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Introduction

This course aims to provide a broad mathematical introduction to economics and its
application in a business setting. In this introduction, | provide some initial definitions
relevant to the content of the course, in addition to detailing the course structure and
specifying some course objectives.

What is an economy?

An economy is an ecosystem, in which governments, markets, firms and individual
consumers all interact with the aim of enabling the provision of goods and services in return
for payment. Broadly speaking, there are four groups of agents that enable an economy to
function:
- individuals and households, who act as consumers in obtaining goods and
services from producers, and as suppliers in providing labour to producers;

- firms, who provide goods and services to consumers, and who also employ
individuals from the first group; firms also act as consumers for other firms;

- governments and regulatory bodies, who provide oversight, regulation and
intervention in order that their economies function smoothly and in service of
particular goals;

- and trade partners external to the economy, who also interact with these
agents to influence production and consumption within the economy.

The above definition of an economy indicates that economic analysis can be carried out at a
number of different scales. Households and firms come together to trade goods and
services within (conceptual) markets; the analysis of such interactions and the behaviour of
these markets is the principal focus of microeconomic theory. In contrast, the actions of
governments that influence the operation of markets, as well as the interaction of markets
with external trading partners, falls under the heading of macroeconomic analysis.

This course will focus on the interaction of economic agents within a market economy, i.e.
one where production and trade are private enterprises. As such, we consider an ecosystem
whose constituent parts are each controlled by their own decision-making processes; the
study of economics is therefore important to understand how these processes affect one
another and how each agent should operate in order to satisfy their particular goals whilst
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acknowledging the behaviour of other agents and changes to the economic environment in
general.

Course Structure

The structure of this course reflects this division of analyses. In Parts 1 and 2, we focus on
microeconomics, before taking a macroeconomic viewpoint in Part 3.

- In Part 1, we will analyse the aims and objectives of both firms and consumers,
and we will use mathematical arguments to show how these objectives lead to
the observed behaviour in a competitive market environment.

- In Part 2, we will consider how the behaviour of firms and consumers is affected
by the properties of the market in which they operate, and how their behaviour
is affected by changes to the market environment.

- In Part 3, we analyse the macroeconomic environment; in particular, we explore
aggregated concepts of supply and demand, we look at the circular flow of
income and discuss the Gross Domestic Product (GDP).

Syllabus:
Theory of the firm

Profit maximisation for a competitive firm
Cost minimisation. Geometry of costs
Profit maximisation for a non-competitive firm

Theory of the consumer
Consumer preferences and utility maximisation
The Slutsky’s equation

Levels of competition in a market
Consumers’ and Producers’ surplus
Deadweight loss

Macroeconomic theory

Circular flow of income

Gross Domestic Product

Social welfare and allocation of income

Mathematical Methods:
(Constraint) Optimisation. Quasi-concavity. Preferences relations and orders.

Course Objectives

This course provides an introduction to the fundamental aspects of both microeconomics
and macroeconomics, using a mostly rigorous mathematical approach to both the
exposition and demonstration of these subjects.

In a business context, this course will provide you with the tools required to analyse the
goals of a firm and the decisions that a firm may make in the context of their particular
market. At the end of the course, you should understand the effects that these decisions
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have on the firm itself, on the various connected individuals and firms, and on the economy
as a whole.

Solving problems in this course will require both an economic understanding of the
concepts as well as a sound mathematical derivation. That means that you should be
prepared to come up with mathematical proofs as well as to explain notions in form of
(very) short essays.

Additional Course Information

Lectures: Three lectures/week: Monday, 3pm, Wednesday, 11am, and
Friday, 9am (check your calendars for room)

Office Hour: Friday, 11am, starting on January 13
Problem Classes: Bi-weekly; starting on January 20

The problem sheets will be available on Blackboard and the
solutions to the problem sheets will be uploaded after the
problem classes.

If anybody wants to have some feedback on their un-assessed
problem sheets, you can give me your solutions and | will have

a look at it.
Course Rep: You should agree on a course rep in the first week.
Lecture notes: The lecture notes are available on Blackboard. They have gaps

and we will fill these gaps during the lectures.

Textbooks:
All the material used in this module can be found in various textbooks.

Gillespie, A. (2013) Business Economics (2" Edition). Oxford University Press.
Varian, H. R. (1992) Microeconomic Analysis (3™ Edition). W. W. Norton & Co.
Varian, H. R. (2014) Intermediate Microeconomics (9t Edition). W. W. Norton & Co.

These books can be found (some electronically) in the college library. However, the course
will be self-sufficient.

Assessment: 1 in-class test, worth 10%
1 two-hour final exam, worth 90%
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Part 1 - Microeconomics

Supply and Demand — an introduction

Principal questions to be addressed by economics — what price should we be paying for
goods, what price should a vendor be selling their goods for? Do the different motivations of
the different parties give different answers to this question?

Supply refers to the quantity of a product that a vendor (or vendors) is willing and able to
sell, at a given price in a given period of time.

Correspondingly, demand refers to the quantity of the product that the buyer (or society at
large) is willing and able to purchase at a given price in a given period of time
- Willingness and ability both important
eg pin+ of beer, flot n S : :
- ‘..in‘a given period of time’ also important , C-gc thlet poper Howh 2020
- ... gVen locgtin ... "
The good’s price is not the only determinant
- Demand can also depend on...
e number and price of substitute goods, €. 9 Ude//b@// w‘f'lee/l‘f'eol
e number and price of complementary goods,c of - Peno) Wb’l/&h—-

level and distribution oflncome e. )q{' v SY tml'wfe
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- Alternative determinants for supply:
e Changes to the overall cost of production
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- Both supply and demand may also change over time

Law of Demand: Ceteris paribus (everything else being equal), an increase in price will
usually lead to a drop in demand.
- This is often linked to either the income effect or the substitution effect:
e Avrise in price results in a decrease in the consumer’s purchasing power:
their income no longer covers the same quantity of the good in question.
(income effect)
e A rise in a good’s price may result in consumers substituting it for a
similar, less expensive good.
(substitution effect)
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Law of Supply: Ceteris paribus, an increase in price will lead to an increase in supply.

- This is because higher price (per unit) will incentivise greater production. It may
be, e.g., that a manufacturer produces more than one product, and in order to
optimise their profit, they have to split resources according to the revenue
earned by each product. If this revenue split changes, so must the resource split,
and therefore the amounts being produced.

In a market economy, the price of a good is determined according to its supply and demand,
through the price mechanism:
- If supply exceeds demand, price drops as the producers compete to sell the
good. This acts to encourage demand via the Law of Demand.

- If demand exceeds supply, the price increases as consumers compete with each
other to obtain the good. This acts to incentivise production, as per the Law of

Supply.

This interaction of the price mechanism with the Laws of Supply and Demand means that
changes in both supply and demand will both cause and be caused by changes in the price
of the good. This relationship determines the equilibrium price of the product; where supply
and demand are equal.

Supply and demand curves

Exompies o] neyaﬁue prices : o,

In mathematical terms, the“"demand and supply can be considered as functions D and S
mapping a priceb € [0, »)/to some level of demand D (p) or supply S(p). It depends on the
good of interest if these functions are integer-valued (discrete) or real-valued (continuous).
If they can be inverted, their inverses are referred to as inverse demand and inverse supply.
As such, they map from N or R to [0, ).

Note that we ignore the fact that prices are also reported in discrete units and treat the
price variable as a continuous quantity.

It is often convenient and revealing to analyse the supply and demand function graphically.
For historic reasons (due to the economist Alfred Marshall) we use the convention that
prices are depicted on the vertical axis and quantities on the horizontal axis. For trained
mathematicians, this praxis is rather counter-intuitive. However, since the convention to do
so is pervasive in the economic literature, we shall stick to it in this course.

The graphs of the supply and demand functions are referred to as supply and demand
curves.

If one is to analyse stylised facts rather than precise quantitative results, one commonly
uses linear functions for supply and demand for the sake of simplicity.

WOSJ&/
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Examples of supply and demand curves:
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Analysing the supply and demand curves:

It is of interest to economists to characterise the sensitivity of a product’s supply or demand
to shifts in its price; the measure of such sensitivity is known as the price elasticity of
supply/demand.

In general, the elasticity of a quantity refers to the relative magnitude of its reaction to a
change in any variables on which it depends.

Consider the demand for a product, which depends on its price:
- if the demand for a product is fairly resilient and robust to price changes, then it
is inelastic: demand changes relatively little for a given change in price
- Conversely, if the demand is particularly sensitive to changes in the price, then it
is said to be elastic.

More rigorously, we denote and define the price elasticity of demand to be

£ = £4(p) = Popartional chonge in quanyity demonied

propariong) ohay@a v) Prie
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Determinants of €: —_—

- Number and closeness of substitute goods
- Proportion of income spent on the good
- Time period
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We define the price elasticity of supply ¢ similarly; this measures the sensitivity of a good’s
supply function to changes in the good'’s price.

In addition, we can consider:
- the income elasticity of demand (supply), which measures the sensitivity of a
good’s demand (supply) function to changes in the consumer’s income; and
the cross-price elasticity of demand (supply), which measures the sensitivity of
? one good’s demand (supply) function to changes in the price of another good.
\Y}

€70 2 sub. 80065) L0 :)comp.goxjj ,£=0 indeperdent

Demand, Price and Revenue 8

The revenue generated by a particular good is simply defined as the product of its price and
guantity demanded

R2(p) = &p)-p=D(p)-p

Since the demanded quantity of a good is inversely related to the good’s price, an increase
in price will not necessarily increase the revenue generated.

When will an increase in price result in an increase in revenue? How is this linked to the
price elasticity?

Z/Q_\(P) _ bD(P\,P ~+ O(p) 70 =)
0D 0P
_ DD(P\_ p L D(P) S

_ ao(g\ < 1
D(P)
_ 59(9)4 A
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Theory of the Firm

Production Functions, Cost, Revenue and Profit

The principle aim of a firm is to turn various inputs, such as raw materials and labour, into
output that can then be sold, ideally for profit. Inputs to the production process are referred
to as factors of production, and are broadly split into four categories:

Paw warerals labow, land, capital

The first three are self-explanatory; CqPI'falequires some explanation:

- Broadly speaking,(ﬂ?ﬂﬂ‘refers to those inputs to production that may be
consumed now, but that will deliver greater overall value to the firm if
consumption is deferred.

- (OD ltO‘ qﬂge those inputs to production that are themselves produced goods,
and which are durable, such as machinery/ cqu,'pmen{,

] ' . . .
- [qppto\ ,F)nome refers to the financial assets of a firm that are themselves used
to generate wealth; it differs from ‘money’ in general in that it is not used to

purchase consumable goods and services, 5}'0,(5/ m Po,’%
/

We start by considering constraints that might be placed upon a firm’s production
capabilities; only certain combinations of input and output quantities may be technologically
feasible, and so these are referred to as technological restraints, and the set of all inputs and
outputs that satisfy such restraints are referred to as the production set.

We will denote the vector of input factor quantities as x € RZ, and the vector of output
quantities as y € RZ},; thus the production set is the collection of vectors (g, y) €
RZ, x RZ, such that y < f(x), for some production function f. The production func?ion,
also known as the technology of the firm, prescribes the maximum level of output y for a
given level of input x. B

For giveny € RZ}, the set of all points x € RZ,, such that

f(xpxz; ---:xn) = X
is known as an isoquant.

Note: e will mosyly consider the shglo—output (O€ (m=4)/
/bj,t the methaolagy extonds 0 M7 Q. Simiorly, we wjl)
usually consider 7_96122 or 2

9
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When y € R,,, the input requirement set is the set of all vectors x that produce at least y,
that is f ~1([y, ©)).

We now consider three examples of production functions that are often used in
microeconomic analysis.

Leontief Technology ( P@/«(H}‘f 0 mplememj)

Suppose we have two inputs x; and x,: the Leontief production function takes the

om L4 712) = minlom, byg), a,b>p

LYBRAN |
— |
& isoquant . output: bioycle (y=4)

7
! ; o ingts: fyomes, whedls (a=1,

3 4 ) 1
Perfect Substitudsl.o\ 1 (x 4) (1 Z) b:VQ )
( L‘ Y\@Of Suppose, ir{contrast, we have inputs to production that can be easily substituted for
O\ one another without affecting the level of output.
+echnolqy)

Fouag) = oy +bag, a,b70

I;L // Example.
& //%/ o QU : COﬂee

> 1 , IS - mil) ov s0ya ML

& Y3

Exomple:

y/a

Cobb-Douglas Technology:
Suppose we have two inputs, x; and x,: the Cobb-Douglas production function takes

the form »((’,{4/12) _ Ax"O Izb/ A'/ O, b7/0

\7
7y

>

’7('2

10



MATH60013 — Mathematics of Business and Economics Imperial College London

Properties of production functions / the input requirement sets:

o Monoionicivy 1L some of the inputs 15 rurease)
the moximum wil) no+ decre@e.

x £ * D f(x) < @)

[ (g et (fy }) ond 2154 ff‘(fyzﬁ])

ehen  (1-9) (1422) + 40052 ") ed” ({Y/”"])
Long-run and Short-run -”\‘f) P}'Dfef‘ty L) CQUNO,@”f t0 fhe 0/(/05’
COY‘COWW

Broadly speaking, in the economic literature, analysis is split into two scenarios, considering
the behaviour of the firm or individual in either the short-run or the long-run. These are
inexact periods of time, defined implicitly by the number of production inputs x4, ..., x,, that
may vary within such a timeframe: in the long-run, all inputs may vary, whereas in the short
run, at least one input will be held constant.

o (onvexity

The Marginal Product

Question: how much can we increase output by varying the input factors?

Suppose we are operating with an element (x4, x5, y) in the production set of f and
we wish to obtain a level of output y' > y by increasing x; ...

- The marginal product of factor i is defin fd as

1 _
MP; (X1, 19) = (, 2 =42

There is a slight issue with the marginal product —itis dependent on the units used to measure

theinput qUOINtities ond also O the uNIt3 of the outpit
quonci¥ies. In order 0 measwe the ottect of inreas
ech input indegendenyly of its units we tum td
outPut elaseru? wrt éath ing/k

For a production function f: RZY, = R,,, the output elasticity with respect to input x; is
defined as the ratio of the relative change in output to the relative change in input:

E]. (14,12) - &'C((IJ/'Zz) ' T
i o)

11
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Substitution ’[Z Frt o

—t— T
How about if we wish to keep the same level of output, but aée Iggs' of a particular input
factor?
We are interested in the rate of change of input x, with respect to x,, in order to keep the
output constant. This is the Marginal Rate of Technical Substitution (MRTS), or the technical
rate of substitution.
Mathematically speaking, for a fixed y € R, we are interested in the derivative of a function
gy, Where g, is implicitly defined as

3y('l4\ <% (= ¢ ('14/12) =Y

The implicit function theorem asserts that such a g,, exists at least /ocally. Moreover, if
f is a C'-function, then also g, is a C*-function.

Then we obtain
flu, gy =y ¥ 14

541(’14,9y(x4\) + 52£(74,3y(7(4))ﬁ)//(“14) -0

' »ﬁ[h 9y(74))
[ dg Hxn gy (an) #0, then gy (1) = - (4
2 9y 9 Y ’ N74,jy(74))

We define the MRTS of a production function to be

K, (74/7'2)
by (11)22)

Deasonng_ ve ve Ll
stort with e poir 4) ord doKMNC = T)

Thenue Pead with e ratimok from obok chising Gy

MRTS(xl,xz) = -

12
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Consider the behaviour of the marginal product as a function of x4, ..., x,: since the
production function is nondecreasing, we have that the marginal product is nonnegative, and
it is common to assume that it is nonincreasing. In other words, increasing an input x; from
100 to 101 is likely to result in a smaller increase in production than if we were increasing x;
from 1 to 2. This is known as the law of diminishing marginal productivity, and holds ceteris

paribus. ( lou-hangiw fruivs principlg)

Similarly, it is common to assume that a firm’s production has diminishing marginal rate of
technical substitution: if we consider substituting factor x, for factor x; (i.e. decreasing x;
and increasing x, such that the output is fixed), the Iarger the value for x; (before
substitution), the smaller the absolute value of the MRTS |y) om (lOIdﬁ (hc

absoluie value o} e slope of te is0quani musy
deare0e 05 14 11Ue0Ls,

Example:  £(x425) = N2y

LY R
2 17X :’ZZ

WRTS = - - )

z/v;’ﬂz
Returns to Scale:

We have considered the effects on the production function of increasing individual factors
whilst keeping others fixed, and we have considered the effect of substituting one factor for
another whilst keeping the output level fixed. We now consider the effect on the production
function of scaling all variable input factors by the same constant,

That means for some production function f: RZ, = R, and x € R%, you should consider
the behaviour of the function

(EZO 24— -/(él)

- The most common scenario is that of constant returns to scale, and this is where
anincrease in all inputs results in a proportional increase in the output:

[lep) = eM1) ¢ 0 ¥ 2R,

This is considered to be the most common scenario as, in most scenarios, the
production process can simply be replicated: if we double all input factors (land,
capital, labour and raw materials) then the production process can simply be
duplicated.

13
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- In some scenarios, increasing returns to scale may be observed; this is where

fien) > b)) ¥ 71 ¥xel? 5
Exomple : Uergmg—asoviwg admin ©5+5

- Decreasing returns to scale refers to the case where

l(¢x) £ 4 ¥ t21 v ze2’0

@ Derermine the reswns o scdle Dehavios ol D

ooduchan Fmchan: Feuaz) = IRV %

In order to fully characterise the scalability of a firm’s production process, we wish to find a
guantitative measure of the returns to scale; we turn again to the use of an elasticity measure.

For some 1e D0 we consider i (1) = £ (L),
£ io differentioble funchion we on defre s elasrcity ol
SR Ot 1512"7,0 oo
4 _ h

= AM\ - =
e(’g\ Jt W) 14=4 h(4)

{

. ——

=\ H’L)

= df(a)
dt
_ (V@) ty  Thot meo’S e(1) 5

a (ool memue of the
sole  Tehavur

@)

14
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() e(x) 21 ¥ 1e"0 @ ftx) 5 +«F(1) v tZ21
%Leﬂv}/a

Q) e() <1 ¢ r€2%0 O flen) 2¢d) v +2 1
VLIGQ7O

(i) e()=A ¥ te127o G )z ¥ 70
\f1627)

\dea ok the prook:
n fonak 0w >R ayt)= Hﬂ)
(orsder for kel the M 31 J )

Additional potential properties of the production function

- Homogeneity: f: RY, = R is positively homogeneous of degree k € R if

[(41) = teFC) ¢ 470 ¥ X e >p

This has obvious links to the returns to scale |.0.

il £ 5 posiively \r‘omafmoa foncron of degree, Lel,
~it oo Q1S Kyd,
it hos DTS if K«

_i he @@Te if =4

Homotheticity: f: R, = R is homothetic if there is a positively homogeneous
function h: RY, = R and a strictly increasing function g: R = R such that

0 = o) ¥ Led0

Homogeneous and homothetic production functions are useful modelling scenarios as
they prescribe isoquants that vary simply for differing levels of output.

15
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Profit and profit maximisation

So far, we have only considered production functions and the influences of different factors
to the production. However, what is the ultimate reason and motivation for a firm to produce
products at all?

Most microeconomic analyses assume that the firm is profit driven — we will too!

The profit of a firm is simply its revenue minus its costs, where all costs of the firm are taken
into account. It is often easy to overlook costs (e.g. labour costs for a self-employed person).

In application, the decision of how to maximise profit comes down to deciding how much
output to produce and at what price, or how much input to buy and at what price. We
therefore construct the profit function in terms_of these variables:

(2, 2, ®) = pfa) - wT
n(x,p W= pf)T — wx' (sigk ostput o)

We will assume the conditions of a purely competitive market, i.e. where all firms are
assumed to be price-takers (their actions have a negligible effect on the prices).

In such a scenario, one need only determine the quantities of inputs/outputs in order to
maximise profits.

Treating this as an unconstrained optimisation problem then, the first-order conditions for

to be maximised can be found straightforwardly: v)
iz, ..,n - )W(li,_ow ZP,'M!'(Z‘):W/
» - .

oL J=1 U
or p bﬂl_‘ Wi (single Output ase)

This first-order condition is EFM referred to as the fundamental condition of profit
maximization:

- Profit is maximised if marginal revenue is equal to marginal cost

- Also stated as: ‘the value of the marginal product wrt a factor is equal to its price’.

For fixed (p, m), this condition is easily solved to provide O f)@CQSéOIY n H’lao 7[()"

the profit-maximising input vector x*, which can then be used to establish the profit-
maximising output.

So for the single-input case, the second-order condition fer profit maximisation jZat,
? Do) cent)

L'(*) £0 (necessoy) o +'(2) <0 (v

a/7 M
Forx € RY,, n > 1,the corresponding condition is ehat HESS\(DV) 00‘[ 4 ‘_?}77[(1‘)7
i negative semi- definite (necessory) or neqotive de—f:{n; le
e »L-TH'} <() x 14@50-#/(2/6#)%).

Quite often, this (local) concavity of the production function is part of our assumptions.

16
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There are some caveats with this canonical procedure:

4) The pyoduaim fundi’m mgM ﬂt)iL be di#@enh'ab)e/
eg Leontiet poduction  funckn

9) The input goooS might be disuere rothar than imaoss.

3) We might how boundory solutian lueually at O meon
ot it s optimol nob 0 U A ertoin focr in the
producti® at oll)-

ey £ =% oand wpp.
4) A best strotggy might ot exisy, eq L&) =X ond wep.

; : : i ' . HA)=
5) A solut m@m exist, but it 15 not umque ¢ g o)==

ord W=p:

For a specific production function f: RZ, - RZj we introduce the map

n
00 x Byp 5 2720

yielding the / an optimal specification of input quantities, given a price p € RZ} and prices for

input factors w € RZ,. Thatis

T
1*(9,w) = orgnox (1, 2,w) = 0GMI pf@)- w7

e, 1el >0

In the light of the caveats mentioned above, our standard assumption is that the optimal input
specification exists and is unique. Under this assumption, the values of x* are singletons and

we can identify the singletons with their unique element.
Consequently, we can consider x* as a function — the factor demand function — being a map

X' RZy X Rl - R,

17
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Under this assumption we can also define the output supply as the function

N o> 0o (gw > (g, u) =4 Tow)

Moreover, we can define the profit function
—_ n
\l"é : 917” XQ7/0 >
(g wl= (7 (gw), 2w
(Q w) P 7L, Q/ ) ¥) &

l,eﬂ';/o . -
= MOX ﬂ’((}\ -wz
n

Properties: (/Pra}[ 4'4 P52)
1. The factor demand function is positively homogeneous of degree 0.

1*(¢p, tw) = ew) ¥o,wedox020 v £70
Note: The optmel input bandle, i invoriant umder chonge of wmany.

2. The profit function is positively homogeneous of degree 1. Tr*( (ZQ) tw) — T‘*CE (U)
3. The profit function is non-decreasing in 14 and non-increasing in w. NoHe: (jn@f Ch%

4. The profit function is convex. n bot arqumans 2 Orﬂ w. O‘F CUW@/’U/ the
! o pofit sho.!ld

cl'lO'Bc auoD) VH’Y

5. Under some regularity assumptions, the profit function is continuous

Proof: 5. Follows with the Berge Maximum Theorem. The other assertions are exercises.

18
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Hotelling’s Lemma (O 9?300\ 0L DJ’ Em% T’)m\)

The output supply and factor demand functions can be obtained directly from the maximised
profit function through partial differentiation with respect to the price vector.

T (p,w) = 24 (zw)) - wx(ee)

L (puwl)+ 20 2&&(1 (pw)). du (29 _ Jui 04 o) _
k=4 iz =W\ 5190 =4 OPJ

)T (pu) _ 4",y )+2[2Pub,£z(1"(2 WWJ o (pe)
=1 =9 de'

- '1\“ (]Z)W)

. ' din ecs.hom of 1) ot supply O”d
Note: (?(%4{ 9. profi fundion pos JGHE"M gemond o5 nom. ol @?9

One convenient corollary of Hotelling’s Lemma is that each row of the maximised profit
function Hessian (wrt p) is equivalent to the gradient of the firm’s supply function for the

corresponding output. This makes it easier to derive some properties of profit-maximizing
firms, such as...

The Le Chatelier’s principle:

The long-run supply response to a change in price is at least as large as the short-run supply
response.

b\/;*(Q,@\ >0 (Preot: Use Hotellmgj \emma ond
3P oty of gkt functio)
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0:(on we mate inferye
ol oGk fnckion”

So far, we have started with a given production function f 4and we have derived some results
about the factor demand function or the output supply function. Now, we turn the
perspective and assume that we can observe a firm’s ‘behaviour’. The Weak Axiom of Profit
Maximization (WAPM) is a necessary condition for the rational, i.e. profit maximizing
behaviour of that company.

In a first step, we can use the WAPM to check if a company is profit maximizing by checking
if the observed dataset satisfies the WAPM.

In a second step, we can even consider some attempts of statistical inference for the
production function using a dataset that satisfies WAPM.

Weak Axiom of Profit Maximization (WAPM):

Suppose we observe the net output vectors zt = (yt, —gt) € R, X RZ, and their

corresponding price vectors rf = (pt,mt) € RI, x RZ, for some firm at discrete time
pointst = 1, ..., T. Assuming that the firm is acting to maximise profits, we can deduce that

# o4 tme & ri(z) z2ri(z?) vst=1,..T.
pont ¢ | ‘ o
This ©© the Weak Axian ol Pelit Hoomzoro :
t(z6-25)20 om —v3(2%2=20 ¥st=t T

Writing WAPM with indices switched yields

(2 -2z (r'-r%)" 20

woie: |f the price of on aspt gumd inreoses, then e SUpPy
T of ths gu) sold elrd o
l# the Pri(e of an inpJt 601) intreaises, then the supply
ol +his 8""* sould o Inceoe:
(giren thot m other PARS cMn(be/\.
o QEMpHNS naje. oo e p,odua%m Junction.

S
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Cost Minimisation

We previously looked at a direct, unconstrained approach to profit maximisation: given fixed
costs for our inputs x € RZ, and a fixed price for our output y € R, what production choices
lead to maximum profit? In non-competitive markets, however, since the output price p € R
is not necessarily fixed, it is useful to split this into two constituent problems:

- Forfixed w € RZ,, what is the minimum total cost to the firm of producing a level
of output y?
- Given this knowledge, what is the most profitable level of output?

We consider the first part of this problem here.
Note that, for n = 1, this is trivial; we therefore assume here that n > 2.

For input vector x € R%, with associated prices w € RZ, , we are interested in solving the ‘d\{\)(' @
optimisation problem:

\7
Find w@min wx' SS’ A
1E€£Gy)) >

To solve this constrained optimisation problem, we convert it into a Lagrangian problem; we
incorporate the constraint into the objective function, and subsequently treat it as an

unconstrained minimisation. Lang,a,a|on mu,-h'}?her

First, define the Lagrangian, L:

{0 <22 (x,4)=wxT-AF0-y)

Then, find the first-order conditions for minimising L:

3L (1A = wi -AKI(L) =0 # izh0
]

YA A = f()-Y = 0 (ons+aint)

/
Solve these n Qlﬂequations for the n+1 unknowns

ML) = izt

The conditions on x; for cost-minimisation look reassuringly similar to those obtained for
competitive profit maximisation; they are not the same however. Here, A is simply a dummy
variable, which we must get rid of if we are to make any progress; we cannot solve explicitly
for x; in terms of known prices.
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If £ has a known, differentiable form...
- Use solved condition to find x in terms of A and w.
- Substitute into the constraint and rearrange to find 4 in terms of y and w.
- Re-substitute into the solved condition to find x in terms of y and w.
Thus, we can determine the level of each input factor in terms of the input factor prices and

the desired level of output; these relationships constitute thelconditional actor demand
function, which we denote x*(y, y). Formally, this is a function

'l*( Q; lg) x*: RE, X Ryg = RE, (w, y) [N gg?(l{i; w ET |
fodior demond funetion Vs *(w,Y) cnditional factor demond Junction
(protit mox. problem) (cos*  min . prodlem)

The minimum total cost to the firm of producing a level of output y with input prices w can
subsequently be obtained as the price-weighted conditional factor demand functions:

T
c*: Ry X Ry, —» R , c*(w, = min w x' = x*(w,
20 =0 =0 (ﬂ y) Ef‘ll({ e w x (E y)

Example: Cobb-Douglas ,r(-x_‘)ZZ) - quq 1Zb/ A) 0, b70
Find the condital factar demong Hunction

Solutigy:  Find minimiser of wX St. f(1)=y.

. a b
FOC: Aoy Agb= WA @ onswont: Ay 2=y (3

aAb?uq'izb" :(.Uz @
D-Q > W= 02 > !m@ b
AA
o+b [P w1 \P o .
. @) im0 (3 Aw«“(u%uﬁ)bzy 3 Ay (a M) =Y
x{oegy) = Y’/mb AJero ( gﬂy%m simlory 72" [wheny)=

a wl /
We note that the first-order conditions above can be restated in terms of the marginal rate

of technical substitution:

pbryy) . WM - w

g, *\ =
sy’ ) = - Woitag)  defr) 42

That means the marginal rate of technical substitution coincides with the economic rate
substitution.

-i)oi; b w4 (-bosh
1/0-!\3A .,.“L>

v o wl
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Possible problems when finding the conditional factor demand function:
) The prduction uncion mignt ot te diffemtioble
g, Lemnpief poduction dunction

9) le mignt hove @ bomdary solution (meaning  ehart
some,  invt guontity is 0 i the optimum)

3) 14 the prOOVGH funcrion s Cntinsous, sujedire o
[0,0), and w>>0, thee 5 awoys a (o5¢ m,y,,',,,,'s,-f?
J - o '
5+v;*egy (in contlost 10 the podit moxims0nd  pobkn)

. T '
: \ech A+ wa' s antinuods.
P/ODJ~ Tne obdeome fuwa‘;m ~ ~ "
0 antinals HUncko) GHoins @ winimm 0ND G inoximum
o 5&h AT 3 bonged zof
o e g £ Ry is o
sine 4 is  continous, the prev,moq‘e y ' -
We con pick oo arbitrory aef (f vj) ond 7estntf attarnid)
(o the set: 2 |t < wa'T) Ths set is comod.
p§3y) njrefzo | J

L) The oprmd) swoeg) mghe N0k be Unque.
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Properties of the cost function

The cost function c*(m, y) is...
Nondecreasing in w: |

X
dww'eflo ¥yz0: W 2 cy)z ey

Homogeneous of degree 1 in w UndW cha
vwelo ¥y70 ¥ty0: (= fC"Cy,y)—gd(; T

Concave in w ‘ ghe n e

¥ W, g'eﬂ"?/o, ¥y2,0 + te 0] c*(+w +(4~+)‘£’,Y) > €C*(wyy) gate momor
Continuous in w (=) c*(Why)

A
v we%g il W 69“70 then \im c"(g,\/\: c’ (u,!o,\/)
- W5 Wo /

Proof: Exercise.

L
Shephard’s Lemma (OPP”Cq‘tlm 0“ {'he Enﬂlam &h@dm)

We can obtain the conditional factor demand functions from the cost function through
differentiation with respect to the price vector w; this is Shephard’s Lemma: l'f C*((QIY) 15

il ferntioble ) w ot (@,y) ond wiz0 ¥ iefd,... ], ey

ac*(w,
xi(w,y) = oc\Wy)

aWi

" Al temotne’ prod:

| et 1' pe the (czsl'-min{mis(ng
output y.  Defing:

3@): c*(w,y) - ‘L’l'..r
9(w) £0 ond glw') =0

input bndle ae prices w " ond

Note thot
B yield dor the mos<imum of +he +
e g (or 5;3(@‘\:0)

dwi fwzw

Demovk: Oe on use
- this poof
to esrahlish

the Dwvity
(Poperyy #3).

{
Trot meons:  IWN) -y ot w=w.
Wi 2
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Weak Axiom of Cost Minimisation (WACM)

We can make very similar considerations as in the case of the Weak Axiom of Profit
Maximisation. That means the Weak Axiom of Cost Minimisation (WACM) gives a necessary
condition on data to stem from a cost minimising (and thus rationally operating) firm. {;

ond OUIpUS Y
Assume we have observations of prices w* € R%, and inputs x* € R%, at time points t =
1,...,T. Then the WACM states that

u,)t(&T)Tﬁ \Be@fa)'i ¢ szt 5*@]

This implies that (me[' M) . t
(u){’,u)s) ('L%'"lj‘ ﬁo ¥s5,4 :1}..,"[ 5‘{.ly =y /

Note: If all prices but w; are held constant, then in order to minimize costs whilst keeping
output constant the change in x; must be in the opposite direction to the change in w;.

eq lf +h€ rice of a g "090565 then we shatld use less of

No assumpuons obAk the pOOUGHD Junction

WAPM = WACM ¢ t s
A t t wiqﬁ; 17)/5 u)4714 'wZXZ

¢ _
‘Pm( WAPH: PYY '“’mt

Com»da a PO"’J(%: 5t. 7 , t—f w{is
Xk ¢ - - Wa
Wy —Wetg > pty®- Py i 2

) 1 - W
,wlk11‘.-lﬂ2 12 VY E"/(i;a\L ) Wy ‘ 2 12
7
% S
,\1)4{77!1t -WQt‘IQ Z qu 71 'UJZ 12
win +ogad £ Wi 1y y
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Long-run vs. short-run costs

We have considered cost minimisation under the assumption that all of our inputs to
production are allowed to vary in quantity — recall that this is a long-run scenario. In the short
run, at least one factor will remain fixed.

Let F,V € {1, ...,n} be index sets with FUV = {1,...,n} and F NV = @. Here, the set V
consists of the indices of variable short-run factors and F comprises the indices of the fixed
long-run factors.

Then, for x € RZ, we shall write x = (x5, x,) € REy x RY,.

The level of the fixed factor will influence both the minimised cost, given by the short-run cost

function '
n -
C_é '. Q;o x Q&O XQZO v

. T _ U '
(0, Lg,v) = min wi' = Wep + MOV
=/ xy e950 s4.4Q52,)=y 1yetost Haryyl=y
...and the cost-minimising choices of the variable factors, given by the short-run conditional
factor demand functions

’lé: ‘D-;;O’( Qr,O x 930 —> 230

‘ T
: 1 = avomn Wy
K — wA = =
1y (W)xry) = GG 2 2 1 \£9% 05+ HaF 2=y

2y %0 54 KAF L)y

Note that
¥
¥ (w,y) £ G (\L’,ZF,Y)
1* (‘L’,\I\ 6 1; (w/'ll—',Y)
V)
we oot esoblish o Similor elatian betvean the anrt-run

condibiono) facor demond fnction ol its long-run version)
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Average and marginal costs

The cost function is used to gain insight into the economic capabilities of the firm; indeed,
much of the firm’s economic behaviour can be gleaned from c*(m y). It is particularly
important to be able to analyse the behaviour of the cost function as the level of y changes,
and so we now define a series of derived quantities for both short-run and long-run analyses.

Assuming the costs w = (wg, wy) to be fixed, we shall supress the costs in the notation and
we define the short-run average cost SAC(y) to be the per-unit cost of producing y units of
output:

SACG) = 5 (9,%6))

Y
Assum'ng that the #rm i5 Cost-minm |5|/9/7C\, g, O (-/_F,\/)

SACKY) = W + v X (WXEY) - saFccy) + SAVCGy)
short- 1y ovnage hred Shon- 'uyw
It is also useful to consider the rate at which a firm’s costs mcrease (or creaseg with respect ) %@
to its output; the short-run marginal cost SMC (y) is defined as
C%‘rs
sucty) = 0@ xey) (gssuming thot the st funcion (s
)Y dHeremtioble)

In the long-run, we have only variable input factors, i.e. V. = {1, ...,n}, F = 0, leading to x =
Xy, therefore the long-run average and marginal costs are defined accordingly:

LAC(y)=@ or AC(y)
LMC(y)=%%’y) or MC(y)
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Geometry of costs

The shape of the average and marginal cost curves can be illuminating, and indicative of the
economic capabilities of a firm with a given production function. Suppose we are operating
in the short run.

As y increases, SAFC will clearly decrease — what will happen to the variable costs?

law of dimfnishfw magjna) poductivity stotes ehat as

variable inputs inurease, the mavgm/ pmjuc«ll'w'ty of each
subsequent unit of inut will decrease.

This i5 because vaviable inputs are combingd with a

‘7'\161) quanﬁry of fixed inguis,

This implies thot 05 we increc€ oV b the /opug
’equed o maimain o unit inyease in ww* will 1esetf
norease. Thus, the per-uni t voviable wsis Wl ingease as

Y inure0ses.
(@%’—f\@m : 1] SAVC
SAFC
2y — Dy

9/
& A sac-=

SAFC + SavC
has O minimum

2y
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Consider the minimum of the SAC - where does this occur?

¥
FOC: 3 sacty)= 9 [ €3 (W 2ey)\_ ZEWIN) Y )

0y 0 ay y v2 Y2
L saCy)=0 F 3 cdlwany] = (e, 2m)

0y 0y y

...50 we have that, at its local minimum, the average cost curve is intersected by the marginal
cost curve. Similar analysis reveals that:

- SMC(y) < SAC(y) < short-run average costs are decreasing in y
- SMC(y) > SAC(y) < short-run average costs are increasing in y

= SMC(y) = SACGH) () short-run overogc wsts howe O minimum

The link between the average and marginal costs in the short-run can be further probed;
consider how each behave aty = 0? py 05 \/ \L 0 7

.
SACLy)= WeXe 4 Yy xZ(w,2F,y)
ZF=r —EiiRA

Y \»\/
05 Y0 :\b 7

L\H()spital‘ﬁ rule imph'eb Jor y—>0:

*

em yvzg(%"ﬁ‘/) - Om 2y -

y30 Ty Y0 {

So,asy — 0,
- the short-run average costs explode in the presence of fixed costs...
- but the short-run average variable costs and short-run marginal costs are equal

It shouldn’t be surprising that the link between average and marginal costs is chiefly through
the variable costs...the fixed costs do not contribute to the marginal costs! Indeed, we can
further note:

- The area under the marginal cost curve (MC) will give the total variable costs
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- As we saw above with the short-run average and marginal costs,

Q/[Q N,’) e SMC(y) = SAVC(y) at the local minimum of SAVC(y) (AHW‘HI/Q)
(D u e SMC(y) 2 SAVC(y) & SAVC(y) is increasing/decreasing in y

e SMC
2 o pac JINC o SAC
SAVC

> >
We have previously defined the short-rungt?/the Iong-?u'n according to the ability to varyfhzl
factors of production. We have considered the long-run to be the period of time in which all
factors can be varied. We revisit the notions of fixed and variable factors, and consider their
role in short-run and long-run cost analyses.

Fixed costs are those costs that do not scale with the firm’s output. One cannot influence the
level of production through altering a fixed factor of production. Even if a firm was to drop all
output to y = 0, fixed costs would still require payment.

In contrast, variable costs are dependent on the firm’s level of output, as the output is
influenced by changing the variable factors of production.

In the short-run, there are both fixed and variable factors of production, and thus also fixed
and variable costs. In the long-run, some of the fixed factors may be more easily varied, and
so can be used to influence the level of output. Thus, factors that are fixed in the short-run
are often variable in the long-run.

There may well be, however, some costs that are constant with respect to the level of output
even in the long-run, as long as the firm is producing a positive level of output (i.e. is still in
business); these are referred to as quasi-fixed costs, and they correspond to quasi-fixed
factors of production.

ummary : |
Short-run:  Variable costs + Fxed 0siS

[ms ~run: Vorigble 0sts” + Wasi-fixed wsts, eg. Ii'ten e, rent

Consider, now, the long-run AC(y) and MC(y) curves. The existence of quasi-fixed costs
implies that the average and marginal cost curves will have a similar shape in the long run as
in the short-run.

Recall from before:
c*(w,y) < c;(w, xe,y)
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i.e. short-run costs are always greater than or equal to the long-run costs. This still holds, even
in the presence of quasi-fixed costs; factors that are ‘fixed’ in the long-run will also be fixed in
the short-run.

Recall also, however, that C*(\_})/\A o Cgﬁ(u’), Z_—: (U_)'\/)/ )’) V \/70

i.e. for each level of output there will be an optimal level of the fixed factor given by its
conditional factor demand.

We conclude that the long-run AC(y) curve:
- has a similar shape to SAC(y);
- lies below or on the SAC(y) curve at all points y > 0;
- and is tangential to the SAC(y) at the point y* for which xz = g;i(%, y*).

SACGY= ) ac = cFlwy)

Cs (;Ip/‘/) 7/

Lomork: y* doesn't
: necessorly howe 10 be
——% T > y the minimum of the SAC
y¥*si. Ap=tr (W) cure cu
Note that, as x varies, the point y* at which SAC(y) = LAC(y) will move. If the fixed factors
can vary continuously, then the SAC curve will trace out the LAC curve; we say that the LAC

curve is the lower envelope of the SAC curves. If x; can only be varied discretely, then this
lower envelope will be tangential to each SAC curve at more tha O%A(@t:

LAC
> di ffoent

SAC wwes
for eoch level

. ol ourput

-
-~ s e

' D

: . " " \If 7 v
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In order to characterise the behaviour of the long-run marginal costs, we note that the
relationships that held between average and marginal costs in the short run will also hold in
the long run:

_LhcGy) = LACGY) B long-in overgje costs o aF o (Clow))
mum

_ LMCCy) £ LAC(y) & |0,8-Vun W9r0$ wsis ove decreoskg My

- LUC(y) 7 LACK) §) fomg-1th overage s o incrasing i y

We further note that if the short-run fixed factors x are fixed at their long-run conditional
factor demand for a given output, then

oy = &, 2EWY,y) ¥ w0 >
LUC (y*) = SHCG™)

* #
The argument is as follows: C‘*E ((LJ, \/\) =Cs (u'),lvp (‘L]/ \/)/7) ¥ }l 70

That means, we can take the total derivative on both sides. That is

dcHwy) - 4 * ¢ (wy)y) &,
dy d ? | !

LMC(y) =

# A v
The first summar'}‘d is 0 since the function Lg L 1< (@;ZF, Y) 1S m'ﬂ)’ﬂ'&d by
g =1 (w,y)
So the first order condition implies that the partial derivative vanishes at this point.
With the second summand, one also needs to be cautious. This is only the SMC if

Tp = 1] (@)y) which meors that y =y* = Lu((y*):sm(y*),

The argument is very similar to the one in the Envelope Theorem.
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g 5p/C LMC

g

(,03\6 4 LAC.

\ R mavmam

TR
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Profit maximisation given minimised costs

We have now considered the choices that a firm must make to minimise its costs, given
knowledge of its factor prices w and a given level of output y. As mentioned previously, we
now consider how a firm should subsequently choose an optimal level of output y in order to
maximise profits conditional on minimised costs.

To set up the profit-maximisation question in this conditional framework, we initially maintain
the assumption of perfect competition; we also assume to begin with that we are operating
in the short-run.

Recall that previously, profit maximisation was framed as a question of how much input to
use, and that the output of the firm was specified by the production function f. Now, all of
the firm’s technical constraints are implicitly specified by the cost function.

We therefore reformulate our profit maX|m|sat|on problem: UK)’ 56@&

argmox Py - << (w,1s,y)
W 1=

moxy 7Y~ <§ (w,2r%)

First- and secon!-order conditions for the optimal level of output given minimised costs are
given by:

FOC: 2 ) (py-<Z (W 2ry))=0 @ p=SHC(Y)
y

50C: _‘). y C@(U)’lpy))éo @ 0S5 dsucx) z0

These conditions suggest that, in order to maximise profits, the output should be such that
the corresponding short-run marginal cost is increasing and equal to the output price p.

(50C) (FOC)

For a cost-minimising competitive firm, this specnfles a relationship between the market-
defined output price p and the quantity of output that the firm should prowde - 6”!5 ’,S

the short-vun suppN cuw@ *Or an individuol

Example 1:
Suppose that a firm’s short-run cost function for a good is specified as

If the market price for the good i and each input costs the fir how many
units of the good should the firm produce in the short run, and what is teir maximised

profit if fixed costs are £127?
P:&Z16 Wy =Wy = #4
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FOC: SUC(\/):P 2 ZIVuMwZ )/ =P 2 E P -5
dlwwy  £16

S0C: 9 SUCG) = ‘/mg >0 = Moximum G=1
0y
poximun profit = 3 -2 (wywe, 253 = A6 (1) - 2€) (1)-12= -4

In the short-run, i.e. when there are fixed costs, the most profitable position for a firm may
be one that returns negative profit, as fixed costs will always require payment.

Example 2:
Consider the cost function

cg(g,xp,y) :wy”z +woyE 4 PC(‘QF;ZLF)/ Yy 20
What is the maximised profit here, whenw; = 2, w, = %, andp = 2?
» wi=2 WyzA/z,p=2
FOC: SHC(y)= Wi y2 4 wgy =P =
2

7/-"/Z ‘fy:Z >
A

7 =2y >
12 2
=2y -y 3
3/2 M2, 4 =
n -2y +1—O>14—1
109 _ - =
sox Y i M-+ 0 ~ - 118

\ 2
3 ,15: ",'1:_@ <O/ K’deu'
A

Y4 =’112 = -

Vo= g = 3—75 z /7

SOC: btzcéf(‘!-)/lﬁ‘/i) 70 gnd b %*(@/ZFIVZ) 0D = Q:W:
e oy ?
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So, as illustrated in Example 2, in some circumstances it may be preferable for a firm to go
out of business rather than provide y > 0.

Indeed, we can generallse it will be preferable to go out of business when

£ —wpaeT > Py - Cs(_,.—m)(
0 >py- iy ") &
7

Wy Ly (‘U}Y) > Py
@ SAV((Y) = 2@y > o

This is known as the shutdown%ndltlon when satisfied, it is preferable for the firm to go out
of business.

So we must refine our definition of the firm’s chosen short-run supply. The competitive cost-
minimising firm should choose a positive level of output y such that:

- SMC(y) =p;
- SMC(y)isincreasinginy;

~ SpVCCY) £p (onverse of e enwidown ©nditid)

If no such y > 0 exists for the given p, then the firm should set y = 0.

These conditions are satisfied by the portion of the SMC curve that is increasing in y and that

lies on or above the SAVC curve: 5 M(_.
SAC

SAVC

the oprimd)
o+ level
depending O +he
pice 9

(>
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In the long run, we have a very similar story. Neither the first- nor second-order conditions
above explicitly require the costs to be dependent on fixed factors of production; these
translate to the long-run scenario as would be expected. The long-run profit-maximising
supply for a cost-minimising firm is given by y such that

~ LMCCY) inreosing in Y (s0C)
~ LACH) 29 (wonerse ol +he suiom pPrtion)

Once more, if no such y > 0 exists for the given p, then the firm should choose to go out of
business.
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Profit maximisation for a noncompetitive firm

To contrast, we consider the profit maximisation problem for a cost-minimising monopolist.
Whilst monopolists have more control over output prices than in a competitive market, they
cannot choose price and output independently of one another; they must respect the market
demand for their product. We therefore assume that the monopolist chooses the amount of
output to provide, y, and the output price is determined according to the market demand for
this output, i.e. as a function of y, p(y).

The function p(y) is the inverse of the market’s demand function and is referred to as the
inverse demand function “facing the firm”; we note that it may be dependent on other
determinants, but assume these to be held constant in our analysis.

To maximise profits, we therefore seek
argrr(l)aX{p(y)y - c(w,y)}
y=

First- and second-order conditions for finding a profit-maximising position for a monopolist
facing an inverse demand function are therefore given by

0 9
@(p(y)y - CE(E»)’)) =0 %y)y +p(y) = SMC(y) (FOC)

62 62 * , ) 62 a

a_yz(p(y w-cwy))<o = CS((amy)%F R (apy()yz)y +2 I;(yy) (S0C)

we con veawonge +he FOC:

ply) | A+ M)\ :SHC(‘/)
[ 2y 557)]

o~

1+ L

ég(y)
w hae 60 (y):: 80(9(\/)) i5 +he PIiCQ d057‘7'0'1')/ 0'7[ demard
focng e moropolist: 4 o
2l thot 961 =D ) st y=D(pty). Taking +he derivotie
wrd y: 'ty) = A
P D'foly)) ez
s 38 60 Z
sine  eply)40 and SHCZO,we mus+ho¢€ |
> |n orer ?ﬂ hoe o pofit- ma:dmisivg pos! Hion,we ned {o iu%e/os#c
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Example:
Consider the monopolist faced with a linear inverse demand

p(y) =a; —ayy a;,a; >0

and Cobb-Douglas variable costs in the short term

cs(W, x5, ) = 2\/wyw,y? + FC(wp, x5 ).

What is the maximum profit that this monopolist can achieve?

i:bﬂ(l.'l—:wazl- :—M.

Eoly) Oy o) a-0p 04-0gy
legi)l 74 5 LAz ysu

agy 209 )
Or

50 ony profis-maximishg  lovel of owpy musr be bolow O g
to 9

207 - suCd)

Focs PO [ A+ ‘Y

(04,a2\,)r/\+(—°z\/ \1 le_w,/wzx) > .

at-0ag

/\;: ai O vequwed
YGQ-FLIWDZ 20‘2

” | .
CualugHing e 50C vgnl:es thot ) 5 A moximum

a3
Ay - .-
hoxmum pofit = p(\/ ~ 5 (WAry) =
- EL__. - PC(@F,IF)
4og+ g
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We can see from this example that it is also possible for profit-maximising monopolists to
experience losses in the short-run; this is not a phenomenon unique to competitive markets.

The above optimisation assumes that y > 0. Just as for competitive firms, however, we note
that the profit-maximising (loss-minimising) position for a monopolist may be to go out of

business, i.e. to set y = 0. This happens when the losses incurred by setting output according
to the above first- and second-order conditions are greater than the fixed costs, i.e. when

SAVCG) 7 ply)

We also note that, as for competitive firms, the extension to the long-run is trivial. For a cost-
minimising monopolist, the long-run profit-maximising output y will satisfy the following

conditions:
T A= ety @
Ely)

bch(u,)/y) ? bp(y N 2p(y) (500
? e 5Y
2 ol e gndoun (ondition)

AC < p(y) (e
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Theory of the Consumer

We now focus on the theory of the consumer, where we will formalise the notion of consumer
preferences and show how optimal behaviour of the consumer with respect to their
preferences will lead to a specification of the demand function.

In the course of our analysis, we will see a lot of similarities and analogies to the Theory of
the Firm.

Preferences & Utility

We start by considering the goods consumed by a consumer.

Define the consumption bundle for a particular consumer to be the quantities of a collection
of goods that the consumer is willing to consume:

X = (x1;x2; '"lxn) € erlo

The set of possible consumption bundles is referred to as the consumption set; this is usually
taken to be some closed and convex set
X € RY,.

Consumers are assumed to have preferences between bundles x, x" € X:
- x < x' means that the consumer has a preference for bundle x’ over bundle x.

- x < x' means that the consumer has a strict preference for x’ over x.
XL B ©) LA bur nop x'e(x

x ~ x' denotes indifference between x and x'.

x ~ K e % g{’}:‘ ond A KX

[“ﬁggmﬁg‘i 997%1’3 | the prefrenie. volovin 'l is a subset o}

e are working under the condition thgt<t preference relation satisfies the three axioms of
a complete weak order on X. That is

FaaeX : 14LL or XL
—-) =

- (ompleteness.
_eflexivity: ¥ reX: 2 4

LW A e X

]
x'ond 2 2 then

)

IXN

- Tronsitvity:

= =

I 1N
I8
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Beware that reflexivity actually follows from completeness.
In addition, the following assumptions are useful but not necessary:

Continuity

' |
. x e X &he sets g’);eX: x o.(’_K_"kam) {’gex: 2,"_(‘;_}
owe’ closed sets
Weak / Strong Monotonicity

x<x' = x=xx'  (weak)

x<x'and x#x' = x<x' (strong)

Local nonsatiation

¥ T EX Y EPO:
J « e X with ) Z- «<'||<& end T <%

(Strict) Convemty

¥ A, A, eX With 24%' ond A<, then

7(,.5 L+ (oh)n ¥ eel0U
5*2‘0}1?3?’:)( with <X and 2L
A 42 .(&-1«(4 . S £6(01)

Note — we have not yet used the symbols > or >; we can use this as would be expected, i.e.

1L @ YR

but it is no more than a notational convenience.
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How does a consumer decide between bundles in some subset of X? How do we judge the
suitability, or usefulness, of a consumption bundle x? More to the point, how can we, as
economists, model the unobserved preference allocation of consumers?

It is useful to model consumer preferences by a utility function, which we define to be a real
mapping u: X - R.
We say that u represents the preference relation < if

v o1, xeX o oul) £u@) @ X L2

e W\“ - If only the ordering imposed by a utility function is relevant, one speaks of an
ordinal utility. If u is an ordinal utility, any strictly increasing transformation of u

0"\\ represents the same preferences. u, ('U A9\ = ML (4 X9) = \og Ug =
Lm5\der - Ifone wants to compare dlfferent)utlll dlfference2s say 2 "2 ( (7“’12)
odirdl] | Ju@) - v and @) -u@)]

utilives . -

one speaks of a cardinal utility. Cardinal utilities are in general only preserved by
affine and increasing transformations.

Existence of an (ordinal) utility function:

Suppose a consumption set X is imbued with a preference relation that is complete, transitive,
continuous and strongly monotonic. Then there exists a continuous utility functionu : X - R
that represents this preference relation.

Note — the assumption of strong monotonicity c#an be dropped, thugh the proof is more
1

complex. — Nebreu s Theoverr [4054)\

Proof:

Outline:

- We will consider bundles of goods that contain the same amount of each good,
i.e. ‘homogeneous’ bundles;

- We will show that if, for every x € X, there exists a homogeneous bundle to which
the consumer is indifferent, then the level of the homogeneous bundle can be
taken as an appropriate utility function, i.e. one that preserves the ordering of >;

- We will then show that such a homogeneous bundle exists and is unique.
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Let c:f‘,---,‘}be a vesior of n ones
Suppose  thow for any nsumpHon bdle 21 € X thee exists
ul1) €2 st ull) e vZ.

we show that such o number represens +he plerene velowio,
(ndeed, for any x,1e X

a(1)> ulx!) = ull)-e Suly) e

= u(})-_e,v’“h_l’lé /mmo#micby)
2 ay A (nonsivivity)

similorly, we con show  +ho (1) £ulr) o 1 <2
/

so ul(1) maintoins +he oederenie  relonon

Cxistente ok ul¥): Led xeX<2%o

~ Dedine B:gteﬂi te 372] and
w= {ee | te 2]

' = X and
- (miayXi)§7/ 2 Q(mo"xl\)gvl )(”‘io"‘ i)ed wﬁa,e
hon-emp+ y
- of",(l 2 0 eWw 565

_ B\/ Co)Hinui+y ol { y +he 5615 17) am) w owe d@fd.
That wmeons +hey hove oM upper and lo.0er boung, which
ove covoined in these 5615 respectively.

44



MATH60013 — Mathematics of Business and Economics Imperial College London

_%et ¥z infheh. Ll tm= {"-in.

L4 fn< {* :) {'n%o
2) el
D meWw

I 2
| = +4 e(.U
oty,,)t*.uaeo;er,u)badasedsa 2

_Sime +¥c Baw), "¢ ~x.

_we ser u(r): = +* and thaete  exisss,

Uniqueness

. Sugposc +hos for some 1 € X thee are uql1) and U (1 )s.4.

(M(l).@ ~ A and Uz(‘1|'_€ ~ 1.

- By wansitiviey: ual1)e ¥ 1Y Up(2)-e
2 we y, ul)e
5 uy (1) 7 ug(r) (usg mootONichy)

- Similark, uq(r) £ uzf‘x) S ug(n)=up(x)
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Properties of a utility function

If the underlying preferences are complete, transitive, continuous and (strictly) monotone,
the corresponding utility function will be continuous and (strictly) monotone.

If the preferences are (strictly) convex, the utility function is (strictly) quasi-concave.
Nowe that o funchion f: X > is skicgl  quosi- cancove
J for ol 2,y eX, 7L¢y ond 4o al t€e1):

1( -2+ ) 7 min§F@FO)

Substitution in demand

Suppose the availability of good i drops, such that x; must decrease. In order to preserve the
same level of utility in their overall consumption bundle, consumers will want to compensate
by replacing with a separate good. By how much should the consumer alter x; such that the
utility remains constant?

[This is5 ""G‘Q]‘”s poblen +o thoy of +echnica) subsywtion. ]

Indeed, we define the marginal rate of substitution (MRS) to be the rate of change of good j
with respect to the change in good i: ()UCU
_2'

X

Ut
O

where we also define Ay = 0 7
= ME) @ S 7
HWo, (el = ’; LIRS RN

MQ’)}/S (1) = -

to be the marginal utility with respect to good i.

The MRS is, of course, the consumer-side analogue to the MRTS (marginal rate of technical
substitution. One can check that the MRS; ; is indeed invariant under a strictly monotonic
transformation of the utilities.

Just as it is often useful to consider a graphical representation of a firm’s economic and
technological capabilities, it can be useful to graphically represent consumer preferences. As
a demand-side analogue to the isoquant, we define the indifference curve to be a level set of
the utility function:
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Ay A The indilfevone cuwe is
ontnudys and  covex and
MRS covnespads 10 its

Jeyvote.

&~ indffaene cure

>l.

Budget Restraints, Utility Maximisation and Demand

In practice, consumers can’t simply pick their most preferred bundle — 3 budget restraints.

A fundamental assumption underlying consumer-side economic analysis is that the consumer
will choose to purchase the most preferred consumption bundle from the set of all affordable
bundles. AN

Represent the set of all affordable bundles by the budget set:

B=Bpm= §zeX pxl =mj X 2
7y

At the heart of consumer choice, then, is the problem of finding the most preferred bundle
X €B.

This is the problem of finding arQM o< UCL\

‘&% Bom
A solution to this problem will exist so long as u is continuous and B is closed and bounded...
- this is 3uovmn/ceed if p>O

Denote the constrained utility-maximising bundle x* € B:
- x* will be independent under a strictly increasing transformation of utility
function.
will, in general, be dependant both on prices p and on the budget m.

- x*
x* is homogeneous of degree zero jointly in prices and budget.

How can we find x*?

—— Longongion ( constoint guen in emn of
equalities )

N Wuhn- Tuckey (constraint glen in +0ms o} MGWOWGS)
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If we make some reasonable regularity assumptions about the consumer’s preference
ordering <, we can simplify our constrained optimisation problem. Z N

Assume local nonsatiation and suppose x* = argmax u(x):
XEB

> A
- Ifpx” T < m, that means x* is in the interior of B, then there would exist some x,

close enough to x*, such that both p xT < m and (by nonsatiation) x > x*.
- This would imply that x*did not maximize u(x), and so we have a contradiction.
=p E*T «m

=>p£*T=m.

Thus, since we assume local nonsatiation, we need only seek argmax u(g) We can address
XEOB

this using the Lagrangian!

Some economists call the fact that utilities are maximised only if people spend all their
money Walras’ Law.

oK -k
Example: Consider the consumer with utility function U(7H 12\ 71 72 p ./E(Q”
we seek OVQMOXUC,> S 4. Q‘)L =

L(t,29,Q) = 0 Ty " — APy + P2z — )

o C: 24 =O - corsvant
04 =)

0L —0 =12

I
?49(1+'P912=m Q)
7" N3 o Apy =0 @
-1 1" gy =0 @

@-® B « (Z2) = 2

-0 \ XA Pz

Express 1 in temS ol v o plug it g +he  NSHOIN- ...
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- =4 (ﬁ)(m—mz) > g (74, pgm) =

fA

ﬁy SYmmetry 14* (}74,}72/")) = N
PA

V@VIJ\’ poparyRs > |

N wth m

U with it5 aun grile

Imperial College London

m (1=)

—

V2

hom‘ﬁenefw (hom. o d%ree O n m on:)fp)

K cobb,‘Do.glofs u.f. Con\y), LU R indeperd et 'FVOY) P2

9 —\\ —

PA

g
umdna with Wy (1\;|03u(1\ >
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A note on second-order conditions for the Lagrangian:

In order for the Lagrangian L to be maximised, we require negative semidefiniteness of the
matrix of second derivatives of L with respect to each of the variables (ne(essa,y CO'X‘J/“U'OO)

This matrix is known as the ‘bordered Hessian’; in the current context, the Hessian refers to
the matrix of second derivatives of the utility function. Requiring the bordered Hessian to be
negative semidefinite is the same as requiring the Hessian to be negative semidefinite, subject

to a linear constraint: T
h T2u(*)h €0 ¥hel sk Jux™) h' =0
- A 32(1(3*)
uhee u )= —

dMINY «',J:",'—vv)

This is necessary for the fact that the utility function w is locally quasi-concave. ,
o+ means +hat +hee s o ne;jhbowhm:\ J cm—ram;g
A*X s.k. U ig guosi-oxoe on U,

A sufficient second order condition for local quasi-concavity is that the utility function is
strictly locally quasi-concave. A sufficient condition for that is

0PNt O ¥ he? h#0, st Yu@h' o)

The choice of the consumption bundle that maximises the consumer’s constrained utility
function will be exactly the bundle that the consumer demands; this is unsurprisingly referred
to as the demanded bundle or demand function,

x*: ]Rgo X Ryo = Rgo' x* (P. m) = argmax u(&)
- geaB‘plm
We cal ths +h€ Morshall;on demmd "Q”)GHW) (or (MCOMPMSO"’G()
demand  fungrion).

Note that we have discussed the existence of the argmax. However, it is per se not clear
whether the argmax is unique, that means, whether the maximum is attained at a single point
over dB. This can be guaranteed if the underlying preferences are strictly convex (and prices
are strictly positive).

Moreover, the function x*(p, m) is homogeneous of degree 0 in (p, m).

We also note that, faced with a set of goods with prices p, the maximum utility achievable
with a given budget m is known as the indirect utility function:

v:RE, X Ry = R, U(E,m)z u({*(g,m)): mox UQ\
26521“\
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This indirect utility function is itself a quantity of interest, and we note some of its key
properties here:
- Nonincreasing in p:
p'zp= v(p’.m) < v(p,m)
...and nondecreasing in m:

Note: £ loco! ronsgHi0ti),

“ehon v 15 stridly
m>m=v (B,m’) > (g, m) inweds;fg n m,

- Homogeneous of degree 0 in (E’ m):
v (tg, tm) =v (E’ m) vt>0

- Quasi-convex in p:

{B € R%,:v (B’ m) < k} is a convex set for all kg € R., m=>0
- Continuous at aIIB > 0,m> 0.

The indirect utility function v is often illustrated using so-called price indifference curves.
These are the level sets of the indirect utility function with a fixed budget m. That is

{feﬂlﬂao ; \/(E;m\=zkzkeﬂ, m=0

They are analogous to the indifference curves of the utility function.

09 1 QN

>P4 > Ay
price indifforene e indillerence  cune
i(WIPZ) : \/[P4,VZ/M)7— k] ;(’14,72) : u(ay7g) :k)

rd

\X\;\\'\’c‘\ / v (.]?) )
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A direct consequence of the local nonsatiation assumption of the underlying preferences is

that for fixed p, the indirect utility function v (p, ) is strictly increasing in m.

Therefore, v (p, ) is injective and can be inverted on its image. Denote this image with

U, = {v(g,m) :m > 0}

Then we define the expenditure function )

elp-): Up > 00 A ul—> elp,u) st u=Vv(p,eu)
/ .
% Notavon. u() uhlih’ fanction V4 u laar o Otility

The expenditure function provides the minimum level of income required to obtain a given
level of utility at prices p. Note that e (p, u) can also be obtained as the solution to the
optimisation problem

Find  min g’}“ 54 u) zu.

X
The consumers expenditwe binchian is simply the demord-

side onolgue ol the firms cast Junckion
They shov€ +he SoMe Proper 1) €s;

- nmo\ecreosing in p |

— homageneass ot deeuee 1 in_p

- wnoye N £
~cottimuus W 2 for @) Y0

The dual quantity to the expenditure function is the Hicksian demand (sometimes referred
to as the compensated demand)

. T
xj: RlgXR=>Rly,  (pu) - xj (pu) = 0rgmin 22
- - 2 e4u ' (Lue))
Recall that, on the firm side, for a specified level of output, the cost-minimising combination
of production inputs can be found via Shephard’s Lemma. We can also apply this result in the
current scenario, yielding an expression for the expenditure-minimising consumption bundle
in terms of prices and desired utility level:
de (p, u)

The Hicksian demand function is formally the same as the conditional factor demand function
on the supply side.

Note that, when we refer to the demand function without qualification, it is assumed to be
the Marshallian demand.
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Unlike the Marshallian demand, the Hicksian demand function is not observable; indeed, it
depends on utility, which is itself unobservable. Nonetheless, under some of the usual

regularity assumpt\ions, the Hicksian and Marshallian demands satisfy the following
identities: FOoy o\l 270, M7/0: A A
v .
- e(g,v(g,m))= m
w)
- v(g,eig,ui = U
v
¥ \‘t‘
- Xpy (B'v(g'm)) =7 (Q,m\ ’
1
m

w1 (p2Tow) = 4y (9,0

The Slutsky equation . > 14

For economists, it is important to understand how consumers react to changes in the
economic environment. For instance, we can consider how the optimal choice of

consumption bundle x* (p, m) will change with respect to the price vector p. The Slutsky

equation states that the total effect of a change in demand of a good when the price of a
good is changed can be decomposed into a substitution effect and an income effect.

- the substitution effect 15 1h@ chonge, in 1he demanded bund/@
resulting Hom o crome in the optmal balane of
00ds “whils+ Zeepin the evet of utv/H\/ 7L'/6J.

- theincomeeffect 15 1@ change n he mo niwde of +he

opHimally bolonge)  bwidle, due o Mre nereéose /
decrease in pudhasSin 9 pouks
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Theorem: Under the usual regularity conditions, we have that

i Com g (pvlpm) _ 2% (gm) 2" m)
OPi P o
Total Yz/ffeu = Substiutin effecs + Inome elect

forallp > 0,m > 0 and foralli,j € {1, ..., n}.

Remark: Sometimes, notation can be quite misleading. Especially when considering the
Slutsky equation it is crucial not to mix partial derivatives and total derivatives. A partial
derivative is an operator mapping a (differentiable) function to its derivative which is again a
function. In contrast, a total derivative needs a free variable in an equation and takes the
derivative with respect to this equation.

? 2
Example ((: D2 > 0D C'x'i,lz) > '('\(14,12): 14 +X2

b [ s ogdln a funcpon 2259

bla
Acually, it defred as (14'12)19512
We can evoludie this fnepon  Jor mbﬁro(y PONS (O,b)eP?

D fob =gy 2 =2
My g
On +he other hond;/ L'
‘d" HO,b) =0 i 'Fhl/ly,) = o,

dxy du
indead, 10)) is nsion n g
aoper o 5/ ndjotes that ue
wially 12 sionds

Aerwome wrt the seﬁmj aﬂumem whe

I e Jaromingio)  con be qune m»s\eod\ng_ Hs better
o \ndicole the OGUIEN, ot g, insea of s

we see that acually, the
v 10 talke the portiol
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4 " goodS (n prices)
In the light of this discussion, the Slutsky equation takes the form: / bUdg&

* *
bixf(?/ m) = biZL;:J (f/ ‘/(-P/")\) - 5'\*3(\.\ (?/ m) Ay (—P/m>

Proof of Slutsky’s Equation:

5
1\3;5 (g, ul = ol (2, 6(12/“)5-

we hove the identity:

oy d oy (o,0) = d 1f(pl e(p,un).
bil”/J(Q,U)« —(rm u/J 6P‘

-
) 4 bn_p\-xj («Q) Q(Q/U))é/i\e:g/;‘)

Xy (p,u)

we ser u=v(pm) . Then:
bmj& (p,vigm)=

* *
\ v ( 7 \> & /"( \/(.P/h\)
i Lg, ez vipmn) 4 2o (e (e YBr)) Ty (B

mwm YY) I| *(P, m)

Reovvongivg vields Ahe 0sLerian. [
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It is clear from the Slutsky equation that the income effect plays a major part in determining
how the demand for a set of goods will react to changes in their prices. For firms, consumers
and economists alike, then, it is important to ascertain how the demand of certain goods will
react to changes in consumer budget.

Indeed, economists class goods according to the manner in which they react to changes in
consumer income:
- For normal goods, an increase in income will result in an increase in demand;

* > *
donr 4 (pm) =2-%4 (Bm) >0
om
- For inferior goods, an increase in income will result in a decrease in demand.

'aé— ) (pm) <O
m

It is also worth noting the different subclasses of normal goods: suppose we have an increase
in consumer income m...
- ..for luxury goods, demand will increase more than proportionally to income; QCED > 1)

- ..for necessary goods, demand will increase less than proportionaII\(IE’D e (O ))

- ..and if demand increases proportionally to income, the consumer js said to hav
homothetic preferences for the set of goods under consideration. [ T E5 =1

Finally, we note that goods can also be classified according to how changes in price impact
their consumer demand:
- For ordinary goods, a decrease in price will lead to an increase in their demand;

)kl-
2 j(gm =0
Op)
- For Giffen goods, a decrease in price will lead to a decrease in demand

3 =i (gm) »0 ©9 fope
OP;

That means our previously stated law of demand only holds for ordinary goods, but not for
Giffen goods.

What is an example for a Giffen good? Some theoretical considerations can help us finding
necessary conditions for Giffen goods. In particular, the Slutsky equation helps to establish a
relation between ordinary and normal goods on the one hand side, as well as Giffen and

inferior goods on the other side. _1‘7\% -m (1,_0() ) 12 - m

C-D utility dunction (pp ¢8-49) : P2 71

= A= 50 (nomal  * & = () (odinow
om  To gooo) op) aooa)
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Recall that from Slutsky’s Equation with i = j: * N
%
bl\\*c P}m) - blH,&L(?/ \/(J?/Vm> _ b’x—l (P, m) _ 7(,\\ (f/m) .
Op) 0Py om
o be(;?_ , v(ip ,m\) ond the expe’)d ture fRJHOHO')

Sine  Twy 3o
N e obtain dor the sub. elley:

laa  concov& o pnles,

concov |
bxﬂ;,s e vipm) _ delevizm) f‘[O R
2
S ince demond 7 (Bm)ZO, ue howe the implicorion:
bﬂ’j(_‘?ﬁﬂ 2,0 => bg'*(l?/m)s O
om a?\) |
Tho+ meons a nopg) aood s aluoys an odinowy 9033
CormvoIPoSI o )
0P om

Tho+ Meons o Er'veﬁem good 'S oluoys o \'m[em), 8603

These considerations lead to a list of three necessary conditions for a good to be a Giffen
good:

1) T+ must be on nlerior 3005
mﬂ'd\ PO+ o«F ncoe. s 5’)39’)5 oN

3) A subsid
the vespecte SODJ/M nor d)) ot it
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Part 2 — Markets and Competition

Markets — Demand, Supply, and Equilibrium

We define a market for a good or service to simply be the union of the individuals and firms
that operate on both the supply and demand sides of a potential transaction. There are many
different types of market that we should be aware of, some of which form rich areas of study
themselves. We will continue to focus on markets for goods and services, however notable
other markets include:

— Sk morket
— Lokour morket
— Cop ta) movy et

The intentions and wishes of each side of a market are, of course, specified through the
demand and supply curves, and we recall from the start of the course that (for a competitive
market) the prices at which goods are sold is settled through the price mechanism.

Recall that the price at which supply equals demand is referred to as the equilibrium price.
Suppose that a market is settled at an equilibrium price p,:

- If the demand for a good changes for ? N
some reason, then the demand curve will
shift; demand and supply will no longer
be equal at p,.

- Anincrease in demand, or a decrease in
supply, will lead to an excess in demand.

- A decrease in demand, or an increase in
supply, will lead to an excess in supply.

- These excesses invoke the price
mechanism, changing the equilibrium
price. The speed at which this happens
will vary between markets.

Excesses in demand or supply can be measured as long as we can express supply and demand
in terms of the good’s price.

)4

To 1 (quamﬂv)

—For individual wnsumers, demond is meosuroble in

soms of  Moshallion demond (under o utility
maximsgt®)  asmpHon )
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For an individo| Fiym we hove +e (shori-yun ond
Jong-run) supply e (under DS+ MOXIMISOHM
0'ssUmpHn) .

We want the market demand and market supply (also referred to as the industry demand
and industry supply)

—

Suppose a market for a single good contains I consumers and J firms. Further, suppose that
consumer i has demand given by

" (g m), i€ T4, - 1]
and that the supply curve for firm j is specified by

vi*(, je{r I

The market demand for the good is then defined as

X7 (g, ma) = 22 (o m)

1=A

and the correspondmg market supply is difmed as

(31\» 27\3 (f)

\),—

Example:
Suppose that the market for bananas contains 1000 utility-maximising consumers with
demand functions
%l m)= m F2_ =4 A0 ! apple
To P B e
B I

Further, suppose the banana market comprises two suppliers, with supply curves

> .
viT@= 2 =19
What is the equilibrium price for banagy>

( - Wk
>< (?/”H/' MWOO) \-,2474 i ?’3:52*?%(

A00
unee M =2m)

=4
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7 _
(p) = V4 T () + Yy (p) = il. if —3252

X*(P/m'\);\’ CQ\ ©
s = 378 o LM=39"43m
%R A

® T» = +\{ﬂ—

% = Wg“’?ﬁ\z

Consumers’ and Producers’ Surplus — Sodial Welfare

To analyse the consequences of a change in prices or income — or more generally, a change
in policy — it is useful to have a measure of social welfare. We will see that a handy such
measure is the sum of consumers’ and producers’ surplus. It also gives rise to another
characterization of the equilibrium price and equilibrium quantity, maximising this social
welfare measure.

We put ourselves into the general framework of utility maximising consumers and profit
maximising firms where the utility and production functions satisfy our usual assumptions.
Suppose we have ] firms with cost functions cj*(-), j€{1,..,]}, and I consumers with
respective utility functions u;(+), i € {1,...,1}, and corresponding quantities (i.e. indirect
utility function v;, expenditure function e;, Marshallian demand x;, and Hicksian demand x;; ;
as well as profit-maximising output y;)

Ophmal goal:
Consider fixed income levels m,, ..., m; and a price change from p® € R%, to p® € RZ,.

Suppose that the price change affects only one single product and that w.l.0.g. the product
gets more expensive. To save notation, we will only explicitly denote the variable with a price
change, suppressing all the other ones. So in the specific good, we will consider a price change
from p( > 0 to p® > 0 where we assume without loss of generality that p™ < p(),

We assume that producers are concerned about their change of profit. So we can measure
the effect of the price change with the quantity 3 ?('2

5
2 (r\f(?‘”) oy (e™) = 2 | 2l Jdp
1= ™ Sy OP

Decot) thot T (P)= - Y] (o) — o (v (p)
- ) " (9) f(w—*(P)\ = v “(p) +PY) (p) -cf(\“ (P))

P i 20
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2 ) e = jw, 2y (prop
3=

\ = (A
} F 1)
i P2 X

= j N (p) dp

?(ﬂ

Consequently, we introduce the producers’ surplus at price P as one part of the measure for
social welfare measure:

ps()= (TN (Pdp

O

The consumer side is a bit trickier. Following the utility maximisation rationale of the lecture,
each individual consumer cares about the difference in their individual indirect utility, that is

i (p@ mi) - vi () m)

However, this approach is problematic since

- (annot agaygaaae odino! utlites
_ e wald like to wmpoe the ellect v @sumars

with effect 10 poddcers
A7 g Need @ Moneiory  meosc

A natural possibility is to consider the difference of the individual expenditure functions,
keeping the initial (indirect) utility fixed. This quantity is known as compensating variation
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CV; (FMf ?w/ mi) - e (p(m/ v [7,(4)/ mi\)
- ei (p™ vi [, m))

o) N~ D
= S ﬁ‘&'(p}\/i(pm, m‘.wdp
17(4\ 8?

ndivi (o T,
7) X* dofined 05 Ahe UM ol indiviguo| i (o ii)
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Asgum\@ o 8003 5 nomuJ O/’d U.SV9 S’u—rskys (’9‘/0%10')'
’O\h(@ ™ )5{ ( m)dp = = (P“ @ ”\)
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Finally, the sum of consumers’ surplus and producers’ surplus, the community surplus, can
be considered as a measure of social welfare.

Changes in the market demand or industry supply of a good will lead to a change in its
equilibrium price. Taxes and subsidies are an interesting example of factors that lead to such

a change. ‘
o 2O

Indirect Taxes and Equilibrium:

Anindirect tax is one that can be passed on to another party. In the context of providing goods
and services, an indirect tax on producers is one that is passed on to consumers. In general, a
tax that is dependent on the quantity of good being produced can be treated as an indirect
tax.

How much of an indirect tax is passed on to consumers?
? /N\
¥
YTAX

\/%‘

' >
PﬁTA)( YTN( yO \/
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Indirect taxes on the production of goods can be imposed in one of two ways: 'y
- the tax may be a fixed amount per unit sold — UM L t©o< O Q?CZQ’#K 470/7(/
- orit may be a percentage of the good’s price :l/ ?’ — P 4

od-valorem 405, P = (1++) P

(A N
STAX 47

S Sx S

> >/
unit Lo y Od/VO’]Olem 10X

In any case, imposing taxes reduces the community surplus. The difference between the
original community surplus and the new community surplus plus the tax revenue is called
deadweight loss. However, if taxes are present, it is crucial that we include the government
into the consideration and computation of the community surplus. That is, in the presence
of taxes, the community surplus is the sum of the producers’ surplus, the consumers’

surplus and the tax revenue. (S(U - ?5 +(S+ TOX)

A deadweight loss occurs when the market price/quantity deviates from the equilibrium
price/quantity. We have seen that taxes can cause a deadweight loss.

> yo=se money /gﬂf ?ub\\"a SeVVfCeg erC.
& account  Aor negoiie  eremalites e g,
SOKiINY, YW Xf@
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On the other hand, some activities are deemed to have positive externalities (education,
culture, ...), which functions as justifications for subsidies.

Subsidies can also cause a deadweight loss. Also in the presence of subsidies, one must
include the government into the consideration and computation. That is, the community
surplus is the sum of producers’ surplus and consumers’ surplus minus the total size of the

subsidy. (cw= PSS+ (5= Sub)

Moreover, maximal or minimal prices as well as quantities can cause a deadweight loss.
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Abnormal Profits, Long-run Equilibrium and Productive Efficiency

Consider a competitive firm and suppose it has costs given below, on the right, whilst
operating in the market with industry supply and market demand as given on the left: MC

A Markes 5 K@ Fivm

P4
Y9
ol

" SR >
Mm Yzm - Quonity Y9 Yo, [ YL Quoniry
(mov ¥ex) (£inm)

The firm’s individual supply curve is obtained under the assumption that the firm is profit-
maximising: by construction, we have that at any point on the firm’s (positive) supply curve,
their marginal revenue will equal their marginal cost.

S\Jgrﬁﬁe the industry suppl IS 8\\/@)b>' 51 in e

- vun.

What will happen as we move into the long run?
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Thus, the long-run equilibrium is the point at which no individual firm makes a profit.

But surely companies make long-run profits all the time?!

We are considering different types of profit here! This is where we need to distinguish
between accounting costs and economic costs:
Accounting costs include all financial costs of production

- Al poid @515
~ Tnodes fred  ond vorioble 1S, eq. woges,

Economic costs are accounting costs, plus opportunity costs
Opp. ©15 . chipsing 0N alterohe
_ Foregore beretits by o N

it sis Jor et Aocior con be defined 0s economic

?25?% jong vun the opporUM Ty (G5)S sould ot

de occandivg  Pofir
Firms that exactly cover their eConomic costs have zero economic profit, but their accounting

profit is equal to their opportunity costs (}h@\/ ore §Oid 40 m GO’W?;/\)?
o ramo!  poht.

Firms which more than cover their economic costs are said to be making an abnormal profit.
This will encourage entry into the market by other firms.

Firms that make normal profits are said to be productively efficient — they produce at the
minimum of the average cost curve, when taking opportunity costs into account.
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Part 3 — Macroeconomics

In the following section, we will consider a number of fundamental concepts central to
macroeconomic analysis.

Macroeconomy concerns country-wide economics and the economic variables that affect all
firms and individuals to different extents. It also looks at the interaction of different (micro)
markets and factors that influence the inter-operation of these markets. Such factors may
include:

- Interest rates

- Exchange rates

- Inflation

- National income

- (Un)Employment

- Taxation

Although macroeconomics covers a much greater scale than microeconomics, there are some
parallels. For example, an important concept in macroeconomic analysis is the idea of
aggregate supply and aggregate demand. Note that these are separate concepts to the
market supply and demand; here, we are talking about the entire economy, not just single
markets!

The circular flow of income

The circular flow of income is a model that analyses how money, goods and services flow
through the economy over a particular time horizon. It originates from the work of the French
economist and physician Frangois Quesnay (1694 — 1774) and is akin to the circulatory system
of the body. Thus, it depicts the interdependence of the various economic agents. On the
other hand, it illustrates the constitution of National Income.

Two sector model

Consumers/
Hayseholds
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We can actually see two circuits: One reflects actual physical goods (goods, services, factors
of production/labor). The second is the circuit of money flowing into the opposite direction
than the first one.

For the sake of simplicity, we will only denote one of the two circuits, which will be the one
associated to money.

In order to quantify the flows, we introduce the following variables:

As the name suggests, the circular flow needs to be in equilibrium in the two sector model
in the sense that

It has the interpretation that the households need to earn what they spend, but also spend
what they earn. Another way to consider it is that demand (C) needs to be equal to supply
(Y) or production. Now, one might wonder whether this model is too simplistic — do
households always spend all their money in a certain period? And how can firms grow and
increase their production capacities? We definitely need more agents in our model.

The fél\/e sector model

— Governmen sedor
— Firnoncial  sector
_ vor0s oty
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5 _sector  mpde!
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a) Leakages

Of course, not all of a household’s income will be spent on domestic goods and services.

S SO\/MSS

T . Toxes

U: Tmport sperding

...these are all called ‘withdrawals’ or ‘leakages’ from the economy; they do not feed back
into demand for domestic output

b) Injections

Additionally there will be ’injections’ into the economy in the form of...

T Tvestmenr spending
& Goemmon spenOWB
X EXpOr 993"6"1%

Injections and leakages such as these will obviously have an impact on the demand for all
goods and services within the economy: leakages will reduce the aggregate demand and
injections will boost it. Indeed, when the injections compensate for the leakages, then
aggregate demand will equal aggregate supply, and the economy will be in equilibrium:

This is when. T+G+X=S+T+M

Indeed, we can be more specific and define aggregate demand as follows:

AD = I1+G+C+X—-M
A Ny

T\ecio®  DOomesnC ner  ONsumpnd
Our definition of aggregate demand above requires careful consideration of various sources
of demand for the final goods and services being provided to the economy by firms. In

contrast, we can straightforwardly define aggregate supply to be the total value of allfinal
goods and services provided by firms to the economy. —

V
Lval  va imemedioe

eq (of Siee)
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Recall that equilibrium in the economy occurswhen I + G + X =S + T + M. These variables
can be paired according to the respective sectors:
- Financial sector (I,5): In order to make investments, firms obtain the required
financing from financial institutions; these institutions are able to provide the
financing due to the savings of consumers.

T might rot equol S - decisions 4o sonve/ (nvesy
o mooe \7\/ df@f@f@q,} PorrHos,

- Government sector (G, T): The government can both inject and withdraw from
the economy, via spending and taxation, respectively.

G xm\ng not equa) T — qOvernmaNIs mf?w Chao
50 yun o bu<3<3€+ defret (T >G) o by 9er
(6> 7) SUPYS deficiq

- Overseas sector (X, M): Demand for exports and demand for imports are also
linked, but may not necessarily be equal. TTC@Q Bolonce —

Trode SUPIUS (~< >uU), eg- Chiwna ; volve of expored
;! : NS J
deficit (U7 X) eq O  §=os volye
Trode 7 X 9 o ImP>Ored @ogjg,
Considering the second pairing in particular, we see that governments can therefore influence
the economy by forcing a mismatch in withdrawals and injections.

One can qualitatively discuss what happens if the economy deviates from the equilibrium.
Suppose that, over a given time period, injections exceed withdrawals:

There will be an excess in aggregate demand, motivating an increase in aggregate
supply to move towards equilibrium. —> ecoNOM C 8Mh ]

- Theresulting increase in aggregate supply may cause firms to increase their labour
supply, leading to a fall in unemployment.

- Anincrease in demand will also increase prices —> \'wHo.ﬁof) )

- Excess in demand will increase imports as consumers buy elsewhere; exports will
decrease due to rising prices.

pDSH"Ne Hwode bolanee > TS
negoﬁve Hode, bolone - 1D
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Gross Domestic Product (GDP)

How do we exactly measure the overall production Y of an economy? We also need this
measure to talk about deviations in production, which can be recession or growth.
So we introduce one of the most famous notions of macroeconomics.

Def: The Groes Domes%c Proues (6D P) megsures +he
nomi nal volue ol al (@ym g serviees ij,cea

n o Crlon oy in 0 G0N Hme pejod

Comments:
e The GDP is a monetary / nominal value, not a real value.

e It measures only the gross value which is added in the course of production. 2>
Avoiding double counting.

e How to measure services provided by the state (e.g. administration, education,

security, defense)? < (55

e The confining quantities are time, but also area — that’s why it’s called domestic. A
(historic) alternative is the Gross National Product (GNP). The difference to GDP is
that GNP measures the gross output of all citizens of a certain nationality irrespective
of their residence.

It was used to measure the overall production foremost until the first half of the 20t
century.

Different ways to calculate the GDP
We start with an example: Consider two firms.
F1 (Steel producer):

- Revenue: £100
Wages: £50
Capital: £30
Profit: £20

F2 (Car producer):

Revenue: £210
Steel: £100
Wages: £70
Profit: £40
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1)

2)

3)

Production Approach: Calculate the gross value added in the domestic production.
This is gross value of output minus intermediate consumption. In our example, this is

GDP= (0+420) — #0 = #2100
g vowe hwipt IpaMEOES
This approach reflects the very definition of GDP probably best. Note that the GDP
avoids double counting. A good intuitive justification for this is to imagine that F1
and F2 merged. Then we would not see the intermediate consumption (it would not
be reported to the national statistics office). In macroeconomics, one considers the
entire supply side as one firm such that this perspective makes sense.

How would GDP change if F1 were an overseas steel supplier?

GDP = L0 - #10 = M0

Expenditure approach: This approach takes the angle that everything that was
produced has to be bought. We can use the circular flow diagram:

N=C+ IT+G+X-M

In our example, we have

C= 4200 )
G0?= #210

Again, if F1 were overseas, we had

(g0, T=6=%=0, Nz 0D
GDP = ¢210 - 100 = ¢ M0

Income approach: Somebody has to earn the value that has been created. This is
usually income from labour, capital, and taxes, which was generated domestically. In
our example, that is

GOP = #50 +d70 + 730+ #20 + 440 = Z210
N~ ——__

labouy” Qenis, iNHess,
Jvidens

T G:X:H :O

Again, for the alternative scenario with F1 being abroad, we get
607 = 470 + 440= 4110
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Criticism concerning GDP as an overall welfare measure

1. Since GDP is a nominal value, price changes (due to inflation) can cause an increase
in GDP (but they do not affect production in real terms — at least primarily).

2. Many services are ignored, e.g., child-rearing, care for elderly people, working in an
honorary capacity (in societies, congregations, sports, ...)

3. Externalities are often ignored, e.g., adverse effects to the environment
4. Depreciation is often ignored, e.g., destruction of infrastructure by (natural)
disasters such as storms, floods, but also war. Depreciation can also come from

natural sources.

5. Itignores the benefits of leisure.

GDP is often used as a proxy or an indicator of the overall welfare of a society. To some
extent, this is certainly justified. However, what can happen if decision-makers in politics,
business, and society are mixing up the notion of an indicator with overall welfare itself?
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Can you think of possibilities how solve these problems in the practical usage of GDP as a
proxy for overall welfare of a society?
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Allocation of income — connections to social welfare

There is an ongoing debate (over the last centuries) how income should be distributed.
Before attacking this normative question, let us first turn to the descriptive side of it. How
can the distribution of income been measured?

Certainly, this is a statistical question. The most informative measure would be to report
each individual’s income (which amounts to reporting the empirical distribution function of
income). However, this is too complex to report. So we are actually looking for some
number that summarises the distribution of income.

Suggestions:

—Meon - QOn(aQ
~ Mechon -70Q
- \/cmomg/ 5. dewiox1On — Severa) quonties

What is often of interest is a relative measure for dispersion in order to measure how
equally income is distributed. There are several ways how to do this.

eg «edficiens of vororian

A measure that is most commonly used for this purpose is the Gini coefficient. For a
population of n persons with income y;, ..., y,, it is defined as

3 yiy
6(%/,../\/0 AT / YJL
Zn.VZL\/;

1ZA

Indeed, one can show that the Gini coefficient is

- Positively homogeneous of degree 0 in y4, ..., Vy,;

- Always between O and 1

- 0ifand only if there is complete equality. That is, if and only if y; = -- = y,,;

- For fixed n it is maximal if and only if there is complete inequality. That is, if and
only if there is some k € {1, ...,n} such that y, = Z}Ll y;. Indeed, then

n—1
G = :

n
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Normative positions

Besides merely describing income and wealth allocation, there is an ongoing debate
between different normative positions. Recall that two of the main drawbacks in this
discussion is that utilities are not directly observable. And moreover, since we are working
with ordinary utilities, there is no way how to meaningfully aggregate them.

Here is an overview of some positions, including possible criticisms.

° Equal\ istribution: This position asserts that everybody should have the same
income which is akin to communistic theory.
What is problematic is that there are only week (monetary) incentives to contribute
to economic growth (at least if we assume the Homo Economicus).

e Minimax approach: Suppose you were born into a society with uncertainty in which
class you will be born. The most risk averse approach would then be to minimise the
maximally adverse outcome (therefore the name). Equivalently, one would try to
maximise the minimal utility in the population.

Criticism: One needs to compare different utility functions.

e Pareto efficiency:
A Pareto improvement is a change that makes at least one person better off, without
making any other person worse of. An allocation is Pareto efficient if no Pareto
improvement is possible.
Even though this is a widely agreed criterion for income allocation, it is also a rather
week notion of efficiency. E.g. if utilities are strictly increasing in income, also an
allocation is Pareto efficient where one person owns the entire income and the rest
does not have anything at all.

e An alternative perspective is that one should not care about the outcome of the
income allocation, but only about the underlying mechanism. If the allocation
mechanism is fair (if it works according to fair rules and laws), then any resulting
allocation is fair.

This position is probably most akin to a purely capitalistic approach.

In the entire discussion, it is crucial to make a precise distinction between relative and
absolute allocation of income. Bear in mind that a third of a very large cake might still be
better than half of a rather small cake.

However, some studies show that people often rather care about their relative income...
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