MATHS50001 Problems Sheet 7
Solutions
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1b) Clearly
Alf(z)* = A(u? +V7)
= 2u(uf +uy,) + 2v(vi +vi,) + 2((w)? + (v)? 4 (ug)? + (vy)?).

Since f is holomorphic we have

o "o o "o
Au=u, +u, =0 and Av=v, +v, =0.

Besides using the Cauchy-Riemann equations u, = v; and u, = —v; we
find
Alf(2)F = 2((w)? + (=) + (wy)? + (w)?) = 4((w)? + () )?)

1T ,/0u 10u\|2
:4‘2— v, A ‘ — 4120u/0zP = 4| (2) .
2 <ax + i ay) [20u/02] If. ()l

1c¢) It follows from the proof of 1.b and the Cauchy-Riemann equations that

).

a) For u = x* — 3xy? — 2y we have u, = 3x? — 3y%, u” = 6x and
ué = —6xy — 2, ugy = —6%. Thus we have

/
/ 2 (2 IN2 o r u, v
()17 = (u)” + (uy) = ug vy —uy v = det <u; v

« ~xr ~

2. Harmonic conjugates.

wy g, = 6x —6x =0
and it shows that u is harmonic.
Cauchy-Riemann equations imply
v, =u = 3x" =3y’
Integrating the latter w.r.t. y we find
v =3x*y —y’ + F(x),
1
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and differentiating it w.r.t. x we have
v, = 6xy + F'(x) = —u = 6xy + 2.
So F/(x) = 2 and F(x) = 2x + ¢, ¢ € R. This implies
v=3x"y -y +2x+c,
f=u+1iv =x> - 3xy? — 2y + 3ix’y — iy’ + 2ix + ic
= (x +iy)® + 2i(x + iy) + ic
or f(z) = 23 + 2iz +ic.

b) If u = x — xy, then u, =0, ué’y = (0, and thus u is harmonic.
Using the Cauchy-Riemann equations we find v; =u, = 1 —y and inte-
grating this w.r.t. y we obtain

v=y—y?/2+Fx).

Differentiating the latter w.r.t. x we arrive at

v, =F(x) = —u, =x
and therefore F(x) = x*/2+c¢,v=y —y*/2+%x*/2 +c;
. oy i)
f=u+w:x—xy+1y+1?—1?+1c=(x+1y)+1T+1c

or f =z+41iz?/2 +ic,c € R.
¢) For any (x,y) € R?
Au =ul +uy, = (e*cosy (x + 1)), — (ye*siny).
+ (xe* (—siny)), — (e*(siny +ycosy)),
=e*cosy (x+ 1)+ e*cosy —ye*siny
—xe*cosy — e*(cosy + cosy —ysiny) = 0.

Using the C-R equation u;, = v; and integrating by parts we derive
v= Ju; dy = J (e¥cosy (x+ 1) —ye*siny) dy

=esiny (x + 1) +ye*cosy —Je" cosy dy
=e*siny (x + 1) +ye*cosy — e*siny + C(x).
The second C-R equation v, = —u, gives
e*siny (x + 1) + e*siny + ye*cosy — e*siny + C'(x)
= xe* siny + e*(siny +ycosy).
This implies C’(x) = 0 and thus C(x) = ¢ = const € R.



Finally we obtain
v(x,y) = xe*siny +ye*cosy + c.
Moreover,
f(z) =u+1iv =xe*cosy —ye*siny + i (xe*siny +ye*cosy + c)
= (x +1iy) e*(cosy + isiny) +ic = (x + iy) e™ +ic = ze* + ic,
where ¢ € R. Then the equation
f(im) = ime™ +ic=—im+ic=0 = c=m.

Answer: f(z) = ze* +1im
3. We have

0=Ag(x,y) = Alf(2)? =4If;(2)? = f(z) =0
=

This implies f(z) = constant.

4. Since u is harmonic we have Au = 0. Therefore

Au? =2(Au)u+2Vu- Vu=2[Vul =2 ((u))’ + (u))?) > 0.

X y
Moreover, since both u, and u{J are harmonic we also have

A*(u?) = 2A1Vulf? =2 (A(u)* + Aw)?) > 0.

5. We first check that u, = vl_’J. Indeed, since ¢ and 1 are harmonic we
obtain

U = @ @y + @ @y Wi by + by
= O Oy Py gy by by,
1 1 1 /
(W2, = vy,

N 1 N N
=73 (((PU)Z)H + 5 (((Px)z)y —3 ((ll)y)z)y + 5 y

The second C-R equation says u, = —v, and we have

Uy = @y @)+ 9x @y + i by + by,
= @y Py — Oy P T Wy Wy — Wby
1 1 R

=5 (o), - % (@) +5 (W), =5 (WD), = —v,.

6)
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The the mapping w = f(z) must satisfy the Cross-Ratios Mbius Transfor-
mation. We have

zZ— 2z Z) — 23 W — W Wy — W3

zZ—23 Zy — 21 w— W3 Wy — Wy
where z; = 2,z = iand z3 = —1 and w; = 2i, w, = —, and w3z = —21,
respectively. This implies

z—2 i1\ (w—2 —2+4+2i
(z—l—1) (1—2) - (w—i—Zi) (—Z—Zi)’
z—2 1431 w—2i .
(Z—H) <_ 5 ):<w+Zi) (=) =

(16 — 2i) z + (—2 + 4i)
0—20)z—Q2+111)

wW =

6’)
The the mapping w = f(z) must satisfy the Cross-Ratios Mobius Transfor-
mation. We have

zZ— 2z z—2z3\ _ [(w—w Wy — W3

z—2z3 Z—2z1) \w—w; Wiy — Wy
where z; = 2,z; = 1+1iand zz = 0Oand w; = 1, w, = 1, and w3 = —i,
respectively. This implies

z—2 1+1 (w1 i—(—1)
z 1+41i—2/) \w+i i—1 )’
z—2 w—1 24 z—2 w-—1

=m0ty S

(z—2)(WHi) = z(1T+1) (w—1) = w(z—2—z—iz) = —z(1+i)—i(z—2)
Finally we have

(142i)z—2i
iz+2 )

7. We first find where f maps the boundary of the set Imz > 0. It is enough
to check it with three points, for example, z; = —1, z; = 0, z3 = 1. Such
points map to

1

1—i
= 1 - =1, WZZ_]) Wi 1_
—I+1

—1.

Wi
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This implies that the real line Imz = 0 maps onto the unit circle jw| = 1.
Now we only need to find out if the image of Imz > Oisw : [w| < 1 or
w: [w| > 1. Clearly if we take w = 1 we obtain

f(i) = 0.
Therefore, Q = {w € :|lw| < 1}.
8. Let
az+b
pum— f prm— .
W (z) cz+d
Since the image of z; = —2i equals w; = 0 we can choose a = 1 and

b = 2i (not that all the coefficients a,b,c and d could be chosen up to
a multiplication by the same non-zero complex number). The from the
f(0) = 1 we obtain

%1 =1 = d=2i.
Finally, the condition f(—2) = 1 implies
—2+2i
—2c+2i '
which defines ¢ = —1.
Answer: f(z) = % The points z; = —21, z; = —2 and z3 = 0 belong

to the circle
Cr={z:lz4+1+1i =2}

oriented anticlockwise. The same is true for the points w; = 0, w, = i and
w3 = 1 that are lying on the circle
1 i

1
C, = : S—s|=—F=7-
’ { 272 ﬁ}
which is also oriented anticlockwise. This implies that the D; maps onto
D,.
Alternatively, in order to show that the D; maps inside D, we can, for

Z_

example, take z = —1 — 1 whose image is % + i% € D,.

9. Letz; = —2,z; = —1 —iand z3 = 0 onto the points w; = —1, w, =0
and ws = 1.

If w = f(z) is a Mobius transformation that maps the distinct points

(21,22, 23) into the distinct points (wy, w,, w3 ) respectively, then

Z—Z Z) —Z3 W — Wq Wy —Wj3
z—123 Z — 274 W —Ww; wy —w; )’
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for all z. Therefore, since z; = —2, z; = —1 — 1 and z3 = 0 onto the points
w;=—1,w, =0and w3 =1
z—(-2) =1—-i-0 w—(-1) 0—1

z—0 —1—-(=2) w—=1 0—(=1)
z+2 —1-i w+l

z 1T—1  1—w’
Since
—1—i_1
1—1 i
we have
z+2 w1
iz 1—w’

(z4+2)(1—w)=izlw+1);, = z+2—zw—-2w=1izw+1iz.
Finally
z(1—1) +2

- W(IZ+Z+2):Z+2—IZ; — W:m

There are two possibilities to check that this transformation maps the disk
|z + 1] < 1 onto the upper half plane.

1. The points z; = —2, z; = —1 — 1 and z; = O that belong to the circle
|z + 1| = 1, have their images on the real wy = —1, w, = 0 and w3 = 1,
respectively. Because both ordered triple of of z-points and w-points have
anticlockwise orientation we obtain that the disk |z + 1| < 1 onto the upper
half plane.

2. The transformation f maps the point zy = —1 (that is inside the disc
z+1=DtoT(—1) =wy=1€{z: Imz > 0}.

y v
A \

i+ by =1

- — u
7=-2 7p=-1 =0 wy=-1 wy=0 wy=1

4 +-i

10. Let f(z) = z'/*. Then

{f(re®): >0, 0<0<a} = {Te¥™:1r>0,0<0 <}

={pe*®:p>0,0< @ <m}.



7

11. First transform the sector onto the upper half-plane {z : Imz > 0} using
z — z*. Then find a Mébius transformation mapping the half-plane to the
disc. This is not unique, but one way is to map 0 (on the half-plane) to
—1 (on the circle), and to map the inverse points i and —i relative to the
half-plane to the inverse points 1 and oo relative to the circle. We obtain
the Mobius transformation z — (3z —1)/(z + 1i). The required conformal
mapping is

3z —1
w="1(z) = i




