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Sheet 5 Solutions

1. For z > 0 we have ¢/(z) = (1/z2)e /% ¢" = —(2/23)e1/* 4+ (1/z*)e~/* etc. We can see that each
derivative is continuous except perhaps at = 0. However the function decays exponentially as  — 0 so
that 0 = lim, 04 ¢ = lim,_ oy ¢’ = lim, .oy ¢’ etc. Therefore since ¢ = 0 for z = 0 the derivatives are
indeed continuous at z = 0. For < 0 we have ¢(z) = 0 and so the function is trivially smooth in this
region.

Since h is just a product of two smooth functions it is also smooth and it is easy to see that it is only
‘switched on” when 0 < & < 1. When it is ’switched on’ it is the product of two exponential functions
and so is always positive and hence fol h(z)dz > 0.

To change the interval to (x1,x2) we simply consider the function h((x — z1)/(z2 — 21)).

2. We have y = 23 + esin 2z = o/ = 322 + 27e cos 27z

= 1= ff 122* + 12exsin 27 + 92 + 4me? cos? 2ma + 12ema? cos 2mx d
= I'(0) = fol 12z sin 27z + 12722 cos 2w dx

= (by parts) = fol 122 sin 27z + [622 sin 272§ — fol 12z sin 2z dz = 0.
Thus I is staionary and the extremal curve is y = 3.

Consider f = 12zy + (y')2. Then 0f /0y = 12z, df /0y’ = 2y/'.

Then the E-L equation is 122 — 2y =0 =19 =322 +c=>y =22 + cx + d.
Applying y(0) =0,y(1) =1 = ¢ =d = 0 and hence y = z°.

The stationary value of I is fol 122* 4 924 dx = 21/5.

3. Let f(x,y,y') = 2zyy’ +y* = 0f /0y = 2xy’, Of )0y = 2zy + 2y'.
Subst into E-L equation to get 2zy’ — 2y + 2zy' +2¢y") =0=9y" +y=0=y = Asinz + Bcosz.
Boundary conditions: y(0) =0= B =0,y(r/2)=1=A=1=y =sinz.

4. Applying the end conditions we see that x; = Bcosh(y/3), x2 = Beosh((y2 —v)/8). If x; is small
then we require § to be small, since cosh(vy/3) > 1. But if 3 is small we also need 7 small, otherwise the
cosh term will become large. By a similar argument we also need (y2 — «y) to be small but this is not
possible since v is small and y, is assumed large. This means that if we have a surface linking two discs
and continue to separate the discs, the surface will eventually break as can be seen in the video.

5. Let f(r,0,0") = r(1 + r26'*)'/2 independent of 6.

Then the E-L equation reduces to df /00’ = constant = 10’ /(1 + r26%)1/2? = ¢;.
Rearranging: 02 = c2/(r2(r% — ¢2)) = 0 = [¢1/(r(r® — ¢})¥/?) dr+ constant.

Make substitution r® = ¢; secu = 3r2dr = ¢ secutanudu = (dr/r) = (1/3) tanu du
and (78 — )12 = ¢ (sec?u — 1)'/2 = ¢; tan u.

Therefore § = (1/3)u+ constant = sec(30 + c2) = secu = r3/c; = 13 = ¢; sec(30 + ¢2).

6. Recall that in spherical polars: (ds)? = (dr)? + 72(df)? + 12 sin® 0 (d¢)>.

If we are constrained to the surface of a sphere of radius 1 then » =1 and dr =0

so that ds = ((d6)? + sin® 0(d$)?)'/? and so L = [ds = [(1 + sin® (d¢/d#)?)'/2dh, as required.

Let f(6,¢,¢") =.(1+sin?0(¢’)?)'/2, which is independent of ¢.

The E-L equation therefore reduces to 0f/0¢’ = constant

= ¢'sin? (1 + sin® 6(¢')?)~'/? = K. Rearranging: ¢/ = K csc/(sin? 0 — K?)'/2,

Multiply top and bottom by csc 6: ¢’ = K csc?6/(1 — K2 csc? 0)Y/2 = K esc?0/((1 — K?) — K2 cot? 9)1/2
Integrating and setting u = cot 8, du = — csc? 6 df we have

o=—[K/(1-K?) — K>u*)"2du = —sin ' (Ku/(1 - K*)'/?) + «

= sin(a — ¢) = Ku/(1 — K?)'/? = Bu, say. Thus Bcot f = sin(a — ¢) as required.

7. Define v(z) = f(x) — Ag(z). Then v(z) is continuous.

Now f;f g(x)v(z) dr = f;f g(x)f(x)dx — X f;f (g9(z))%dx = 0, in view of the definition of \.

Therefore [ f(x)v(x) dx = 0. However, [* f(z)v(z)dz = [[*(v(x))?dz+X [ g(x)v(z) de = [*(v(z)) da.
Thus f;f (v(z))?dz = 0 and hence v(z) = 0 = f(z) = Ag(x).

8. Apply the E-L equation to f(y,y’) = y"* + Ay (independent of x).
= f—y'0f /0y = constant, i.e. y"? + \y — 2y'? = constant.
Integrating: [ (Ayfﬁ = [dz =z +c=(2/\)(\y+ k)2
Boundary conditions y(0) =0 = ¢? = 4k/)\2. y(—=1) =0 = c=1/2.
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Thus y = (Az/4)(x + 1). To find A substitute into fol ydr = 1.
= (\4) [} 2® +ade=1= X =24/5=y = (6/5)x(z + 1).
Therefore I = fol y"2dx = (36/25) fol(Q:c +1)2dx = 156/25.

9. Let f(x,y,9') = 22y'? + 2y%. The E-L equation becomes 4y — d%(?x?y') =0

= 22y" + 22y’ — 2y = 0. This is a Cauchy-Euler type ode which can be reduced to constant coefficients
by the substitution z = e® = d?y/ds*> + dy/ds — 2y = 0 = y = Ae™2* + Be® = y(x) = Bx + A/a2.
Applying end conditions: y(1) =0=A+B=0;y(2)=1=1=2B+A/4d=A=—-4/7,B=4/7
= y(z) = (4/7)(x — 1/2?), as required.

To impose the constraint apply the E-L equation to f = 2%y’? + 2y% + \y/x.

E-L equation becomes x%y" + 2xy’ — 2y = \/2x.

As above, the solution of the homogeneous equation is Bz + A/x?.

To find the particular solution again use the substitution x = e® so that the ode becomes

d?*y/ds? + dy/ds — 2y = (1/2)\e~%.

For the particular solution try y = Se™° and substitute in to find 8 = —\/4.

Solution is therefore y(z) = Bx + A/x? — \/4x.

Apply end conditions to get A = —4/7+ 3X/14,B =4/7+ \/28.

(Note that the values for A, B agree with those obtained previously when A = 0).

To find A substitute into integral constraint: 1/4 = ff (B+ A/x® — \/42%)dx = B+ 3A/8 — \/8.
Substitute in values for A, B :1/4=4/7+ X\/28 + (3/8)(—4/7 +3A/14) —\/8 = A =12

= A =2,B = 1. Hence the new extremal curve is y = 2/2% + 2 — 3/x.

10. Let f(x,y,9') = m?y? — > + Ay cosnx.

The E-L equation yields 2m?y + Acosnx + 2y” = 0 = y” + m?y = —(\/2) cosnz.

The complementary solution is A cos ma + B sinmz.

For the particular solution try C cosnz + D sinnz assuming m # n.

Upon substitution we find that D = 0,C = —(\/2)/(m? — n?).

Thus the general solution is y = A cosma + Bsinma — (A\/2)/(m? — n?) cosnz.

Applying the end conditions: y(0) =1 = 1= A4 — (\/2)/(m? —n?). y'(27) =7/2 = B = n/2m.
So we have y = Acosmaz + (w/2m)sinmax 4 (1 — A) cosnz. To find A use integral constraint.
w/2 = fo% Acosmz cosnz + (7/2m) sinmz cosnz + (1 — A)cos? nzdr = (1 — A)r = A =1/2.
The solution when m # n is therefore y = (1/2)(cos ma + cosnx) + (7/2m) sin maz.

To determine what happens when m = n we need to go back to the ode y” + m?y = — (A/2) cos max.
The homogeneous solution is as above but now the RHS is contained in that solution.

This means we need to modify our trial function for the particular solution.

We try y, = Czcosma + Dz sinma and find that C =0,D = —\/4m.

Thus the general solution now is y = A cosmz + Bsinma — (A/4m)x sin mz.

The boundary conditions fix the constants as A =1, B = (7/2m)(1 + A).

We now substitute into the integral constraint to find A :

/2 = fOQW cos? mx + (7/2m)(1 + ) sin ma cos ma — (\/4m)x sin mx cos ma dx
=7n/2=m+0—(\/8m) fOZﬂ x sin 2mz dz.

Integrating by parts: 7/2 = (\/8m) [~ (x/2m) cos 2mz]2" + (\/8m)(1/2m) fo% cos 2ma dz.
The final integral is zero,leaving 7/2 = —7\/8m? = \ = —4m?.

Finally, the solution for y when m = n is y = cos max + (7/2m)(1 — 4m?) sin ma + ma sin ma.

11. Writing the minimal surface equation in Cartesian coordinates (z,y) we have
8/0x(fo/ L+ 2+ [)?) +0/0y(f, /(L + f2+ f2)/?) =0

Expanding out and letting g = 1 + f2 + fy2 :

(ea + F) /9" + 120/ 02)g ™2 + 1,(0)0y)g™* =0

= (fmc + fyy)g_1/2 - fx(fszz + fyfwy)g_3/2 - fu(facfwy + fyfyy)g_3/2 =0

= g(fxz + fyy) - fﬁfu - fifyy - 2f¢fyf1y =0

= (L+ ) fyy + L+ f2) fow — 2f2fyfey = 0, as required.

If f =ax+by+ cthen fyy = foa = fzy = 0 and so the equation is satisfied trivially.
If f =log(cosz/cosy) = log(cos z) —log(cosy) then f, = —tanz, f, =tany and fy = 0.
Also frp = —sec®z, fy, =sec?y

and so (14 f2) fyy + (1 + f2) faoa = (1 4 tan® z) sec’ y — (1 4 tan®y) sec® z = 0.
Therefore this function also satisfies the minimal surface equation.



