MATHS50001 Problems Sheet 4

Solutions
D
2nti, n=1,
3g z? dz — 2i d™! 2 471?, n=2,
(z—T1)n (n—T1)! dzn! 2ni, n =23,
0, n > 3.
2 a) This is the ellipse with two focuses at 2 and —2.
2b)
i 2nti d?
i (Zsj_lgp z= ;l@ sinzzz? = —misin(—2) = wisin 2.
3) Let p be a polynomial. Then, by Cauchy’s formula
1 1— 1 1
— —ZP(Z) dz,:—# —dz=1.
2mi lz]=1 z 2mi |zl=1 z
Therefore by using the ML-inequality we obtain
1 1—zp(z) —1
1=|— ———dz| < max|l —zp(z)| = max |z — p(z)|.
s SLZM 2 < max |1 - zp(2)] = maxlz"" —p(z)

4) Indeed, for any zy, z; € C, zy # z; and R sufficiently large, we have

1 f(z)
2mi SE;_R (z —z0)(z — z1) 4

o 1 f(z) 1 f(z)
Czo—2z (ZTUL é{fz_R (z—z0) dz 2m i—R (z—2z1) dZ)

= ) (@)
Zo — Z1

(3 unseen)
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Since f is bounded, there is a constant M, such that |f(z)] < M, z € C.
Therefore using the ML-inequality we find

1 f(z) 1
5 4”'2_]2 Z—z)z—z) Y SMR M o S =

1
(R—1lzol) (R = |z1])
1
(T = lzol /R)(T = [z4]/R)

< MR

= MR

— 0,

as R— o

This implies
1
Z1 — 2o
and thus f(zy) = f(z;). Since zy and z; are arbitrary, we finally obtain that
f is a constant function.

(f(zo) = f(z1)) =0

5) Note that if n = 0, then we simply apply Liouville’s theorem.

Assume that [f(z)] < C(1 + |z|)™ with some C > 0. Then for any zy € C
we have

(n+1)! f(z)
|f(n+1) z | — ‘— 47 % 4z
( 0) 217_[ 2 20/=R (Z_Zo)n+2

Cn+1)! 2mR
< - = 1 "n——— 0
ST (R 0
as R — oo.
Therefore ™1 = 0 and thus f™ is a constant function. We conclude that

f(z) is a polynomial of degree at most n. by integrating f™(z) n-times.

6) Assume that f = u+1iv is an entire function that has a bounded real part.
Then g(z) = ef# is also entire. Note that sinve u is bounded then |g| = e
is bounded. Thus g is constant. and therefore f is a constant function.

7)
a) converges,
b) converges,

‘3 — (2™ 3— (20 ,2 3/2™ —in
cosni em+er| Tenr 14e2n
Clearly |3/2™ —i*| < 3/2" +1<5/2and 1 + e 2" > 1. Therefore
)—3 — 20 52
cosni

:2‘

en’



Since 2 < e we conclude that series converges.

c) diverges, indeed:
2

n n 1 n 1 _
= <n++]) = <\/TW> = (1+1/n2)"/2 e V2 Lo,

Because it is known that

ni 2

n+i

. T\t
lim (1+7) =e.
8)Rez < 0.
%Na)lzl<;b)z—4 <2 Vo) |z—2| < 1.

10)
)Y >, 2— 2 <2

b)ZnO 1+1 z—=1N, z—il < V2.

11)
a)ZnO n! Zn |Z|<OO

b)Y, S (z— 1 =) z—1—i] < oo,

)7”+Zn] mn (z—i)“,lz—i]<1.

12)

Clearly

1
= 1 (0).

a) Let 1 > ¢ > 0. By using the generalized Couchy’s formula we find

k! f(z)
(k) _
f (0) = E{ﬁd e ZkJr] d

Therefore by using the ML inequality and the fact that [f(z)| < T in D we

have _ ;
ol < ¢ ) e <
|z|=T—¢

= k! 2in
Letting ¢ — 0 we obtain |a;| < T.

b) We now use the generalized Cauchy’s formula integrating over a circle
C,={zeC: |zl =1}

k! f(z)
k
f( )(O) - 217'[ ﬁz —r Zk+1 d
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By applying the ML inequality we find by using the inequality |f(z)| <
(1T—lz)~"

-
<
lax] < (1 —1)
Note that 4
d—rkﬂ —1)=kr* T — (k+ D=0
T
implies r = k/(k + 1) and finally we obtain
k -+ 1)1
o < ST

kk



