A. G. Walton MATH50004 Multivariable Calculus 1

Sheet 1 Solutions

1. (i) Let A = Aji+ Asj+ Ask. Then A -r = zA; + yAs + 2A3.

Thus V(A - r) =10/0z(A1x) + j0/0y(Azy) + k0/0z(As%), since A is constant.

This simplifies to 1 A; +j A2 + k As. Thus V(A -r) = A.

(i) V(r") = V(22 + 9% + 22)2 = (10/0x +j0/0y + k0/0z)(x? + y? + 22)"/?

= (n/2)(x* 4+ y? + 2%)"/271(2xi + 2yj + 22k) = nr"r.
(iii)r-V(e+y+z)=r-(i+j+k)=2z+y+z Then V[r - V(z +y+2)]=V(z+y+2)=i+j+k

2. Vo =10/0z(2%y + 2%x) + j0/0y(2%y + 2%x) + k0/0z(x2y + 2%x) = i 22y + 22) +j (z?) + k (222)

= 6i+j+4k at the point (1,1,2). A unit vector in the direction (1,2,3)is§ = (i+2j+3k)/y/(1+4+9).
Then the directional derivative is 8- (Vo) p = (1/v/14)(i+2j+3k) - (61 +j+4k) = (1/v/14)(6+2+12) =
20/+/14.

3. Using the chain rule we have d¢/dt = (dz/dt)(0¢/0z) + (dy/dt)(0¢/dy) + (dz/dt)(0¢/0z)

= (dx/dt,dy/dt,dz/dt) - (0¢/0x,0p/Dy,dp/0z) = 1'(t) - V.

For ¢ as in Q2 we have ¢ = cos®tsint + t? cost and so d¢/dt = cos® t — 2costsin®t + 2t cost — t? sint.
To check this is equal to r'(t)- V¢ we calculate r'(t) = (—sint, cost, 1) and V¢ = (2zy+ 22, 22, 22z). Then
r'(t) - Vo = —(2xy + 22)sint + 2% cost + 2za which indeed equals cos® t — 2 cos tsin® ¢ + 2t cost — ¢ sin t.
Similarly, if ¢ = ¢(g1, g2, g3) then dp/dt = (dg1/dt)(9¢/0g1) + (dg2/dt)(9¢/Dg2) + (dgs/dt)(D¢/Igs)
=g/(t) - Vgo.

4. (i) Surface is given by ¢ = 2% + 2y* — 22 — 8 = 0. At P (1,2,1) we have (V¢)p = 2i + 8j — 2k.

The equation of tangent plane is (r —rp)-(Vé)p =0, ie. (x—1)i+(y—2)j+(z—1)k)-(2i+8j—2k) =
0=22—-24+8y—16—-22+2=0=2+4y—2=8.

(ii) This time we have ¢ = z — 3z?ysin(rz/2) and P is the point where z = y = 1 and therefore
z = 3sin(r/2) = 3. Thus V¢ = i(—6zysin(nz/2) — 3z%y(r/2) cos(nz/2)) + j(—32% sin(mz/2)) + k, so that
(Vé)p = —6i — 3j + k. The equation of the tangent plane is therefore ((z — 1)i+ (y — 1)j + (z — 3)k) -
(-6i—3j+k)=0= —6x+6—-3y+3+2—-3=0=6x+3y—z=06.

5. () Vo= (10/0x +j0/0y + kd/0z)(x(2? + y? + 22)) = i (322 + y? + 22) + j 22y + k 22

(i) V- (¢r) = V- (22?1 + 2yr? j + x2r?k) = 9/0z(2*r?) + 20/0y(yr?) + 20/0z(2r?) = 2zr? + zr? +
ar? + 220r? |0z + xydr? /0y + x20r? /0z. Now 0/0x(r?) = 22,0/0y(r?) = 2y and 9/0z(r?) = 22.
Therefore we see that V - (¢r) = 4ar? + 223 + 22y + 2222 = 62% + 629 + 6122 = 6272,

(iii) curl(f(r)r) =1(0/0y(zf) — 0/02(yf)) =3 (0/0x(2f) — 0/0z(xf)) + k (0/dx(yf) — 0/0y(x [))

= (2£/(1)0r /8y — uf (NOr/D2) — 3 (2 (O[O — 2 (10r/92) + K (yf (r)0r 0 — . (r)0r0y).
Now 9r/0x = x/r,0r /0y = y/r,0r/0z = z/r, so the above expression simplifies to

Pz — y2)/1) — §((@% — 22)/1) + k(g — 2) /)] = 0.

6. i) uxv=1(220,0) x (z,y,2) = —22j+ 22y k = V- (u x v) = 2zy.

Now V x u=2zjand so v-(V x u) = 2yz, while V x v =0 and so u- (V x v) is also zero.

(i) V- (u) = V- (22(2? + y? + 22)i) = 9/0x(2%2?) = 22°x.

Now V¢ = (10/0z +j0/0y + k0/02)(x? + y? + 22) = 221 + 2yj + 22k, and so Vi) - u = 2222,

while V- u = 9/0x(2%) =0 and so ¢V - u = 0.

7. (1) (a X b) . (a X b) = (a X b)i(a X b)i = Eijkajbkailmalbm = (5jl(5km — 5jm6kl)(ajalbkbm)

= a;a;bpby — ajarbrb; = (a-a)(b-b) — (a-b)(a-b).

(ll) (a X b) . (C X d) = (a X b)l Cc X d)l = sijkajbksilmcldm = ((;jl(skm — 6jm§k.l)(ajbkcldm)

= a;cjbpdy — ajdibrer, = (a-c)(b-d) — (a-d)(b-c).

(iii) [(a x b) x (¢ x d)]; = €ijx(a x b)j(c X d)k = €ijkEjimAbmERpeCpdq = EkijEkpq@ibmEjimCpdq

= €jim(0ip0jq — GigOjp)(bmcpdy) = €jimaibm(cid; — dic;)

= ci(a X b)jdj — dl(a X b)jCj = [(a X b) . d]CZ — [(a X b) . C]di.

(i) &6;j0ikzjT) = i = 23 + 2% + 23 = \r|2 )

(iv) 0ij0jk0ki = 0ij(0jk0ki) = 0ij0ij = 6ii = 011 + d22 + 33 = 3.

V) 5”k8/8m1(&4k/8x]) = (1/2)61'.]‘/68/8%‘1‘(aAk/al‘j) + (1/2)Eﬂk8/8l‘7(814k/81‘1)

= (1/2)51%(8/83;1(81%/8953) — 8/8m](8Ak/8xl)) =0.
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9. (1) [V x (¢A)]i = i;n0(0Ar)/0x; = ¢eijn0Ar )0z + €400/ 03 Ar = OV X Ali + 24k (V§); Ax
= B[V x A]; + [V x Al;.
( ) (A X B) 6/6.7;‘1(A X B)l = (8/8xi)(5ijkAjBk) = €ijk (BkaAj/a.Ti + AjaBk/aa'}i)
=& 1](6"4 /8$1)Bk ajikAjOBk/ﬁxi = (V X A)kBk — AJ(V X B)j =B- (V X A) —A- (V X B)
( ) [ (V X .A)]z = 5ijkAj(V X A)k = EijkAjEklmaAm/al‘l = Ekij&‘klmAjaAm/a.'L‘l
= ( dém (5””57[)(14]6147”/817) = AjaAj/axz — AjaAl/al‘J = (1/2)6143/8371 — [A . V]Al

= (1/2)[V(A-A)li — [(A- V)AL



