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Solutions

1)
a)

1

2
· 1

z− 2i
+

∞∑
n=0

in−1

22n+3
(z− 2i)n, 0 < |z− 2i| < 4.

b) ∞∑
n=−1

1

e(n+ 1)!
(z+ 1)n, |z+ 1| > 0.

2) ∞∑
n=1

(−1)n+1

2n(z− 1)n
−

∞∑
n=0

(z− 1)n.

3) Obviously
9

(z− 4)(z+ 5)
=

1

z− 4
−

1

z+ 5
.

3a) If |z| < 4 we have

1

z− 4
= −

1

4− z
= −

1

4

1

1− z/4
= −

1

4

∞∑
n=0

1

4n
zn

and

−
1

z+ 5
= −

1

5

1

1− (−z/5)
= −

1

5

∞∑
n=0

(−1)n

5n
zn.

Therefore

9

(z− 4)(z+ 5)
= −

∞∑
n=0

( 1

4n+1
+

(−1)n

5n+1

)
zn.

3b) If 2 < |z| < 5, then

1

z− 4
=
1

z

1

1− 4/z
=
1

z

∞∑
n=0

4n

zn

1



2

and thus

9

(z− 4)(z+ 5)
=

∞∑
n=0

4n

zn+1
−

∞∑
n=0

(−1)n

5n+1
zn

=

−1∑
n=−∞ 4

−n−1 zn −

∞∑
n=0

(−1)n

5n+1
zn.

3c) If 5 < |z|, then

−
1

z+ 5
= −

1

z

1

1− (−5/z)
= −

1

z

∞∑
n=0

((−5)
z

)n
which implies

9

(z− 4)(z+ 5)
=

∞∑
n=0

4n

zn+1
−
1

z

∞∑
n=0

((−5)
z

)n
=

−1∑
n=−∞

(
4−n−1 − (−5)−n−1

)
zn.

4) Let f(z) = z ez and z0 = 2. Then

f(z) = (z− 2) ez−2e2 + 2ez−2e2 =

∞∑
n=0

e2

n!
(z− 2)n+1 +

∞∑
n=0

2e2

n!
(z− 2)n

= 2e2 +

∞∑
n=1

(
e2

(n− 1)!
+
2e2

n!

)
(z− 2)n.

5)
a) If f is holomorphic at z0 and has a zero of orderm at z0, then there is g(z)
holomorphic at z0, g(z0) 6= 0 such that f(z) = (z− z0)

m g(z). Therefore

1

f(z)
=

1

(z− z0)m
· 1

g(z)
.

Thus 1/f has a pole of orderm at z0.

b)(
2 cos z− 2− z2

)2
=
(
2
(
1−

1

2
z2 +

1

4!
z4 −

1

6!
z6 + . . .

)
− 2+ z2

)2
= 4

( 1
4!
z4 −

1

6!
z6 + . . .

)2
= z8 · g(z),
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where g(z) is holomorphic at 0 and g(0) 6= 0. Therefore 1
(2 cos z−2+z2)2 has a

pole at 0 of order 8.

6)

a) z = 0, essential singularity;

b) z = 0, pole of order 4;

c) z = nπ, (6n± 1)π/3, poles of order 1.

7) The function f(z) = ez

z(z−2)3
has two poles inside γ = {|z| = 3}. One of

them is at z1 = 0 of order one and the other one is at z2 = 2 of order three.
Therefore

	
∫
γ

ez

z(z− 2)3
dz = 2π i (Res [f, z1] + Res [f, z2])

= 2π i

(
e0

(−2)3
+ lim
z→2

1

2

d2

dz2
(z− 2)3ez

z(z− 2)3

)
= −

π i

4
+ πi lim

z→2
(
ez

z
− 2

ez

z2
+ 2

ez

z3

)
= −

πi

4
+ π i e2

(
1

2
−
1

2
+
1

4

)
=
π(e2 − 1)i

4
.

8) Substituting z = eiθ gives

I :=

∫ 2π
0

dθ

1− 2a cos θ+ a2
=
1

i
	
∫
|z|=1

1

−az2 + (1+ a2)z− a
dz

=
1

i
	
∫
|z|=1

1

(z− a)(1− az)
dz.

If |a| < 1 there is a pole inside |z| = 1 at a with the residue 1/(1 − a2).
Therefore I = 2π/(1− a2).
If |a| > 1 the pole inside |z| = 1 is at 1/a and the residue is

lim
z→1/a

z− 1/a

(z− a)(az− 1)
=

1

a2 − 1
.

Hence I = 2π/(a2 − 1).
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9)

	
∫
γ

ez − 1

z2(z− 1)
= 2π i 2Res

[
ez − 1

z2(z− 1)
, 1

]
− 2π i 2Res

[
ez − 1

z2(z− 1)
, 0

]
= 4πi

{
ez − 1

z2

∣∣∣
z=1

−
z

dz

ez − 1

z− 1

∣∣∣
z=0

}
= 4πi

{
e− 1−

ez(z− 1) − (ez − 1)

(z− 1)2

∣∣∣
z=0

}
= 4πi

{
e− 1+ 1

∣∣∣
z=0

}
= 4πie.

10) Indeed,

1

2πi
	
∫
|z|=r

zn−1 |f(z)|2 dz =
1

2πi

∫ 2π
0

rn−1 ei(n−1)θ |f(reiθ)|2 i eiθ r dθ

=
rn

2π

∫ 2π
0

ei(n−1)θ

(
n∑
k=0

akr
keikθ

)(
n∑
m=0

amrmeimθ

)
eiθ dθ.

The only term that survive if n− 1+ k−m+ 1 = 0. The only possibility
for that is k = 0 andm = n and thus

1

2πi
	
∫
|z|=r

zn−1 |f(z)|2 dz = a0ān r
2n.



5

11)
a. Let first ξ < 0 and consider

	
∫
γ

e−iξz

1+ z2
dz,

where γ = γ1 ∪ γ2

γ1 = {z : z = x+ i0, −R < x < R},

and γ2 = {z : z = R eiθ, 0 ≤ θ ≤ π}, R > 1.

Then

	
∫
γ

e−iξz

1+ z2
dz = 2πiRes

[ e−iξz
1+ z2

, i
]
= 2πi

eξ

2i
= π e−|ξ|.

Note that since 0 ≤ θ ≤ π we have sin θ > 0. Therefore by using the
ML-inequality we find∣∣∣ ∫

γ2

e−iξz

1+ z2
dz
∣∣∣ ≤ πRmax

∣∣∣e−iξ R (cos θ+i sin θ)

1+ R2 e2iθ

∣∣∣ ≤ πR

R2 − 1
→ 0,

as R→∞.
Finally

π e−|ξ| = π eξ = 	
∫
γ

e−iξz

1+ z2
dz = lim

R→∞
( ∫

γ1

e−iξz

1+ z2
dz+

∫
γ2

e−iξz

1+ z2
dz
)

= lim
R→∞

( ∫R
−R

e−iξx

1+ x2
dx+

∫
γ2

e−iξz

1+ z2
dz
)
=

∫∞
−∞

e−iξx

1+ x2
dx.

b. If ξ > 0 then by substituting x = −y we have∫∞
−∞

e−iξx

1+ x2
dx =

∫∞
−∞

e−i (−ξ)y

1+ y2
dy.

and thus reduce the the problem to the case 1.a.

12) Consider
	
∫
γ

1

1+ zn
dz,
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where γ = γ1 ∪ γ2 is defined by

γ1 = {z : z = x+ i0, 0 < x < R}, R > 1,

γ2 = {z : z = R eiθ, 0 ≤ θ ≤ 2π/n},
γ3 = {z : z = r ei2π/n, r ∈ [R, 0]}.

The only singularity of the function 1/(1 + zn) internal for γ is the point
eiπ/n. Therefore

	
∫
γ

1

1+ zn
dz = 2πiRes

[ 1

1+ zn
, eiπ/n

]
= 2πi

1

neiπ(n−1)/n
= −

2πi

n
eπi/n.

Moreover ∫
γ1

1

1+ zn
dz→ ∫∞

0

1

1+ xn
dx, R→∞,∫

γ2

1

1+ zn
dz→ 0, R→∞

and ∫
γ3

1

1+ zn
dz→ −e2πi/n

∫∞
0

1

1+ xn
dx, R→∞.

Finally we obtain

(1− e2πi/n)

∫∞
0

1

1+ xn
dx = −

2πi

n
eπi/n,

which is equivalent to

eπi/n − e−πi/n

2i

∫∞
0

1

1+ xn
dx =

π

n
.


