MATHS50001 Problems Sheet 3
Solutions

1). Because 1/(z? — 4) is holomorphic at all points
2l <4\ {lz: 2+ 2 <THUE: -2 <1

we obtain
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where vy : |z+2|=Tandvy,: |z—2|=1.

Note that
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It follows that
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Because 1/(z — 2) is holomorphic inside and on y; its integral around 7y,
is zero (by the Cauchy-Goursat theorem). Similarly, the contour integral of
1/(z 4 2) around 'y, vanishes. Besides,

4} 1 dz =27i and 45 1 dz = 271,
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Consequently
F[;Y 1 dz——lzni+127ri—0
, 22 —4 4 4 o
2).

! 1
——dz = 4} . . dz.
f';yzg' 1T e ez - )
Note that
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Both functions 1/(z — 1) and 1/(z — €*3) are holomorphic inside and on
v ={z: |z—1i| = 1}. Therefore
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/3 is inside the domain bounder by 'y we have
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3). a) No, b) Yes, ¢) No.
4).
4} ¢ smz dz = 27tie* sinz — 27ie’ sin5.
y 2—95 z=5

5). Let Rez > 0, choose any # > |z|. We consider the interval y; =
[i3, —1f], half circle

Yo=1{z:z=p€" —m/2<0<mn/2}
and denote Y = y; U<y;. Then by Cauchy’s integral formula

1 f(n) 1 (P fm) 1 f(n)
=) =7 d Jiﬁ T]_Zd +27Ti LG—z

= = dn.
2ni J,n—z 27t 4

Let r = min, ey, M — z|. Using our assumptions we find that if n € v,
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According to the ML-inequality

’zLJ T g < s mp= M o,
i), n—z

as p — oo. Thus




6). We use Cauchy’s theorem
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f(z) dz.

7)
Let
vi={z:z=2e" ¢ €[0,n]}, Yo={z:z=%x,-2<x< -1},
vi={z:z=1¢"% ¢ € [n0]}, Ya={z:z=x,1<x<2}L
Then
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8a)
Let us introduce curves vy, ={z: |z—n|=1/2}, n =0, 1,...k. Then by
using the Deformation Theorem we have

dz K dz
be = S&z(z—])...(z—k) dz = ;?{jnz(z—n...(z—k) dz.

Note that for any n : 0 < n < k the Cauchy’s integral formula implies
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Thus

8b)
Using Cauchy’s integral formula we obtain (for k > 1)

]kza& (z—1)(z—2)...(z—Xk)

z

= 2mi (—1)*kl.

9. Step 1. We first prove that if y C C is a simple closed piecewise-smooth
curve bounding Q and f and f, are continuous inside and on y then

f(z)dz =21 af(_z) dxdy.
f e =[] 53

Indeed, this is a direct corollary of Green’s theorem

3& f(z) dz:ﬁ; (u+iv)d(x+1iy) = 3&
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—2i ”Q diz (u + iv) dxdy = 2i ”Q diz f(2) dxdy.

Step 2. Let r > 0 is small enough, so that B.(zy) ={z: |z —z¢| < r} C D.
Using the same argument as in the proof of the Deformation theorem we



find
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where we have used the fact that 1/(z — z¢) is holomorphic in D \ B, (zo)
and therefore d(z — zo)~'/dz = 0. It remains to note that

- flz) . . f(zo) + f(2z) — f(2o)
lim dz = lim
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and that
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