MATH95007 Problems Sheet 2
Solutions

V2 Y. /8. V3 s 1
la. Y2 (1 +1i); 248, 2 il
1b. sini = (e '—e)/2i; 2i=ellM2 2% kK cZ; {l=e W/ X cZ
Ic. Logi=in/2; Log(—1—1) =7 In2—13m/4.
1d. Log (z%) # 2Log (z).

2a.

sin(z) + z;) = =— (ei(h tz22) _ oz +z2))'

2i

sin zj cos z; + sin z; + cos z;
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2b.
1 eZiz . efZiz
tan ZZ = - B T T
1 e 1z + e 1z
iz_ ,—iz
2tanz 2 ;Hﬁ
1 - tanzz i ] eiz_e—iz 2
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2 (eiz _ efiz)(eiz + efiz) 2 eZiz _ efZiz

i(ez+e2)24 (eiz—ei2)2 | 2eliz 4 Qe 2iz’

3. Log(—1+4+1i/n) =In+/1+ 1/n? +1i0,, where 6, — 7t and
Log (—1 —1i/n) =In/1+ 1/n? + i@,, where @,, — —7, as n — oo.
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4.
(i) Note that
zZ"—1

P(z) = p— =1l+z4+22 442"

Therefore P(1) = n.

(ii) The points Qy, k = 0,...,n — 1, can be identified with the roots of the
equation z™ = 1 which are

Zk:ezmk/n’ k:O,)T‘L—]
Consider
Zn—] ‘| n—1 n—1
e R § )
k=0 k=1
Clearly
de=01-zl k=1,...,n—1.
Therefore
n—1 n—1 n—1
" —1
dy = M-z = (1—2z)| = —P(1)=n
z—1 :
k=1 k=1 k=1 z
5a.
27t .. .
J deZZJ oik8 1 010 49 — 2, %fk+1 =0,
" 0 0, ifk+1=#0.
5b.
A7t .. o
J dez:J elk8 i ol 49 — 4, %fk—|—1 =0,
Y2 0 0, ifk+1=#0.
6a.

e y={z=x+4+1ye C: y=2x,x € [0,1]}. Thus

1

]:J Imzdz:J yd(x+1iy) :J 2xd(x +12x)
Y Y 0

1 1
:2J xdx+4iJ xdx =1+ 21.
0 0



e y={z=x+1iye C:y=2x% x € [0,1]}. Then

1
] :J Imzdz :J 2x% d(x +1i2x?)
h% 0
1

1

2

:zJ xzdx+81J x> dx = = + 2i.
0 0 3

6b. We find thaty = {z =1e®® € C: r =2, 0 € [rt/2, r]}. Then

n . . . 8 8
] = J (i-2e®4+4e?)2{e®d0=—21— = +i-=.
/2 3 3
7a. The integrant 1/z is continuous outside z = 0 and, in particular, on
the curve v : z = rel®, —m < 0 < 7, and moreover d(Logz)/dz = 1/z
outside the branch cut (—oo, 0]. The curve 'y does not intersect this branch
cut and therefore

1 i
J . dz =Logz| =Log(i)—Log(—i)
y _

1

=(InT+im/2)— ((In1 —im/2) =i

7b. Once again 1/z is continuous on
vy={zeC:z=1¢% 0c [3n/2,7/2]}.

However Log z is not holomorphic on (—oo, 0] and in this case 7y intersects
this branch cut, so we cannot claim that d(Logz)/dz = 1/z at © = 7. Let
us choose another branch cut for log. Let, for example, it be [0, +00) and
denote log-function with this branch cut by log, z. Namely, in this case for
z =re¥ we have 0 < 0 < 27t. Then

1

= logy(i) — logy(—1)

1
J —dz = log,(z)
v Z

=(Inl1+im/2)— (In1+1i37/2) = —im.

8. If n # 1, then in the domain |z — zy| > O the integrant has primitive and

1 1
J(z—zm = 0 ez T C

Consequently , for n # 1

f o
h% (Z_ZO)
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For n = 1, on the other hand, 1/(z — zy)" does not have a primitive in any
domain that contains y. (Every branch of log(z — zy) has a branch cut that
intersects y). We set z = zo + 1e*®, —mt < 0 < 71 and obtain
1 A .
?j} dz:J —ire?do =10
vy Z— 2o I

us

= 2im.
—TT

F[ﬁ Vzdz = J V3e%2{3¢® 4o = 321 J ¢392 49
Y —Tr _n

us

= 2V/3(eBV2 — e B2y = 24/3(=21) = —4V/3 1.
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