Linear Algebra Math 50003 Problem Sheet 4

1. (a) Let B = P~ AP. For any polynomial p(z), we have p(B) = P~ !p(A)P,sop(A) = 0 < p(B) = 0.
So clearly ma(z) = mp(x).

(b) Let m(x) = lem(ma, (x),...,ma, (z)). Observe that for any poly p(r) we have p(A) = p(A;) ®
- @ p(Ax). As mga,|m for all 4, it follows that m(A) = m(A;) ®--- @ m(Ar) = 0. Also if p(4) =0
then p(A;) = 0 for all i, so my, |p for all ¢, hence m|p. Therefore m = m4.

(¢) The standard basis ey, ..., e, consists of evectors of A, so for each i there exists j such that
Ae; = \je;, and hence Hle(A —AjI)e; = 0. Therefore H?Zl(A —A;I) =0. As each \; must be a root
of the min pol by 9.2 of lecs, it follows that ma(z) = Hlf(x —\).

(d) Suppose T': V — V is diagonalisable. Then by Cor 10.2 of lecs, mr(x) = H]f(x —;), a product

of distinct linear factors. If W is a T-invariant subspace, then mr,, divides m¢ by 9.4 of lecs, so mr,,
is also a product of distinct linear factors. Hence Ty is diagonalisable by 10.2.

2. (a) Let these matrices be A and B. Compute char poly ca(z) = (x — 1)® and (A — I)? = 0, so
ma(r) = (x —1)2. Also cp(z) = 2%(z — 4) and mp(z) = x(x — 4).
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(b) For the basis B = {1,x,2% 2%}, matrix [T]g = 8 8 (2) g . So char pol cp(x) = z*. If
0 0 0O

F =R then mr(z) = 2*; if F = Fy it is 2%; and if F = F3 it is 2°.

3. (a) Let A = C(p(x)). We know from Sheet 1 qn that A has char poly p(x), so ma(x)|p(z). If
e1,...,en is the standard basis, then this basis is e;, Aeq, ..., A" te;. These vectors are linearly indep,
which means that there is no nonzero poly f(z) of degree < n — 1 such that f(A) = 0. Hence my4 has
degree n and m4(z) = p(z).

(b) (i) Here ca(z) = (x —\)". If a1,...,a,_1 # 0 then e,, Ae,, ..., A" Le, is a basis (consisting of
nonzero multiplies of the standard basis), so as in (a) we see that m4(x) has degree n, so is equal to
ca(x).

(ii) If a; = 0, then A — AT is block-diagonal with at least two blocks, so by Q1(b), m4(z) is the lem
of some powers of (z — \) of degree less than n. Hence ma(z) = (z — \)¥ with k < n.

4. (a) if TF = 0 then the min poly of T divides 2*, so it is 2! for some I. Also [ > 2 as T # 0. Hence

mr(x) is not a product of distinct linear factors, so T is not diagonalisable by 10.2 of lec notes.

(b) Suppose T* = Iy. If p(x) = ¥ — 1 then p(T) = 0, so my(z) divides 2% — 1. Over C this factorizes

as [[ 20 (x — w?), where w = ¢27i/k
=0 ’ :

diagonalisable by 10.2.

Hence myp(z) is a product of distinct linear factors, so T is

(c) (i) If k is the order of 7 (as an element of the symmetric group), then T% = I, so T is diagonalisable
by (b).
(ii) Let w = e*™/" and for i = 0,...n — 1 let

n—1
v = E wvj.
Jj=0

Then vy, ...,v,—1 is a basis of evectors.

5. (a) The char poly of T'is (z—2)%(z—3)3, so Primary Decomp is V = V; ®Va, where V; = ker(T'—21)?,
Vo = ker(T — 31)%. Compute that V; = Sp(ea — €3 — 4,1 — Tez — e4), Vo = Sp(ea, e4).

(b) Take B = {62,64,62 — €3 — €4,€1 — 763 — 64}.

6. (a) As g1, go are coprime, there exist r, s € F[z] such that rg; + sgo = 1. Hence for v € V' we have
v =1(T)g(T)(v) + s(T)g2(T)(v).
The first vector r(T)g1(T)(v) € kerga(T) = Vi, so Py(v) = r(T)g1(T)(v) and similarly P;(v) =



s(T)g2(T)(v). Hence Py = r(T)g1(T) and P; = s(T)g2(T).
(b) In Q5(a), g1 = (v — 2)? and go = (x — 3)2. Use Euclidean Alg to compute that r = —(2x — 7),
s =2x — 3.

7. (a) Note that (BA)*¥*! = B(AB)*A. Hence if ¢(z) = xp(z) then q(BA) = Bp(AB) A. So if
p(AB) = 0 then ¢(BA) = 0.
(b) We deduce that mpa(z) divides zmap(x). Also by symmetry, map(x) divides xmpa(z)
(c) If A and B are invertible, so is AB, so 0 is not a root of its min poly. Hence by (b), mpa = mag.
(

d) Let A= (0 1), B = <1 O). Then AB = 0 has min poly z, whereas BA = A has min poly

0 0 0 0

z2.



