Linear Algebra MATH 50003
Solutions to Problem Sheet 8

1. {(a) Clearly f, is linear, so f, € V*. The map v — f, is a linear map v : V — V~,
and v € ker(n) implies v!'w = 0 Yw € V, which implies v = 0. Hence 7 is injective, and
since we know that dim V' = dim V*, « is also surjective, proving (a).

(b) wy = (—3, -5, -2)T, wy = (2,1,0)7, w3 = (1,2, 1)7.

2. (a) m, is clearly linear, so m, € V**. The map v — 7, from ¥V — V** is linear, and if
v is in the kernel then 7,{f} = f(v) = 0 for all f € V*, which implies f = 0. Hence the
map is injective, and as dim V = dim V" = dim V™", it is an isomorphism.

MO FeU+W) = felUand feW?= feUNWY 50 LHS C RHS. Also

Fel'nW= flu)=flw)=WucU,we W = flut+w) =0Wu,w = f e (U+W),

so RHS C LHS.

(ii) Strangely, this does not seem to be as easy as (i} and requires a dimension
argument, First, f e U+ W= f=fi+ fowith f €U fo e Wl soforve UNW,
we have f(v) = fi(v) + fa(v) = 0. Hence U + WO C (U nW)".

For the reverse inclusion, we show the two sides have the same dimension. Let
n = dim V" and use Prop. 13.2:

dm(U° + W0 = dim U + dim W — dim(U% N WY)
={n—dim¥U) + (n — dim W} - (n — dim(/ + W)} (using part (i))
=n—{dmU +dimW — dim(I + W))
=n-dimUNW
= dim(I/ N W)°.

3. Clealry ¢y, ¢2, b3 are in V*, and send the basis vectors 1,z,z% of V' as follows:

(91(1), ¢1(x), $1(a?)) = (1, 3, 3
(¢2(1), ¢a(x), 052(9? ) =1(0,1,2
(¢3(1), p3(z), ¢a(z?)) = (1,0,0

The three vectors on the RHS are linearly independent, hence ¢1, o, ¢35 is a basis of V*.
Computing the dual basis to these vectors, we find that the basis of V' dual to @1, ¢o, ¢3

is f1, f2, f3, where

file) =82~ 202, fule) = —5z+ 302, fole) =1 - 3+ Sa?

4. (a) Let ey, ..., e, be the standard basis of F™, and define a;; = (e, €;), and A = (a;;).
If u="> uje;,v =) ve; € V, then using the inner product axioms,

= = T .
v) = E u;Uj{e;, e5) = E w47 = u” AD.
i, )
As seen in lecture notes, A is Hermitian and positive definite.

(b) The definition (u,v) = u? Av satisfies the inner product axioms (1) and (2), and for
v # 0 we have (v,v) = vT A% > 0 as 4 is positive definite, so axiom (3) also holds.



(c) (i) This does not satify the left-linearity axiom (1}, eg. for u = (1,0)7, we have
(u,u} = 4 but (iu,u) =0.

(i) This is (u,v) = v AT where A = (1 —11) This matrix is Hermitian, but
is not positive definite as it has an evalue 0: for u = (—%,1)T we have 4% = 0, so
(u,u) = u? At = 0, contradicting axiom (3).

1 -1

(iif) This is (u,v) = uT AT where 4 = (_ = B

also positive definite, since

) . This matrix is Hermitian and is

(u,u) = |eeg|? — wytip — Gyug + QJuz|? = |ug — ug|® + Juz)?.

5. () (u,v) = (w,w)Vu=> (u,v-w)=0Vu= (v-—w,v-—w}=0=>v—-w=0

(i) [l + vl = (@ +v,u+v) = (w,u) + (w,9) + (v,0) + (v,9) = |ul[* + [J0]*

(i) [u+ o] = [Jull® + [[o][* + (u,0) + (w0} £ Nul® + [Jo]® + 2|(w,0)] < el +
|[wi[* + 2|ul{ |{v]| (by Cauchy-Schwarz) = (lul| + |[vij)}*.

(iv) Suppose Y7 Avi = 0. Then 0 = (3 Mwi, v;5) = Aj(us,vy). Hence (as vy # 0),
A; =0 for all 4, and so v1,..., v are linearly indep.

(v) (w—v,u—v) = |[u]? +{]v]| - (u,v) — (v,u} =1+1—-1-1=0, henceu—v = 0.

(vi) For w € W,z € W we have {w,z) =0, hence W C (WL, Also dim(W+)! =
dimV — dim W+ (by Prop 14.4) = dimV — (dimV — dimW) = dimW. Hence W =
(WL,

6. (a) Orthonormal basis u, uz,us where uy = 1, ug = \/5(1 — 2z}, uz = \/5(—1 + 6z —
6z2).

(b) ¢ sends wy — 1, uz — \/5, ug —> —+/5. So take v = uq + V3ug — VbBuz =
9 — 36z + 30z2.

7. (a) (i) Let u = (a1,...,aa), v = (1,...,1). By Cauchy-Schwarz, using the usual dot
product on R”,

o) < TPl = (e < (Taf) ns Tab 2 2.
(i) Let u = (-, k), v = (Va1 v/@n). Then

= (w0 < [l = 3 3

(b) The cubes have total surface area 6{a? + b% + ¢%), and the cuboids 6(ab + bc + ca).
If we take u = (a,b,¢), v = {b,¢,a), Cauchy-Schwarz gives ab + bc + ca < a® +b? + ¢
(strict inequality as u, v are not scalar multiples of each other).



