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Problem Sheet 1

1. If A is a constant vector field, calculate the gradients of the following scalar fields:

(i) A ∙ r,
(ii) rn,
(iii) r ∙ ∇(x + y + z),

where r = xi + yj + zk and r = |r|.

2. If φ = x2y + z2x and P is the point (1, 1, 2), find the directional derivative of φ at P in the direction
(1, 2, 3).

3. If φ = φ(r) with r = xi + yj + zk and x = x(t), y = y(t), z = z(t), show that

dφ

dt
= r′(t) ∙ ∇φ.

Verify this relation for φ as given in Q2 and (x, y, z) = (cos t, sin t, t).
Further, if φ = φ(g(t)) with g = g1i + g2j + g3k, show that

dφ

dt
= g′(t) ∙ ∇gφ.

where ∇g ≡ i ∂
∂g1

+ j ∂
∂g2

+ k ∂
∂g3

.

4. Find the equations of the tangent planes to the following surfaces at the points indicated

(i) x2 + 2y2 − z2 − 8 = 0 at (1, 2, 1),
(ii) z = 3x2y sin(πx/2) at x = 1, y = 1.

5. If φ = xr2, r = xi + yj + zk and f(r) is an arbitrary function of r = |r| , evaluate:

(i) ∇φ,
(ii) div (φr),
(iii) curl (f(r)r).

6. If u = z2i,v = xi + yj + zk and ψ = |v|2 , verify the identities

(i) div (u × v) = v ∙ curlu − u ∙ curlv,
(ii) div (ψu) = (∇ψ) ∙ u + ψdivu.

7. Use tensor notation and the relation εijkεilm = δjlδkm − δjmδkl to establish the following vector
identities:

(i) (a × b) ∙ (a × b) = (a ∙ a)(b ∙ b) − (a ∙ b)2,
(ii) (a × b) ∙ (c × d) = (a ∙ c)(b ∙ d) − (b ∙ c)(a ∙ d),
(iii) (a × b) × (c × d) = ((a × b) ∙ d))c − ((a × b) ∙ c)d,
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8. Simplify the following expressions:

(i) δij∂xi/∂xj ,
(ii) δijδikxjxk,
(iii) δij∂

2φ/∂xi∂xj ,
(iv) δijδjkδki,
(v) εijk∂/∂xi (∂Ak/∂xj) .

9. Use tensor notation to prove the following identities:

(i) curl (φA) = φ curlA + ∇φ × A,
(ii) div (A × B) = B ∙ curlA − A ∙ curlB,

(iii) A × curlA = 1
2∇(|A|2) − (A ∙ ∇)A.

Sheet 1 Answers

1. (i) A; (ii) nrn−2r; (iii) i + j + k.
2. 20/

√
14.

3. dφ/dt = cos3 t − 2 cos t sin2 t + 2t cos t − t2 sin t.
4. (i) x + 4y − z = 8; (ii) 6x + 3y − z = 6.
5. (i) (3x2 + y2 + z2)i + 2xyj + 2zxk; (ii) 6xr2; (iii) zero.
8. (i) 3; (ii) r2; (iii) ∂2φ/∂x2

1 + ∂2φ/∂x2
2 + ∂2φ/∂x2

3; (iv) 3; (v) zero.


