Pietro Siorpaes Ex in class, week 3, 23-01-23 - Solution Sheet Option Pricing

This document contains 3 questions.

1. [default,Q8]
Consider the one-period binomial model where the bank account has interest rate r = 0, and the stock takes

values Sy := 4, and S; can take the values 5 and 3.

(a) Is this model free of arbitrage?
A. No B. Yes

(b) What should be the price P, for a put option on S with strike K = 47

A.0 B.1/2 C.1 D. None of the above
Suppose that such a put option was sold at a price 1. To realise an arbitrage, how many shares A € R should
I buy/sell if

(c) I sell one option?

A. No arbitrage is possible B. h=0 C. h=—-1 D. he[-1,0] E. None of the above
(d) T buy one option?

A. No arbitrage is possible B. h=0 C. h=—-1 D. he[-1,0] E. None of the above

Solution:

3 _ _ _5
(a) Yes, because ; =d <1l+r=1<u=7.

(b) By replication we find that the put option should be sold at, since this is the initial capital of a
replicating portfolio. This is found by solving the equation Vfc’h = Py, where

Vit = (14 7) + h(S; — S),

is the final wealth of the portfolio (z,h) with initial wealth = and h shares of the stock S, and
P, = (K — S1)* is the payoff of the put option. Indeed, since r = 0, le,h = P; becomes

{x+h(5—4):(4—5)+ .{x+h:0
s+ hB-4)=@A-3*" Ve-h=1

whose unique solution is x = 1/2, h = —1/2.

The final wealth which I obtain if starting with initial wealth z and buying h shares of the stock S and g
put options is
VIR = w(1+47) + h(S1 — So) + g(P — Py).

By definition, the portfolio (x,h,g) is an arbitrage if z = 0, V™% > 0 and V;"™? #£ 0. So, to find an
arbitrage we have to solve the system Vlo’h’g > 0 and find out if is has any non-zero solutions.
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(c) Selling one option means g = —1; in this case the system Vlo’h’g > 0 becomes

which has solution —1 < h < 0. If h € (—1,0), then both inequalities hold strictly. If h = —1 or
h = 0 then one inequality holds with equality, but the other holds strictly. So, any h € [—1,0] is an
arbitrage.

(d) Buying one option means g = 1; in this case the system Vlo’h’g > 0 becomes

{ h+(0-1)>0
~h+(1-1)>0"

which has no solution: no arbitrage is possible. This is obvious: at p = 1 > 1/2 the option is
overpriced, so one should sell it, not buy it!

2. [default,09]

Consider a trinomial market model. This is the model consisting of one bond with risk-free interest rate
r > —1, and one stock with price Sy > 0 at time 0, and whose price at time 1 it takes the three values d, m, u
with probability respectively ¢,1 — (p + q), p; we assume that 0 < d < m < uw and p,q € (0,1). For some
values of parameters (in the range described above) this model free of arbitrage, and for some it is not; on
which of the parameters p, ¢, d, m, u,r does this depend on?

A. all of them B. d,m,u,r C. d,u,r D. p,q,d,u,r E. None of the above

Solution: Note that 1 — (p+ ¢) = 0 iff S does not take the value m, in which case this actually becomes
the binomial model for which we already know that the NA condition is d <1+ r < u.

Let us how that, also in the trinomial model, there is no arbitrage iff d < 1 + r < w; in particular, the
value of m does not matter (as long as d < m < u). Notice that the proof is identical to the one for the
binomial model (seen in class), and applies also to any model with only one underlying S (plus the bank
account) which only takes finitely many values: in this case v and d should be the largest and the smallest
value taken by S;/So.

W.lo.g. we take as probability space Q@ = {wi,wq,w3} and assume that Sj(w;) = uSp, Si(ws) =
mSp, S1(w3) = dSp. The final value V; of the portfolio with initial capital Vy and trading strategy H
is Vi =HS; 4+ (1+7)(Xo— HSp). An arbitrage is a portfolio with 0 initial capital and whose final value
Vi satisfies V; > 0 a.s. and P(V; > 0) > 0. Thus, H is an arbitrage iff V}(w) = H(S;(w) — (1 + 7)So)
is > 0 for all w € © and > 0 for at least one w € Q. Clearly if H = 0 then V; = 0 and so such H is
never an arbitrage. Since Si(w;) > Si(we) > Si(ws), if H > 0 then Vi(wy) > Vi(w2) > Vi(ws), and so
such H is an arbitrage iff 0 < Vj(ws) = H(dSy — (1 +1)Sp), i.e. iff d > 1+ r. Analogously if H < 0 then
Vi(w1) < Vi(we) < Vi(ws), and so such H is an arbitrage iff 0 < Vj(wy) = H(uSy — (1 + r)Sp), i.e. iff
u <1+ r. In summary, there is an arbitrage iff either d > 1+ r or u < 1 + r, proving the thesis.
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3. [default,03c]

Define the random variables

w w1 | Wa | W3
Siw) 2410
Viw) | 4| 2] -4

Consider a one-period trinomial model (B, S) with interest rate r = 1 (so By = 1,B; = 1+ r), and a stock
whose price is given by Sy = 2 at time 0 and by S; at time 1. Here = {1, 29,23} is the underlying
probability space, on which is defined a probability P such that P({w}) > 0 for every w € Q).
(a) Is this model free of arbitrage?

A. No B. Yes

(b) Consider the derivative with payoff Y7 at time 1. Is Y] replicable (in the model (B, 5))?
A. No B. Yes

(c) Is the model (B, S) complete, i.e., can any option be replicated in this model?
A. No B. Yes

(d) What is the smallest price p at which an infinitely risk-averse agent would be willing to sell Y37
A. 1 B. 2 C. There exists no such p D. Not enough info to answer E. None of the above

Solution:

(a) 1st Solution: With the same proof that applies for the binomial model, it is easy to show the
trinomial model is free of arbitrage iff d < 1+ r < u. Since in this exercise the down, middle and up
factors d, m, u are respectively 1,2,5, we get that 1 + r = 2 satisfies d < 1 + r < u, so the model is
free of arbitrage.

2nd Solution: It is enough to compute the set M of equivalent martingale measures and show that
it is not empty. Recall that Q € M if Sy = EQ[S;/(1 + r)], Q is a probability and Q ~ P, i.e. iff
¢ = Q({z;}) satisty

2=aq +2¢2 + 5¢3

Il=g+@+tag

g >0fort=1,2,3
Subtracting twice the second line from the first line we get 0 = —¢; + 3¢3 and so ¢; = 3¢3 and the

second line now gives ¢o = 1 — ¢ — q3 = 1 — 4q3. Imposing ¢; > 0 we obtain that the set of ¢;’s
corresponding to M is

3t 1
qg=| 1—-4t | :te <O, Z) , (EMM)
t

which is non-empty.
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(b) 1st Solution: We can solve this by computing explicitly the solution to the replication equation.
The portfolio with initial wealth x and trading strategy h has payoff Vi = (14 r)xz+h(S; — So(1+7))

equal to
1 1-2 xr—nh
20| 1 | 4+2h-| 2—2 | =2 x
1 5—2 x + 3h
Solving for Y; = V; gives
2 x—h
1 = T
-2 x + 3h
which has solution x = 1, h = —1, so Y] is replicable (starting with initial wealth 1 and short-selling

1 stock, and depositing the remaining + —h - Sy =1 — (—1) - 2 = 3 in the bank).

2nd Solution: It is enough to show that EQ[Y;]/(1+r) is constant across all Q € M. Using (EMM)
this means that 2(3t) + 1(1 — 4t) + (—2)t = 1 is constant over ¢ € (0, 1), which is clearly true.

(c) 1st Solution: The market is not complete, since the equation X; = Vj does not have solution for
arbitrary X7, since it corresponds to a system of 3 linear equations in 2 unknowns, and thus it does
not have a solution for some values of X;. In other words, the set of vectors of the form

1 -1
Vit =2z 1 | +2n| 0
1 3

1 —1
1], o
1 3

does not span the vector space of all possible values of derivatives (which is R? in this example),
because it only has dimension 2.

Notice that the above solution suggests that the answer depends on the initial value Sj of the stock.
This is not so, as it is made clear by describing the portfolio using k, h instead of z, h. Indeed in this

case
1 2
Vit = kB +hS =k 1 | +h| 4
1 10

which obviously does not depend on Sy. Of course the vector space generated by the final wealth is
the same as before, so the answer does not depend on whether we use k,h or z,h to describe our
portfolio.

2nd Solution: (EMM) shows that M is not a singleton, which implies that the market is not
complete.
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(d) Since Y; admits a replicating strategy =’ = 1, ' = —1, the answer is Yy = 2’ = 1, which is the initial
capital of a replicating portfolio. Indeed, by definition

pi=inf{z: V""" (w) > Vi(w) Yw € {wi,ws,ws}},

and so p <Yy = 1 follows from the fact that Vll’*1 =Y) does indeed (trivially) satisfy ‘/11,71 >Y].

Now suppose by contradiction that p < Yy = 2’; by definition of p, there exist x, h such that p < x < 2
and V;"" > V;. In this case h — I/ is an arbitrage, because (by linearity) it has a final payoff

YO —ymh 14+ ) >V =Y+ (7 — 2)(1+7) > 0.

Since our model has no arbitrage, we conclude that p = z’.
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