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Sheet 1 Solutions

1. (i) Let A = A1i + A2j + A3k. Then A ∙ r = xA1 + yA2 + zA3.
Thus ∇(A ∙ r) = i ∂/∂x(A1x) + j ∂/∂y(A2y) + k ∂/∂z(A3z), since A is constant.
This simplifies to iA1 + jA2 + kA3. Thus ∇(A ∙ r) = A.

(ii) ∇(rn) = ∇(x2 + y2 + z2)n/2 = (i ∂/∂x + j ∂/∂y + k ∂/∂z)(x2 + y2 + z2)n/2

= (n/2)(x2 + y2 + z2)n/2−1(2xi + 2yj + 2zk) = nrn−2r.

(iii) r ∙ ∇(x + y + z) = r ∙ (i + j + k) = x + y + z. Then ∇[r ∙ ∇(x + y + z)] = ∇(x + y + z) = i + j + k.

2. ∇φ = i ∂/∂x(x2y + z2x) + j ∂/∂y(x2y + z2x) + k ∂/∂z(x2y + z2x) = i (2xy + z2) + j (x2) + k (2zx)
= 6i+ j+4k at the point (1, 1, 2). A unit vector in the direction (1, 2, 3) is ŝ = (i+2j+3k)/

√
(1 + 4 + 9).

Then the directional derivative is ŝ ∙ (∇φ)P = (1/
√

14)(i+2j+3k) ∙ (6i+ j+4k) = (1/
√

14)(6+2+12) =
20/

√
14.

3. Using the chain rule we have dφ/dt = (dx/dt)(∂φ/∂x) + (dy/dt)(∂φ/∂y) + (dz/dt)(∂φ/∂z)
= (dx/dt, dy/dt, dz/dt) ∙ (∂φ/∂x, ∂φ/∂y, ∂φ/∂z) = r′(t) ∙ ∇φ.
For φ as in Q2 we have φ = cos2 t sin t + t2 cos t and so dφ/dt = cos3 t − 2 cos t sin2 t + 2t cos t − t2 sin t.
To check this is equal to r′(t) ∙∇φ we calculate r′(t) = (− sin t, cos t, 1) and ∇φ = (2xy+z2, x2, 2zx). Then
r′(t) ∙ ∇φ = −(2xy + z2) sin t + x2 cos t + 2zx which indeed equals cos3 t− 2 cos t sin2 t + 2t cos t− t2 sin t.
Similarly, if φ = φ(g1, g2, g3) then dφ/dt = (dg1/dt)(∂φ/∂g1) + (dg2/dt)(∂φ/∂g2) + (dg3/dt)(∂φ/∂g3)
= g′(t) ∙ ∇gφ.

4. (i) Surface is given by φ = x2 + 2y2 − z2 − 8 = 0. At P (1, 2, 1) we have (∇φ)P = 2i + 8j − 2k.
The equation of tangent plane is (r− rP ) ∙ (∇φ)P = 0, i.e. ((x−1)i+(y−2)j+(z−1)k) ∙ (2i+8j−2k) =
0 ⇒ 2x − 2 + 8y − 16 − 2z + 2 = 0 ⇒ x + 4y − z = 8.

(ii) This time we have φ = z − 3x2y sin(πx/2) and P is the point where x = y = 1 and therefore
z = 3 sin(π/2) = 3. Thus ∇φ = i(−6xy sin(πx/2)−3x2y(π/2) cos(πx/2))+ j(−3x2 sin(πx/2))+k, so that
(∇φ)P = −6i − 3j + k. The equation of the tangent plane is therefore ((x − 1)i + (y − 1)j + (z − 3)k) ∙
(−6i − 3j + k) = 0 ⇒ −6x + 6 − 3y + 3 + z − 3 = 0 ⇒ 6x + 3y − z = 6.

5. (i) ∇φ = (i ∂/∂x + j ∂/∂y + k ∂/∂z)(x(x2 + y2 + z2)) = i (3x2 + y2 + z2) + j 2xy + k 2zx.

(ii) ∇ ∙ (φr) = ∇ ∙ (x2r2 i + xyr2 j + xzr2 k) = ∂/∂x(x2r2) + x∂/∂y(yr2) + x∂/∂z(zr2) = 2xr2 + xr2 +
xr2 + x2∂r2/∂x + xy∂r2/∂y + xz∂r2/∂z. Now ∂/∂x(r2) = 2x, ∂/∂y(r2) = 2y and ∂/∂z(r2) = 2z.
Therefore we see that ∇ ∙ (φr) = 4xr2 + 2x3 + 2xy2 + 2xz2 = 6x3 + 6xy2 + 6xz2 = 6xr2.

(iii) curl(f(r) r) = i (∂/∂y(zf) − ∂/∂z(yf)) − j (∂/∂x(zf) − ∂/∂z(xf)) + k (∂/∂x(yf) − ∂/∂y(xf))
= i (zf ′(r)∂r/∂y − yf ′(r)∂r/∂z) − j (zf ′(r)∂r/∂x − xf ′(r)∂r/∂z) + k (yf ′(r)∂r/∂x − xf ′(r)∂r/∂y).
Now ∂r/∂x = x/r, ∂r/∂y = y/r, ∂r/∂z = z/r, so the above expression simplifies to
f ′(r)[i(yz − yz)/r) − j((xz − xz)/r) + k((yx − xy)/r)] = 0.

6. (i) u × v = (z2, 0, 0) × (x, y, z) = −z3 j + z2y k ⇒ ∇ ∙ (u × v) = 2zy.
Now ∇× u = 2z j and so v ∙ (∇× u) = 2yz, while ∇× v = 0 and so u ∙ (∇× v) is also zero.

(ii) ∇ ∙ (ψu) = ∇ ∙ (z2(x2 + y2 + z2)i) = ∂/∂x(z2x2) = 2z2x.
Now ∇ψ = (i ∂/∂x + j ∂/∂y + k ∂/∂z)(x2 + y2 + z2) = 2xi + 2yj + 2zk, and so ∇ψ ∙ u = 2xz2,
while ∇ ∙ u = ∂/∂x(z2) = 0 and so ψ∇ ∙ u = 0.

7. (i) (a × b) ∙ (a × b) = (a × b)i(a × b)i = εijkajbkεilmalbm = (δjlδkm − δjmδkl)(ajalbkbm)
= ajajbkbk − ajakbkbj = (a ∙ a)(b ∙ b) − (a ∙ b)(a ∙ b).

(ii) (a × b) ∙ (c × d) = (a × b)i(c × d)i = εijkajbkεilmcldm = (δjlδkm − δjmδkl)(ajbkcldm)
= ajcjbkdk − ajdjbkck = (a ∙ c)(b ∙ d) − (a ∙ d)(b ∙ c).

(iii) [(a × b) × (c × d)]i = εijk(a × b)j(c × d)k = εijkεjlmalbmεkpqcpdq = εkijεkpqalbmεjlmcpdq

= εjlm(δipδjq − δiqδjp)(albmcpdq) = εjlmalbm(cidj − dicj)
= ci(a × b)jdj − di(a × b)jcj = [(a × b) ∙ d]ci − [(a × b) ∙ c]di.

8. (i) δij∂xi/∂xj = ∂xi/∂xi = 1 + 1 + 1 = 3.

(ii) δijδikxjxk = xixi = x2
1 + x2

2 + x2
3 = |r|2 .

(iii) δij∂
2φ/∂xi∂xj = ∂2φ/∂x2

i = ∂2φ/∂x2
1 + ∂2φ/∂x2

2 + ∂2φ/∂x2
3 = ∇2φ.

(iv) δijδjkδki = δij(δjkδki) = δijδij = δii = δ11 + δ22 + δ33 = 3.

(v) εijk∂/∂xi(∂Ak/∂xj) = (1/2)εijk∂/∂xi(∂Ak/∂xj) + (1/2)εjik∂/∂xj(∂Ak/∂xi)
= (1/2)εijk(∂/∂xi(∂Ak/∂xj) − ∂/∂xj(∂Ak/∂xi)) = 0.
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9. (i) [∇× (φA)]i = εijk∂(φAk)/∂xj = φεijk∂Ak/∂xj + εijk∂φ/∂xjAk = φ[∇× A]i + εijk(∇φ)jAk

= φ[∇× A]i + [∇φ × A]i.

(ii) ∇ ∙ (A × B) = ∂/∂xi(A × B)i = (∂/∂xi)(εijkAjBk) = εijk (Bk∂Aj/∂xi + Aj∂Bk/∂xi)
= εkij(∂Aj/∂xi)Bk − εjikAj∂Bk/∂xi = (∇× A)kBk − Aj(∇× B)j = B ∙ (∇× A) − A ∙ (∇× B).

(iii) [A × (∇× A)]i = εijkAj(∇× A)k = εijkAjεklm∂Am/∂xl = εkijεklmAj∂Am/∂xl

= (δilδjm − δimδjl)(Aj∂Am/∂xl) = Aj∂Aj/∂xi − Aj∂Ai/∂xj = (1/2)∂A2
j/∂xi − [A ∙ ∇]Ai

= (1/2)[∇(A ∙ A)]i − [(A ∙ ∇)A]i.


