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1. Solve the primal and dual problem for

min x12+x§+2x1
st. xi+x,=0.

2. Study the duality gap (difference between f* and ¢*) for the problem

min {e_xz : ,/xlz +x§ -x; < O} .

3. Recompute the dual of the convex quadratic problem from the notes under that
assumption that the matrix Q > 0 instead of Q > 0.

4. Consider the Chebyshev center problem where we have a set of points a; ..., a,, €
R" for which we seek a point x € R" that is the center of a ball of minimum radius
r > 0 containing the points

ming, r
s.t. |[x—a;]| <r, i=12,...,m.

Compute the dual of this problem. (Hint: use an equivalent formulation over the
squared radius)

Solutions

1. The primal problem has the following quadratic objective

fo) =x" [; ’

x+2[1 0]x

>

b
0
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which is convex (as the identity matrix is positive definite). Hence, KKT condition
are in this case necessary and sufficient.
For the Lagrangian

L(x, 1) = x7 + x5 — 2x1 + p(x1 + x3)

we have the following KKT system:

2x1+2+pu=0 L1
ZXZ + U= 0 (/l: —ZXZ) == (xf,x;) = (— 5,5)
xX1+x,=0 (xl = _x2)

at which f(x*) = —%.

Since the objective function f(x) is convex, and the linear equation is feasible,
strong duality holds for this problem. For the associated Lagrangian £(x, u) given
above, we have

«m=$$£@m,

and
2x1+2+pu=0 =-£
ViL=0 & . ! = T s ()
2x9+pu=0 x=-1-3
for which the dual objective becomes
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Then, the dual problem reads
2
J7;
-1
mﬁlx 5 H
which is realized when q'(p) = 0, hence at u* = —1. Then, from () the minimizer is

R N
i) = (- 33

as in the solution of the primal.

mine ™ st [x’+xi-x; <0

for which the feasible set is {x : x, = 0, x; > 0}, hence Slater’s condition cannot
be satisfied, and so only week duality holds (f* > g*). Since optimility requires
x, = 0, we have that for the primal, f* = 1. Moving now to the dual problem, we
have associated Lagrangian

. We consider

L(xA) =e ™+ A{JxZ+x5—x1), A>0,




for which the dual objective is q(p) = minyeg2 L(X, 1). Note that £ > 0, but for
any ¢ > 0, we have

2 2
xz’g — &
Xe = ( 2 ln(£)) = Vxlz,f +x§,€ — X =€ = L%, 1) = (1+ e

and so

q(p) =min L(x, ) & min L(x,1) & min(1+A)e >0 Vi1>0.
xeR2 >0 >0

Thus, q(y) = 0 and the dual solution is given by

max {0} =q"=0.

. The quadratic problem from the notes is

mﬂi%n x' Ox + Zfo, s.t. Ax < b,
xeR”

where we assume Q > 0. This implies that Q is not necessarily invertible, but
there exists a matrix D € R™" such that Q = D" D. Thus, the quadratic problem is

equivalent to

min x'D'Dx +2f "x, st.  Ax <D,
xeR"

which in turns is equivalent to

Ax <b

min ||z||? + 2f"x, s.t.
x,ZzER" bz = Dx

The associated Lagrangian

L(xzAp) = |lz||* +2f " x+ 21T (Ax — b) + 24" (z — Dx)

it is separable with respect to x and z, hence the objective for the dual problem can
be computed as

q(A, ¢) = min (||z||2 + 2,uTz) +2 min (fo +ATAx — " Dx | -2ATb
z X

(@) (b)

(a) by first order optimality conditions, we have

Vz(||z||2+2,uTz):0 = 2z+2u=0 = z'=—pu

(b) we can rearrange the objective and obtain

0 ATA=D =0
min((fT+)LTA—DTp)x) ={ U .

—00 otherwise



Thus, the dual objective reads

2-22"b +ATA-DTp=0
«Am=mmzmzkm=?w” frd AmD
xq —00 otherwise

and since {—oo} ¢ Dom(q), we can write the dual problem as

max N> =24Tb st. f+ATA-DTu=0.

IS n

fl’eRT

. We consider the set {a;}!”; C R" of data points encircled by a ball of radius r and

center x:
minr st |x—a|<r i=1..m,
X,r

which is equivalent to

miny st |x-af*<y i=1..m.
xy

The associated Lagrangian is

L&y =y+ Y Mllx-al*-y), 120,
i=1

for which the dual objective becomes

9 = min Lxy,A) =y(1= D A0+ ) Ailllx - ail’).
’ i=1 i=1

~—_— —
0

We take X = R"+1, without imposing any restriction on y (which should be positive,
asy = r?). Assuming A € A,,, we have

D Aillx—aill? = > Ai(lIxlP=2a] x+laill?) = I ( D° As) —=2( D Al )x+( D Aillaill?),
i=1 i=1 i =1

i=1 i=1
| —
1

and so . .
q(4) = min (||x||2 —2( ) hal)x+ (Zainainz)).
i=1 i=1

By first order optimality conditions, we have

m
X' = da] = A
i=1

for the matrix A having as i—th column the coordinate of the point a;, fori =1, ..., m.
Thus

q(d) = [[AAI* - 2 (AD) T (Ad) +Z/L~|Iaill2 =
- =

— —oo otherwise

{—HAAHZ + X7 a2 A€ A

llAA]12



for which the dual problem reads

max(—||A/'l||2+Z/1,-||ai||2) st. A€ An
i=1

A=0

[
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