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1. a) Compute formally
0 0 0 0
Yoroz ~Yozar O

where Ap(x,y) = @, (%, ) + @, (x,y).
b) Show that if f is holomorphic, then
Alf(2)]? = 4If(2)1%.

¢) Prove that if f = u + 1v is holomorphic then
/ !/

[#(2) = det (“’; v);) :
ty Yy

2. Harmonic conjugates:
Show that the following functions u are harmonic and find their correspond-
ing harmonic conjugate v and holomorphic f = u + iv:

a) u(x,y) = x* — 3xy? — 2u.
b) u(x,y) =X —Xy.

c) Let u(x,y) = xe* cosy —ye* siny. Find the holomorphic function f(z)
(as functions of z) with the real part u = xe* cosy —ye* siny and such that
f(irr) = 0.

3.* Let f be holomorphic in an open connected set (). Consider

9(X>y) = |f(X + iy)yz)
Show that if g is harmonic in () then f is a constant function.

x+1y € Q.

4.* Show that if u(x,y) is a harmonic real valued function, then
A(u*) >0 and A*(u?) =A(Au?)) > 0.

5. Show that if @(x,y) and P (x,y) are harmonic, then u and v defined by
u(x,yY) = @ (x,y) @y (%, y) + i (x,y) by (x,y)
and
1
vixy) =5 (@l ) + (0L y)) = (046 y)" = (W (x,y)))

satisfy the Cauchy-Riemann equations.
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6. Find a Mobius transformation that takes the points z; = 2, z, = 1
and z3 = —1 onto the given points w; = 2i, w, = —2, and w3 = —2i,
respectively.

6’. Find a Mobius transformation that takes the points z; = 2, z; = 1+iand
z3 = 0 onto the given points w; = 1, w, = 1, and w3 = —i, respectively.

7.Letf: {ze C: Imz > 0} — Q, such that

z—1
f(z) = .
(2) z+1

Describe Q.

8. Find a M6bius transformation w = f(z) such that the points
f(—2i) =0, f(—2) =1, f(0) =1.

Show that

Dy={z: |lz+1+il < V2}
maps onto

1 1 1
Dy=<zi|z—5—z|<—=.
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9. Find the Mobits transformation w = f(z) that maps the points z; = —2,
z; = —1 —1iand z3 = 0 onto the points w; = —1, w, = 0 and w3 = 1

respectively. Show that this transformation maps the disk |z + 1| < 1 onto
the upper half plane.
10. Let & € (0, 7t). Find a transformation conformal in
re®:r>0, —-m<0<m
that maps the sector {re'® : + > 0, 0 < 0 < o} onto the half-plane
{w: Imw > 0}.

11. Find a conformal mapping that transforms the sector {z : 0 < argz <
71/4} onto the disc {w : lw — 1| < 2}.



