MATHS50001 Problems Sheet 5

Solutions
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and thus

3¢) If 5 < |z|, then
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4) Let f(z) = ze?* and zo = 2. Then
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5)
a) If f is holomorphic at z, and has a zero of order m at zo, then there is g(z)
holomorphic at zy, g(zo) # 0 such that f(z) = (z — zo)™ g(z). Therefore
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Thus 1/f has a pole of order m at z,.
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where g(z) is holomorphic at 0 and g(0) # 0. Therefore m has a
pole at O of order 8.
6)

a) z = 0, essential singularity;

b) z =0, pole of order 4;

¢) z =nm, (6bn + 1)7t/3, poles of order 1.
7) The function f(z) = ﬁ has two poles inside y = {|z| = 3}. One of

them is at z; = O of order one and the other one is at z, = 2 of order three.
Therefore
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8) Substituting z = ¢* gives
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If a] < 1 there is a pole inside |z| = 1 at a with the residue 1/(1 — a?).
Therefore I = 27t/(1 — a?).
If |a] > 1 the pole inside |z| = 1 is at 1/a and the residue is
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Hence I = 27t/(a? —1).
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The only term that survive if n — 1 4+ k — m + 1 = 0. The only possibility
for that is k = 0 and m = n and thus
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a. Let first £ < 0 and consider
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where y = v Uy,

Y1 ={z: z=x+10, —R < x < R},
and v,={z:z=Re®, 0<0<m, R>1.
Then
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Note that since 0 < 0 < 7t we have sin® > 0. Therefore by using the
ML-inequality we find
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as R — oo.
Finally
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b. If & > 0 then by substituting x = —y we have
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and thus reduce the the problem to the case 1.a.
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12) Consider
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where y = y; Uy, is defined by

N

yi={z:z=x+10,0<x <R}, R>1,
v, ={z:z=Re® 0<0<2n/n},
vs={z:z=re?" re[R,0].

The only singularity of the function 1/(1 + z") internal for 7y is the point
e™™, Therefore
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Moreover
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Finally we obtain
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