X2 + Y1Yz.

1 1
5 ((z1,22) + (22,21)] = 5 (2123 + 2224]

1 . )
=5 <X1X2 +yiyz + i(x2y1 —x1Y2) + xix2 F Yy1y2 + x1yz2 — x2y; ))
= x1X2 + Y1Ys.

7. Here u(x,y) = x* +y* and v(x,y) = 0. Since u; = 2x and u, =
2y, the Cauchy-Riemann equations are satisfied only at z = 0. Hence
differentiability fails at all non-zero points.

To verify differentiability at O, we observe that

ZP—0  zz

z—0
z—0 z

as z — 0. Then the derivative exists and has value 0.

8. If f(x +1y) = ulx,y) +iv(x,y) = /Ixllyl, then u(x,y) = /Ixllyl and
v(x,y) =0.
Since the function u(x,y) takes the constant value 0 along both the x- and

the y-axes we conclude that uy =uy = 0.

More formally: at the point (0, 0)

W = fim 260 =00 0
x x—0 X — O x—0 X
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and the computation for u; is essentially identical. Thus the Cauchy- Rie-
mann equations are trivially satisfied. On the other hand

f(z) —f(0) VIxIyl B V/cos 0 sin O
z—0  x+iy cos@-+isin®’

(%)

where x = rcos0 and y = rsin6. Thus (x) is independent of r and if we
take © = 0 or = 7t/2 then (f(z) — f(0))/(z — 0) = 0 but if 6 = 71/4 then
(f(z) = 1(0))/(z—0) = (1 —1)/2

We are forced to conclude that the limit does not exist as z — 0.

9. Consider

L . . . 1—e?n

Z €21k7r/n — 14+ 6217'(/11_|_ e4m/n+ et 62(n71)m/n — : —0. (*)
1— eZm/n

k=0

Note that

4 2k 2k
2R — cos (—ﬂ) +1isin (—ﬂ)
n n

The complex number equals to zero iff its real and imaginary parts are zeros.
Therefore () implies

(271) (47t> (Z(n— ])7[)
cos(— | +cos| — | +:---Fcos| —— | =—1
n n n

10).

, (27’() , (47’() . (Z(n — 1)7'c>
sin| — | +sin{— ) +---+sin| —— | =0.
n n n
(1)

If C # 0, then the images of the straight lines x = C are circles

and

2., .2 U
——==0.
u +v C
If C = 0, then the image is the axis u = 0.

If C # 0, then the images of the straight lines y = C are circles u? +v? + ¢
If C =0, then the image is the axis v = 0.

(ii) The images of the circles |z| = R are the circles [w| = 1/R.
(iii) The images of the rays arg z = « are the rays argw = —o.

(iv) The image of the circle |z — 1| = 1 is the straight line uw = 1/2.



