MATH60013 Mathematics of Business and Economics Spring 2023

Problem Sheet 4

We will discuss the solutions of this problem sheet in the problem class on Friday, 3
March 2023.

1. Consider the lexicographic order < on R?. That means for any z = (z, ) € R?
and y = (y1,92) € R? it holds that z < y if and only if:

a)

b)

(x1 < 1) or (x1=y1 and x5 < yp).

Check which properties of preferences defined in the lecture (completeness,
transitivity, continuity, strong monotonicity, local nonsatiation, strict con-
vexity) the lexicographic order satisfies.

Show that if there is a utility function u: R? — R representing =<, u is an
injection.

2. Let X C R, be a convex and closed set. Let u: X — R be a continuous, strictly
monotone, strictly quasi-concave utility function.

a)

b)

d)

Show that for any k such that there is some z € X with u(z) = k the
expenditure function e(-, k): R%; — [0,00) is concave (so it is concave in
the prices).

Let n = 2, u(zy,23) = 22} with a,b > 0. Calculate the indirect utility
function v, expenditure function e, Marshallian demand z* and Hicksian
demand x7;.

Verify that the expenditure function you obtain in (b), as a function in the
prices (so for fixed utility level) is nondecreasing, homogeneous of degree 1
and concave.

Now suppose you have an alternative representation of the ordinal utility
which is induced by u given by wjpg: X — R, wog(21, 22) = log(u(zy, z2)).
Compute the associated quantities: indirect utility function wj.e, expendi-
ture function ejog, Marshallian demand zj,, and Hicksian demand zj,, 5.



3. Let X C R, be a convex and closed set. Let u: X — R be a continuous, strictly
monotone, strictly quasi-concave utility function.

a) Let v: R%; x Ryp — R be the indirect utility function.

e Prove that for any p > 0 the function v(p,-): R>g — R is strictly in-
creasing. - B

e Prove that for any m > 0 the function v(-,m): RZ, — R quasi-convex.
Recall that a function f is quasi-convex if — f is quasi-concave; see ques-
tion 3 on Problem Sheet 1.

b) Assume that the prices for the goods are strictly positive, p > 0, and income
is positive, m > 0. Is it possible that all goods are inferior? Prove your
claim.



